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Abstract
Full Text

M. B. Kapilevich

On Singular Cauchy Problems for the Chaplygin
Equation

(Presented by Academician I. G. Petrovskii, 13 IV 1962)
Let us consider, in the half-plane o > 0, the Chaplygin equation:

T

—b(0)z, =0,  bo)=(nK(0), VK= i ko3 (1)
n=0

and call its integrals z(6, o) and z(6, o) solutions of the first and second singular
Cauchy problems if, respectively (7 = —(30)2/3),

z(6,0) = 7(0), 2,(6,0) = 2(0,0) = 0, Z,(0,0) = v(0). (2)

As shown in paper (1), for z and z there are integral representations (r =
0—o, y=0+o0):

z(0,0) = / G0 — a,0)T(a)da, zZ(0,0) = / Gl —a,o)v(a)da, (3)

where G (0, 0) and G (6, o) satisfy equation (1) and have the form G = G,g(6, o),
G = Gyg(0,0), where g(0,0) and g(#,0) are certain functions, bounded and
nonzero on the characteristics 6 + o = 0, while G, and G, are the values of
the kernels G and G for b(o) = &: Gy = v,(20)2*r 53, Gy = —y,r1/3,
r=Vo? =02 4 =T(1/3)/T*(1/6), 7, = (3/4)*°T(5/3)/T*(5/6).

Divide the half-plane ¢ > 0 into four infinite angular regions D;(0 < o < ),
D,(0 < 6 < 0), D3(0 < —0 < 0), D)0 < 0 < —0), formed by the lines
0=0,0=0,0+0=0 (6 >0). Asin note (*), we shall agree to call the

particular solutions V' (0,0), V(0,0), W(0,0), W(6,0) of the problems (2) with
discontinuous initial data the Duhamel functions:

V(9,0) = VW(G,O) = %(1 — sign 0); W(,0) = Wn(e, 0) = %sign 0, (4)
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assuming that for all —oo <6 < o0, V, (6,0) = W, (6,0) = V(0,0) = W(6,0)
0. Along with this, put in (1) and (2) z = S(¢), 7(0) = v(0) = p (p
const, —oo < 6 < o0), and introduce into consideration two integrals of the
equation z,, + b(0)z, = 0:

S,(c)=p and S_'M(U) = —/L/ n(o) do,
0

#(0) = ko(2/3)"* /K (o).

Then it is not difficult to verify that the functions V,V, W, and W possess the
following properties:

1) They are related to S, (o) and SM(U) by the equalities

V(0,0) + W(b,0) =Sy 5(0);  V(0,0) +W(b,0) =Sy (0). ()

2) In the closed region D, V=V =0, W = S1 /25 W = 5_1/2> and at each
point (6,0) € Dy, V=5, V=58, W=258,,, W=5,,.

3) W(0,0) and W(f,0) are odd functions of the variable 8, W(0,0)

W(0,0) = 0 and, consequently, by virtue of the equalities (5),
V(0,0) = Sy/0, V(0,0) = Sy

4) Substituting (4) into (3) and differentiating with respect to 6, we obtain
in Dy and Dsj:

Wy(0,0) = =V,y(0,0) = G(0,0); Wy(0,0) =—-V,(0,0) =G(0,0). (6)

Formulas (6) show that the derivatives G and G of the odd functions W and
W will be even functions of the variable #, and therefore, in order to find them
in D, + D, it suffices to compute the values of G and G only in the domain
D,. In turn, from conclusions 2) and 3) it follows that, for the construction
of the resolvents V,V, W, W in the domain D,, it is sufficient to find integrals
of equation (1) which on the characteristic # = o are equal to V =V = 0,
W =5, W = 51/2, while on the line 8 = 0 (0 > 0), conversely, they take the
values V' =5 ), V=_5 12: W= W = 0. These boundary data are continuous

for the functions V, W, and, conversely, in the case of V and W they undergo a
discontinuity at the origin. Having obtained the solutions V',V or W, W of such
mixed boundary-value problems, one can then easily determine, by formulas (6),
the required singular kernels G and G.

Let us carry out, for example, such computations for the functions V and V.
To this end we introduce in (1) the variables o and t = r/o (r = Vo2 — 62),
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(7)
and then set
20,0) =V(0,0) =Y V,(0,0) =Y o®/3f,(t). ®)
n=0 n=0

Then, taking into account the expansion b(c) = ZZO:O b, o3 (by =1/3, b, =
2k, /3ky, ...), we arrive at the recurrent system of ordinary differential equations

Lol = 0= 2)f7 4 3[(4n = 5) + 2~ an]f; — Snln — e,

n

2
= bm |:<1_t2) ;Lfm+§<n_m)tfn7m ) ffl(t) EO? 77/:0,172,....

m=1

In addition, in order to ensure satisfaction of the boundary conditions V (o, o) =
0, V(0,0) = 1/2, we set

fo(0) =0, f,(1)=1/2; f,(0)=f,(1)=0 forn=1,2,... (10)

Then first of all we find that
1 11
folt) = ol (6’ 5) )

PF(—q,p,p+12)
pB(p.q)

is the modified incomplete beta function of Euler. Next we obtain

3 51 11
() = gbl [It2 (6) 5) — I (6’ 5)] :
Continuing this process, one can show that also for n = 2,3,... the functions

fo(t), f5(t), ... are uniquely determined by conditions (9) and (10). Since 0 <
I(p,q) <1,if 0 < z <1, then for f,(t) and f;(¢) the estimates

where

I(p,q) =

0<ful) <50 LAOIS ] O<t<1)

DN =

hold (3).
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Let us now turn to the construction of the Riemann function V(6,0) of the
second singular Cauchy problem. To this end we shall seek a solution of equation

(7)

P V0,0 =Y Vo) =Y o0 = (5) Carhao, ()

n n=1 n=1

where, in order to satisfy the boundary conditions V(o,0) = 0, V(0,0) =
Sqja(0) = ZZ.;1 A, 0?3 where A] = —1(3/2)%/3, A, = —3b, A, ..., we require
that

£,(0) =0, fn()=A4, forn=1,2,... (12)

Then in this case as well we arrive at system (9), in which, however, f,(¢) =0,
while f,(t) = A;t%(5/6, 1/2) is uniquely determined from the homogeneous
equation L, [f;] = 0 and equality (12). In addition, now for n = 2 the equation
Ly[fy) = by[(1 — ) f{ + %tf,] and condition (12) can be satisfied by setting

fo(t) = —%bl f1(t). In the same way, step by step, the subsequent solutions

f5(t), f4(t), ... are computed.

Restricting ourselves to the first two terms in the corresponding expansions
for G and G, we find, approximately, G(0,0) = P,(0)G, — %(3/2)1/3b1G0,

G(0,0) = Py(0)Gy, where Py(0) = 1 — 3b,0%/3 is the partial sum of the series
28, /5(0) =257 A,0%"/3. With the aid of these estimates one can obtain the
" 1 2an=1n

corresponding approximations for the Riemann function v(6, o, 6y, 0,) of Chap-
lygin’ s equation. Indeed, if instead of v we introduce the symmetric function
R(0,0,0y,00) = 2x(0¢)v(0,0,0,,00), then in a neighborhood zy < z <y < y,
of the line ¢ =0

y
R= / p(0 —a,0,0,—a,04)da,
where

p(0,0, by, 00) = G(907‘70)é(970) - G(b, U)é(emoo)-

Replacing here G and G by the approximations found, we obtain R =
Py(0)Py(0g)Ry + 3b,0%/3[Py(0y) — Py(0)]R,, where R, is the value of R for
K(0) = kyo'/3, and

Ry = ml(w—wo)(yo—2)] "/ Fy(5/6,1/6, 1/6, 5/3; (y—x)/(zo—2), (y—z)/(yo—2)).
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Analogous estimates can also be obtained in a neighborhood of the characteris-
tics = xy, y = y,, if one uses the integral representations found earlier (*) for
the Riemann function in the domains zy < z < yy < y and = < 2y < y < Y.
In such representations the integrands contain initial values on the lines o = 0,
0y = 0 of two modified Green-Hadamard functions @) = %X(O’O)H<9, 0,00,00)
and Q = %X(UO)F<9, 0,0y,0,), associated in D; with the boundary-value prob-
lems

2(0,0) = 7(6); z(o,0) = 0; z,(0,0) = v(0); Z(o,0) = 0; 7(0) = 0.
(13)

As follows from Gellerstedt’s results, the solutions z(, o) and Z(6, o) of problems
(13) have the form

2(0,0) = /O T — a,0)7(a) da, zZ(0,0) = /O T — a,0)v(a)da,

where T(0,0) = Tyq(0,0), T(0,0) = Tyq(0,0), with ¢ = O(1), g = O(1) as
0 — o, and Ty = V/3v, (20)2/3r;5/3, T, = \/3727’171/3, ry = V02 — o2, Similarly
to the preceding case, it is also convenient here to apply the idea of preliminary
integration of the kernels T'(6,0), T(6,0) with respect to the variable 6, and
instead of these functions, which possess power singularities as r; — 0, to
consider the Doetsch resolvents U and U, which are solutions of the problems
(13) with discontinuous boundary data

U(6,0) =1, U(o,0) =0, U,0,0)=1, U(o,0)=0. (14)

If, alongside them, we bring in the solutions u(6, o) and u(f, o) of two conjugate
discontinuous problems

U(97O) = Oa U(O', g) = Sl (0)7 ﬂn(070) = Oa E(Ua g) = g1 (0)7 (15)

then it is easy to verify that in the domain D,

ut+U=S,, u+U=5;, Uyb,0)=—uyd,0)=T(0,0),

Uy(0,0) = —1y(0,0) =T(0,0). (16)

Thus, having constructed the functions U, U, u,u from the boundary data (14)

and (15), one can then, by formulas (16), also find the singular kernels 7', 7.
Such
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The computations performed in (2) for U and U make it possible to deter-
mine, with prescribed accuracy, the initial data @, |, o and @|UO:0 of the
modified Green—Hadamard functions, and then from them, with the aid of
formula (3), to construct the corresponding approximations for Q(6, o, 60y, 0y)
and Q(0,0,0,,0,). In turn, they make it possible to find the function R in a
neighborhood of the incident and reflected characteristics from the transition
line, and then also to solve more general mixed problems of the form (13) with
nonzero data on the characteristic § = . The algorithms indicated above can
also be applied in the study of other singular equations admitting a shift trans-
formation in one of the coordinates. Of special interest, for example, is the
equation o(zgg — 2,,) — b(0)z, + c(0)z = 0, if in a neighborhood of the line
o =0 b(o) and c¢(o) are represented by series in positive integral or fractional
powers of o, with 0 < b(0) < 1, and ¢(0) = O(c®) (a > 0). Equation (1) is also
reduced to such a form if, by the substitution z = ¢*/6 K—1/44, it is transformed
into the form wugy — u,, — ==u, + c(o)u = 0, where

o 30 %0

c(o) = Z ¢, o253,

n=-—1

In this connection, for the approximation of the solutions u(6, o), one may use as
a standard not only the Euler—Poisson equation, but also the equation studied
earlier®

Ugg — Upy — gug —b?u=0 (0<a<1, b= const). (17)
g

Here the equation u,, + %u, 4+ b*u = 0, which determines S, (o) and
ﬁu(0)7 is solved (under the conditions S(0) = S,(0) = /J,isn(O) =
S(0) =0, n = —(¢/(1 —a)'"*)) in Bessel functions S, (o) = e g1 9(bo),

S, (o) = Hﬂjl 2-p(bo) (a = 23), and therefore the corresponding expansions
for V and V must have the form

1 & — 1 & _
V<97 U) = 5 Z 0-2n<)0n<t)7 V(e’ g) = 5772 UQn(pn(t)
n=0 n=0

They generate the systems
Loplon, a = t(1—t2)¢) +[1—a—An+(4n+a—2)t*]p), —2n(2n+a—1)tp, = bty ,,

£2n[¢n’2 —(L] = b2t¢ ((P,1 :¢_1 =0, n=0,1,2, )7

n—1’
to which, by virtue of the equalities V(o,0) = V(o,0) = 0, V(0,0) = 51/2(0),
V(0,0) = S 5(0), one should adjoin the conditions ¢,,(0) =, (0) = 0, ¢, (1) =
A, @n(l) = Zn (n =0,1,2,...), where A, = (=b*/4)"/n!(B + %)n, and Zn
is obtained from A, by replacing S by 1 — 5. Solving these boundary-value
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problems, we find the values p,,(t) = 4,,1;2(n+ 5, %), 7, (t) = A Iz (n+1-4, %)
They correspond to the double series

V=nV(0,0,1-0),

e (1/2),,(8) i ("
Vio,0,8) = ();Zw e (<)

n=0

However, these higher transcendental functions degenerate under differentiation
with respect to 6 and give the values

G = Gojﬁfl(brh G = éojfﬁ(b’")v Gy = 71(20) e 2,

Go= =717 = II‘;%;)), vy =[2(1 — a)]“lm_

Analogous constructions are also carried out for the example

299—200—(3—1)20—&—22:0 (0 <a<1, ¢=const),
o 1%

where
S, (0) = Fy(c,a,0), S, (0) =pmFi(c—a+1,2—a,0).
Received
11 IV 1962
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