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ON THE THEORY OF WEAK SOLUTIONS OF
BOUNDARY-VALUE PROBLEMS

(Presented by Academician S. L. Sobolev on 26 II 1962)

Let D be a bounded domain of the n-dimensional Euclidean space E,,. Consider
the first boundary-value problem for a uniformly strongly elliptic system K of
order 2m (173)

Ku =7, (1)
u—gewy(D), (2)

where v and g are given, u is the unknown, in general complex-valued r-vector

functions (r-dimensional), defined in D; W;@(D) is the Hilbert space obtained

by completing the set CS*" (D) of inﬁnitely’ differentiable finite r-vectors in D
with respect to the metric of the S. L. Sobolev space W2(7;L)(D) (45).

Following Gérding (?), by a weak solution of problem (1), (2) we shall mean a
solution of the problem
(w-Kp)=(1-9), u—geWy (D) (3)

for all ¢ € C"(D), where K is the Lagrange adjoint of the operator K; () is
the scalar product of the space Ly ,.(D):

(u-v) = Z/ u,;U; da.
i=1+D

In what follows, unless otherwise stated, we shall assume everywhere that u €
Wy (D) and g € Wy (D).

By Browder’s theorem 1 (2), if the coefficients of the system satisfy the conditions

Ak, _k,:14(t) € C7PN(D) N C*(D), (4)
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where o(s) = max[0,s —m], s = 0,1,...,2m, then the inequality

Re(((=1)™ ¢ 0)) > pllel7, — kole - ) ()

holds for all ¢ € C2*"(D), where | |,,, is the norm of the space WQ(,:':L)(D)7 p >0,
ko 2 O.
Following Browder (%), introduce the space H (D), consisting of elements of the

set Wgr;)(D) with scalar product

(. 9) =Re((=1)™ @ -9)) + kol -v), @, 9 € CZT(D). (6)

It is not difficult to show that the norms |¢|,,, and \/(p, @) are equivalent.

Theorem 1. If the system K satisfies conditions (4) and v € Ly (D), then
problem (3) is equivalent to the equation

[+ (—1)"™W]v—koUv = ¢ (7)
in H(D), where W is a linear bounded skew-symmetric operator; U is a linear

completely continuous self-adjoint operator; ¢ is the element of H(D) defined
by

(Go)=(v-¢)—(u - Kyp),  peC>"(D), (8)

where
Uy = wy + g; 9)
(wy,¢) = (g9-9), peCX"(D), v=u+tu. (10)

It is not difficult to see that if g = 0, then from (9) and (10) we have v = w; if
g =0 and v = 0, then from (8) it follows that ¢ = 0.

The proof is carried out by the generalized method of orthogonal projections,
applied by Garding to a single elliptic equation and by Browder to a strongly
elliptic system.

On the basis of the Riesz theorem it is proved that if u € Wé?)(D), then

(u-9)=Uu,p),  (u-KPp)=—(Wu,p) (11)
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for all ¢ € C>"(D), where U is a linear bounded self-adjoint operator; K2 =
K—-K
———; W is a linear bounded skew-symmetric operator. From equality (11)

the proof of Theorem 1 is obtained.

It is easily proved that the operator I + (—1)™W is invertible. Consequently,
the Riesz-Schauder theory (%) is applicable to equation (7).

Using the Riesz-Schauder theory, one can formulate the corresponding theorems
on solvability and on the spectral property of problem (3). In particular, the
following holds.

Theorem 2. Under conditions (4), if the homogeneous problem (3):

_ 0
(u-Kp)=0, peC>"(D), ueWy"(D)
has only the zero solution, then the nonhomogeneous problem (3) has a solution
for arbitrary v and g.

Let us note that for a domain D with sufficiently small diameter the homoge-
neous problem (3) has only the zero solution. For these diameters one can give
an upper estimate. This estimate is determined by the coefficients of the system
K.

On the basis of Browder’ s theorem 2 (®) on the regularity of the solution, the
following assertion holds*: if instead of condition (4) one assumes the condition

g, i g(@) € CTFMT(D) N (D) (12)

and assumes that v € CM"(D) N L, (D), where M = (n 4 1)/2 for odd n,
M = n/2 for even n, then the weak solution of the boundary-value problem
belongs to the class C?™(D), i.e. it is a solution of problem (1), (2) (a strong
solution).

Every nontrivial solution of the problem

(w-Fg)=Mu-g).  @eC®' (D), weW(D)  (13)

will be called a weak eigenfunction, and the corresponding value of the parameter
A a weak eigenvalue of the operator K.

A number A for which the problem

0 m
(w-K=Mg)=(v-9), u—geWi(D)

has a solution for all ¢ € C*"(D) and arbitrary v and g, will be called a weak
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* Let us note that many studies have recently been devoted to the question of
regularity of solutions of the system K (1°).

regular. The set of numbers that are not weakly regular will be called the weak
spectrum of the operator K. Under conditions (12), the weak spectrum of the
operator K becomes the spectrum of the operator K.

Theorem 3. The weak spectrum of the operator K consists of isolated weak
eigenvalues with a point of accumulation, if it exists, at zero; the multiplicity of
each weak eigenvalue is finite.

From the second equality (11) it follows that if K is self-adjoint, i.e. K = K,
then W = 0; consequently, all weak eigenvalues of the operator K are real.

To find an approximate weak solution of the boundary-value problem (1), (2),
i.e. of problem (3), we shall apply a method analogous to the Galerkin method.

Theorem 4. Let problem (8) have a solution for arbitrary v and g; let v, €
C*"(D), i = 1,2,..., be a complete orthonormal system in H(D). Then the
sequence

U=10—uy, (14)

where
% = ?Lkvk, (15)

tends strongly to the weak solution u of problem (3) in the space W(QT:L")(D), where

?lk, for sufficiently large n, are determined from the system

> o (K -v) = (y-v),  j=12..,n (16)
k=1

The function u, is determined from (9).

The proof of this theorem is obtained on the basis of Theorem 1 and the theorem
of S. G. Mikhlin (7), applying it to equation (7).

On the basis of a theorem of N. I. Pol’ skii (®), the estimate

; (17)

v Z(U, )V,

HU—HH <(1+4¢,)
W =1

Wy (D)

holds, where €, — 0 as n — oc.
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We note that if the function w, is approximated by some sequence Zl — uq, then
the approximate value of the solution of the boundary-value problem (3) may
be taken to be & = v — Zl. In particular, the sequence {Zl} may be constructed
from the functions vy, v,, ..., using the fact that w, in (9) is a function obtained
as a result of applying Riesz s theorem.

With problem (13) on weak eigenvalues we associate a spectral problem in an
n-dimensional space:

n

(Kt-p) =AU ;) ji=1,2,...,n. (18)

The eigenvalues and eigenfunctions of (18) will be called, respectively, the ap-
proximate weak eigenvalues and weak eigenfunctions of problem (3).

On the basis of Theorem 2 of N. I. Pol’ skii (%), we have

Theorem 5. All weak eigenvalues of the operator K, and only they, can be
obtained as limits of all possible sequences of approxrimate weak eigenvalues; in
other words, if Ay is a weak eigenvalue of the operator K, then from the aggregate

of eigenvalues of the finite-dimensional systems (18) "Ny 3=12,..,n, n=
1,2,..., one can select such a sequence ", , n =1,2,..., which converges to A.

Theorem 6. Let \; be a weak eigenvalue of the operator K. From any se-
quence {u} } of approximate weak eigenfunctions belonging to approximate
weak eigenvalues "Ar, — Ag, one can choose at least one strongly convergent
subsequence, and every such subsequence converges to a weak eigenfunction of
the operator K belonging to the weak eigenvalue ).

Theorems 5 and 6 and Theorem 7 given below are proved as follows. From (13)
we have [I 4+ (=1)"W]u — kyUu = AUw in the Hilbert space H(D). The latter
is equivalent to the equation

u=NRUu, (19)

where N = ky + A, R = [I + (—1)"W]1. Consequently, the aforementioned
theorem of N. I. Pol’ skii (8) is applicable to (19).

If A is a linear operator in an arbitrary Banach space, then the totality of
elements = satisfying the equation

[T —XAJFz =0

for some k is called the invariant subspace corresponding to the eigenvalue .

On the basis of Theorem 4 of N. I. Pol’ skii (¥) there holds
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Theorem 7. All functions of the weak invariant subspace of the operator K
corresponding to the weak eigenvalue Ay, and only they, can be obtained as
strong limits of all possible linear combinations of approximate invariant func-
tions from approximate invariant subspaces corresponding to all approximate
eigenvalues " A, that tend to A,.

We note that if a;, _, .; ;(7) € Co+Mr (D) N C*"(D), then in Theorems 4-7
one may omit the word “weak,” i.e., make the same assertions concerning the
solution of the boundary-value problem (1), (2).

It is not difficult to see that all the theorems proved above are based on inequality
(5). If on some dense set of functions inequality (5), or an analogue of it, is
adopted as the fundamental property of an arbitrary operator K, then all our
theorems remain valid for the corresponding problem for the operator K (see,
for example, (°)).

The author expresses deep gratitude to Academician of the Academy of Sciences
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advice in carrying out this work.
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