
Soviet-era science, translated into English

Mathematics
M. A. Krasnosel’skii, P. E. Sobolevskii

1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.92415

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196201.92415


Abstract
Full Text
Mathematics

M. A. Krasnosel’skii, P. E. Sobolevskii

Structure of the Set of Solutions of Equations of
Parabolic Type
(Presented by Academician I. G. Petrovskii, March 28, 1962)

The main result of the present article can be formulated quite simply: if a
mixed boundary-value problem for a parabolic equation has two solutions, then
it has a continuum of solutions. For ordinary differential equations an analogous
assertion is contained in the well-known theorem of Kneser—Hukuhara.

1. A completely continuous operator 𝐵, acting in a Banach space 𝐸, will be
called smoothable on a set 𝔐 ⊂ 𝐸 if, for every 𝜀 > 0, one can construct
a completely continuous operator 𝐵𝜀 such that ‖𝐵𝜀𝑥 − 𝐵𝑥‖ < 𝜀 (𝑥 ∈ 𝔐),
and the equation 𝑥 = 𝐵𝜀𝑥+𝑦 cannot have on 𝔐 more than one solution for
sufficiently small (in norm) 𝑦. The assertions given below are consequences
of the following principle of connectedness, proved in (2).

Theorem 1 (2). Suppose that the rotation 𝛾 of the completely continuous vector
field 𝑥−𝐵𝑥 on the boundary Γ of a bounded domain 𝐺 is nonzero. Suppose that
the operator 𝐵 is smoothable on 𝐺 + Γ.

Then the set of fixed points of the operator 𝐵 lying in 𝐺 is connected.

If 𝐸 is finite-dimensional, then the rotation 𝛾 under the conditions of Theorem
1 is obviously equal to +1 or −1. The question remains open whether this fact
is true in the case of infinite-dimensional 𝐸.

2. Let us first consider the equation

𝑑𝑣
𝑑𝑡 + 𝐴𝑣 = 𝑓(𝑡, 𝑣) (0 < 𝑡 ≤ 𝑡0) (1)

with the initial condition

𝑣(0) = 𝑣0 (2)

in a Hilbert space 𝐻. Here and below 𝑑𝑣/𝑑𝑡 denotes the strong limit of the
corresponding difference quotient.

Assume that 𝐴 is a positive definite self-adjoint operator having a completely
continuous inverse. Let 𝑓(𝑡, 𝑣) be a continuous nonlinear operator acting from
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[0, 𝑡0] × 𝐻 into the space 𝐶[0, 𝑡0] of functions continuous on [0, 𝑡0] with values
in 𝐻 and bounded on every bounded set.

A solution of problem (1)—(2) is called classical if it is continuous for 𝑡 ≥ 0 and
continuously differentiable for 𝑡 > 0. Every classical solution is at the same time
a continuous solution of the integral equation

𝑣(𝑡) = 𝑒−𝑡𝐴𝑣0 + ∫
𝑡

0
𝑒−(𝑡−𝑠)𝐴𝑓[𝑠, 𝑣(𝑠)] 𝑑𝑠. (3)

Continuous solutions of equation (3) will be called generalized solutions of prob-
lem (1)—(2). It is known (3,4) that every generalized solution is classical if 𝑓(𝑡, 𝑣)
satisfies some Hölder condition

‖𝑓(𝑡1, 𝑣1) − 𝑓(𝑡2, 𝑣2)‖ ≤ 𝐿(𝑅)(|𝑡1 − 𝑡2|𝜇 + ‖𝑣1 − 𝑣2‖𝜈)

(‖𝑣1‖, ‖𝑣2‖ ≤ 𝑅; 0 ≤ 𝑡1, 𝑡2 ≤ 𝑡0). (4)

Theorem 2. Let, for any 𝜀 and 𝑅, one be able to construct an operator 𝑓𝜀(𝑡, 𝑣)
satisfying the conditions

‖𝑓𝜀(𝑡, 𝑣) − 𝑓(𝑡, 𝑣)‖ ≤ 𝜀 (0 ≤ 𝑡 ≤ 𝑡0, ‖𝑣‖ ≤ 𝑅), (5)

‖𝑓𝜀(𝑡, 𝑣1) − 𝑓𝜀(𝑡, 𝑣2)‖ ≤ 𝐿(𝜀; 𝑅)‖𝑣1 − 𝑣2‖ (‖𝑣1‖, ‖𝑣2‖ ≤ 𝑅). (6)

Then the generalized solutions of problem (1)—(2), considered on some interval
[0, 𝑡∗] ⊂ [0, 𝑡0], form a connected set in 𝐶[0, 𝑡∗].
If condition (4) is additionally satisfied, then the set of classical solutions is
connected.

3. If 𝐻 is finite-dimensional, then 𝑓𝜀(𝑡, 𝑣) can always be constructed. In the
case of infinite-dimensional 𝐻 we have to impose an additional restriction
on the initial condition.

Theorem 3. Let 𝑣0 ∈ 𝐷(𝐴𝛽), where 𝛽 > 0. Then the assertion of Theorem 2
is valid.

For applications, cases are important in which 𝑓(𝑡, 𝑣) does not possess the con-
tinuity property (for differential equations this means that the nonlinear terms
contain derivatives and essential nonlinearities).

Theorem 4. Let the operator 𝑓(𝑡, 𝐴−𝛼𝑣), for some 𝛼 ∈ (0, 1), be continuous
jointly in its variables and bounded on every bounded set. Let 𝑣0 ∈ 𝐷(𝐴𝛽),
where 𝛽 > 𝛼. Then the assertion of Theorem 2 is valid.
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The generalized solutions under the conditions of Theorem 4 will be classical if
(see (3,4 )), for example, the weakened Hölder condition is satisfied

‖𝑓(𝑡1, 𝐴−𝛼𝑤1) − 𝑓(𝑡2, 𝐴−𝛼𝑤2)‖ ≤ 𝐿(𝑅)(|𝑡1 − 𝑡2|𝜇 + ‖𝑤1 − 𝑤2‖𝜈).
4. Let us now consider problem (1)—(2) in a Banach space. Suppose that −𝐴

is the generating operator of a strongly continuous semigroup (see (7)),
which we shall denote by 𝑒−𝑡𝐴. Then problem (1)—(2) can be reduced
to the study of the integral equation (3). For the study of this equation,
as it turns out, it is sufficient that fractional powers of the operator 𝐴
be defined, that the complete continuity of the operator 𝐴−1 imply the
complete continuity of the operators 𝐴−𝛼 for 𝛼 > 0, and that the operators
𝐴𝛼𝑒−𝑡𝐴, for 𝛼, 𝑡 > 0, be continuous and have norms not exceeding 𝐿(𝛼)𝑡−𝛼.
The requirements listed are fulfilled (see (5,6 ,8 ,9 )) if

‖(𝐴 + 𝜆𝐼)−1‖ ≤ 𝐶(1 + |𝜆|)−1 (Re 𝜆 ≥ 0); (7)

such operators we shall call strongly positive.

Theorem 5. If the operator 𝐴 is strongly positive and 𝐴−1 is completely
continuous, then Theorems 2, 3, and 4 are true for equations in a Banach space.

5. Let us pass to an equation more complicated than (1),

𝑑𝑣
𝑑𝑡 + 𝐴(𝑡)𝑣 = 𝑓(𝑡, 𝑣) (8)

with a variable operator 𝐴(𝑡). We shall assume that 𝐴(𝑡), for fixed 𝑡, is strongly
positive, and moreover that the constant 𝐶 in condition (7) does not depend on
𝑡. We shall suppose that the operators 𝐴(𝑡) have a common domain of definition
and that for 0 ≤ 𝑡, 𝜏, 𝑠 ≤ 𝑡0

‖[𝐴(𝑡) − 𝐴(𝜏)]𝐴−1(𝑠)‖ ≤ 𝐶|𝑡 − 𝜏|𝛿, (9)

where 𝛿 is some number in (0, 1).
Under the assumptions listed, the homogeneous problem 𝑑𝑣/𝑑𝑡 + 𝐴(𝑡)𝑣 = 0
(𝑠 < 𝑡 ≤ 𝑡0), 𝑣(𝑠) = 𝑣0, as shown in (4), has a classical solution 𝑣(𝑡) = 𝑈(𝑡, 𝑠)𝑣0,
where the operator 𝑈(𝑡, 𝑠) has many properties

the semigroup 𝑒−(𝑡−𝑠)𝐴. Problem (8)—(2) can be reduced to the equation

𝑣(𝑡) = 𝑈(𝑡, 0)𝑣0 + ∫
𝑡

0
𝑈(𝑡, 𝑠)𝑓[𝑠, 𝑣(𝑠)] 𝑑𝑠 (10)

or to the equation
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𝑤(𝑡) = 𝐴𝛽
0𝑈(𝑡, 0)𝐴−𝛽

0 𝑤0 + ∫
𝑡

0
[𝐴𝛽𝑈(𝑡, 𝑠)𝐴𝛾

0]𝐴−𝛾
0 𝑓[𝑠, 𝐴−𝛽

0 𝑤(𝑠)] 𝑑𝑠, (11)

where 𝐴0 = 𝐴(0), 0 ⩽ 𝛽 < 1, 0 < 𝛾 < min(𝛿, 1 − 𝛽). An investigation of these
equations shows that Theorem 5 carries over without change to problem (8)—
(2).

We note that the results of the paper (10) make it possible to generalize Theorem
5 also to the case when the common domain of definition has only some fractional
power 𝐴𝜌(𝑡) of the operator 𝐴(𝑡).

6. Let us now consider the quasilinear problem

𝑑𝑣
𝑑𝑡 + 𝐴(𝑡, 𝑣)𝑣 = 𝑓(𝑡, 𝑣), 𝑣(0) = 𝑣0. (12)

We shall assume that: a) the operator 𝐴 = 𝐴(0, 𝑣0) is strongly positive and
its inverse 𝐴−1 is completely continuous; b) the operators 𝐴(𝑡, 𝐴−𝛼𝑤), where 𝛼
is some number in (0, 1), are strongly positive and have a common domain of
definition, and moreover

∥[𝐴(𝑡, 𝐴−𝛼𝑤) − 𝜆𝐼]−1∥ ≤ 𝐶(𝑅)(1 + |𝜆|)−1 (Re 𝜆 ⩾ 0, ‖𝑤‖ ⩽ 𝑅) (13)

and, for 0 ⩽ 𝑡1, 𝑡2 ⩽ 𝑡0, ‖𝑤1‖, ‖𝑤2‖ ⩽ 𝑅,

∥[𝐴(𝑡1, 𝐴−𝛼𝑤1) − 𝐴(𝑡2, 𝐴−𝛼𝑤2)]𝐴−1∥ ≤ 𝐶(𝑅)(|𝑡1 − 𝑡2|𝜇 + ‖𝑤1 − 𝑤2‖𝜈); (14)

c) the operator 𝑓(𝑡, 𝐴−𝛼𝑤) is continuous in the aggregate of the variables;
d) 𝑣0 ∈ 𝐷(𝐴𝛾), where 𝛾 > 𝛼. Under these assumptions, in (4) a local
existence theorem is proved for a generalized solution of problem (12).

By 𝐶𝜂[0, 𝑡∗] we shall denote the space of functions defined on [0, 𝑡∗], with values
in 𝐸, satisfying a Hölder condition with exponent 𝜂.

Theorem 6. Suppose that conditions a)—d) are fulfilled. Suppose that there
is a basis in 𝐸. Then the solutions of problem (12) satisfying on some interval
[0, 𝑡∗] a Hölder condition with some exponent 𝜂 < 𝛾 − 𝛼 form a connected set
in 𝐶𝜂[0, 𝑡∗].
The results of the paper (10) make it possible to generalize this theorem to the
case when the operators 𝐴𝜌(𝑡, 𝑣) have a common domain of definition for some
𝜌.

7. In Theorems 2—6 the connectedness is asserted of the set of solutions
defined on some small, generally speaking, interval. If for the solutions
of the corresponding problems there are a priori estimates on the whole
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interval under consideration [0, 𝑡0], then in Theorems 2—6 one can speak
of the connectedness of the set of solutions in spaces of functions defined
on the whole interval [0, 𝑡0].

8. Applications, for example, to mixed problems for parabolic equations are
obtained by the standard scheme (see (3,4)). We give examples.

Let Ω be a bounded domain of 𝑛-dimensional space with twice continuously
differentiable boundary 𝑆. Consider the equation

𝜕𝑣
𝜕𝑡 = ∑ 𝑎𝑖𝑗 (𝑡, 𝑥, 𝑣, 𝜕𝑣

𝜕𝑥1
, … , 𝜕𝑣

𝜕𝑥𝑛
) 𝜕2𝑣

𝜕𝑥𝑖𝜕𝑥𝑗
+ 𝑓 (𝑡, 𝑥, 𝑣, 𝜕𝑣

𝜕𝑥1
, … , 𝜕𝑣

𝜕𝑥𝑛
) . (15)

Suppose that the functions 𝑎𝑖𝑗,
𝜕

𝜕𝑥𝑘
𝑎𝑖𝑗, 𝑓 satisfy, in the aggregate of all variables,

some Hölder condition and the condition

∑ 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ⩾ 𝜆 ∑ 𝜉2
𝑖 ,

���-

where 𝜆 and the constants in the Hölder conditions may depend on 𝑅, where
𝑅 is the bound of the absolute values of the values under consideration
𝑣, 𝜕𝑣/𝜕𝑥1, … , 𝜕𝑣/𝜕𝑥𝑛.

Theorem 7. The set of solutions of equation (15) satisfying the conditions

𝑣(𝑡, 𝑥) = 0 (0 < 𝑡 ≤ 𝑡0; 𝑥 ∈ 𝑆), 𝑣(0, 𝑥) = 𝑣0(𝑥) (𝑥 ∈ Ω + 𝑆) (16)

is connected, if 𝑣(0, 𝑥) ∈ 𝑊 2
𝑝 (Ω) for some 𝑝 > 𝑛.

Theorem 7 remains valid if, instead of the first boundary condition, one considers
the second:

∑ 𝑎𝑖𝑗
𝜕𝑣
𝜕𝑥𝑗

cos(N𝑥, x𝑖) + 𝜎𝑣 = 0 (0 < 𝑡 ≤ 𝑡0, 𝑥 ∈ 𝑆)

(here N𝑥 is the normal to 𝑆 at the point 𝑥). In this case, in the corresponding
problem (12), the operator 𝐴(𝑡, 𝑣) has (see (10)) a variable domain of definition.

If the coefficients 𝑎𝑖𝑗 of equation (15) do not depend on the derivatives and if
the right-hand side satisfies the inequalities

|𝑓(𝑡, 𝑥, 𝑣; 0, … , 0)| ≤ 𝑘1𝑣2 + 𝑘2,

sovietrxiv.org/items/ru-196201.92415 Machine Translation

https://sovietrxiv.org/items/ru-196201.92415


|𝑓(𝑡, 𝑥, 𝑣; 𝑣1, … , 𝑣𝑛)| ≤ 𝑘3(𝑅) + 𝑘4(𝑅) ∑ |𝑣𝑖|2−𝜀 (|𝑣| ≤ 𝑅),

where 𝜀 > 0, then a priori estimates are valid for the solutions of problem (15)
—(16) (see (12)). Therefore the set of solutions considered on any fixed finite
interval of variation of 𝑡 is connected. In an analogous way one may use a priori
estimates of solutions established in other works (see, for example, (13, 14)).
As a second example, let us consider the equation

𝜕𝑣
𝜕𝑡 + 𝐿(𝑡, 𝑥, 𝑣)𝑣 = 𝑓(𝑡, 𝑥, 𝑣), (17)

where 𝐿(𝑡, 𝑥, 𝑣) is an elliptic operator of order 2𝑚 or a system strongly elliptic
in the sense of M. I. Vishik. The coefficients of the operator 𝐿(𝑡, 𝑥, 𝑣) and the
right-hand side may contain derivatives of 𝑣 with respect to the spatial variables
up to order 2𝑚 − 1. From the results obtained in (4), and from Theorem 6, it
follows that for equation (17) the theorem on the connectedness of the set of
solutions is valid.
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