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MATHEMATICS
E. G. GOL’ SHTEIN

ON ONE GENERAL FORMULATION OF THE
PROBLEM OF BEST APPROXIMATION

(Presented by Academician A. N. Kolmogorov, 22 XII 1961)

1. Let E; (i = 1,2,3) be a real space of type B; let H be a closed subspace
of E;; let A; be a linear operator acting from H into E,; , (i =1,2).

In the space E, define a convex cone K, and for any two elements y,,y, of E,
agree to write y; >y, if y; —y, € K.

Consider the following problem of best approximation of an element z, € E;.

Determine an element x* at which the following is attained:

infzy — |, (1)

where the lower bound is taken over elements x satisfying the constraints

x € H,; (2)
Az > by (3)
Az = by (4)

Here b; € E; ; (i =1,2). It is assumed that z, does not belong to the closure
of the set of points x satisfying conditions (2)—(4).

The problem formulated contains, as a special case, the classical formulation
of best approximation in a Banach space (1,2), when only the constraint (2) is
imposed on the element x. It is also a generalization of the problem of best
approximation by polynomials whose coefficients are connected by a number of
linear dependences (equalities and inequalities). Constraints of equality type

correspond to restriction (4), and constraints of inequality type to condition

(3).
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2. In the present note an analogue of P. L. Chebyshev’ s theorem is given for
problem (1)—(4)—a necessary and sufficient condition for an element z* €
E, to deliver the minimum in (1) under constraints (2)—(4). Introduce
for consideration the spaces E;, conjugate to the spaces E; (i = 1,2,3).
The positive cone K C E, induces a positive cone K C FE,: the convex
cone K consists of elements g € F, such that g(z) > 0 for z € K. If
g, — g € K, then we write g; > g,. We shall say that the constraints (3),
(4) of problem (1)—(4) have the property of regularity if: a) the operator
A, maps H onto the entire space Fs; b) the cone K has nonempty interior
and, for some x; satisfying constraints (2), (4), the element A,x; — b, is
an interior point of the cone K.

Theorem 1. Let conditions (3), (4) of problem (1)—(4) have the property of
reqularity, and let the element x* be subject to constraints (2)—(4). In order that
x* deliver the minimum in (1) under constraints (2)—(4), it is necessary and
sufficient that there exist functionals g; € E; (i = 1,2, 3) satisfying the following
conditions: a) g,(xg — %) = |lxg — 2*|, g1 = 1; b) g2 2 0, go Ay = gyb,; ¢)
91() + 92(A12) + g3(Ayx) =0, x € H.

It should be noted that the regularity property which, by assumption, is satisfied
by the constraints (3), (4), is used only in the proof of the necessity of the
conditions of Theorem 1.

If the regularity property is violated, the sufficiency of the conditions of The-
orem 1 is preserved; however, generally speaking, these conditions cease to be
necessary. In all special formulations known to the author of problems of best
approximation with additional conditions of the type of linear equalities or in-
equalities, the regularity conditions are satisfied. Therefore the analogue of P.
L. Chebyshev’ s theorem for each of these problems is a simple consequence of
Theorem 1.

3. Let us give one important special case of problem (1)—(4). Let E be a real
space of type B; let x4, zq, ..., z, be elements of E. We pose the problem
of determining an element

n
* *
Tt = E diz;,

j=1
at which
inf||lz, — Z d;z; (5)
J=1
is attained, where the lower bound is taken over all vectors d = (dy,d,, ... ,d,,)

satisfying the constraints
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Zdj%‘ =b,, i=1,2,..,r. (7)

Here D is an arbitrary compact set; b(t),a;(t) (j = 1,2,...,n) are real-valued
functions, continuous on D; the equations (7) are linearly independent.

It is assumed that the lower bound (5), subject to conditions (6), (7), is different
from zero. The regularity property of the constraints (6), (7) of problem (5)—(7),
which correspond to the constraints (3), (4) of problem (1)—(4), is formulated
as follows:

There exists a vector d = (d;, dy, ..., d,,) satisfying the equalities (7) and turning

Y In
all relations (6) into strict inequalities.

As a consequence of Theorem 1 we obtain an analogue of P. L. Chebyshev’ s
theorem for problem (5)—(7).

Theorem 2. Let the constraints (6), (7) possess the regularity property, and
let the vector d* = (dj,d5, ..., d}) be subject to these constraints.

In order that the element x* = Z diz; have the least deviation from x

under the conditions (6), (7), it is necessary and sufficient that there exist a
functional g € E and points t, € D, " =1 4 ja;(t;) = b(t;) (i = 1,2,...,s),

satisfying the following conditions: a) g(:z:O —z*) = |ag — 2|, |9l = 1; b)

) =
()+Zzlﬁzj()+z 1711]:0(]*12 ),'C)ﬂz>0f07"i:
1,2,...,s; d) the system of vectors {a,(t;),as(t;), ..., a (tl)} (i=1,2,...,8) and

r'n

(aﬂ, Uiy ey Q) (0 =1,2,...,7) is linearly independent.

rn

For the case of the Chebyshev metric, problem (5)—(7) was considered in [3].
Theorem 1 of [3] is a special case of Theorem 2 of the present note.

Received
22 XII 1961

CITED LITERATURE

1. M. G. Krein, article in the book: N. I. Akhiezer, M. G. Krein, On Certain
Questions of the Theory of Moments, Kharkov, 1938.

2. S. M. Nikol’ skii, Izv. AN SSSR, Ser. Mat., 10, 207 (1946).

3. E. G. Gol’ shtein, UMN, 16, no. 4 (100), 208 (1961).

Note: Figure translations are in progress. See original paper for figures.

sovietrxiv.org/items/ru-196201.91013 Machine Translation


https://sovietrxiv.org/items/ru-196201.91013

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.91013 Machine Translation


https://sovietrxiv.org/items/ru-196201.91013

	Abstract
	Full Text
	ON ONE GENERAL FORMULATION OF THE PROBLEM OF BEST APPROXIMATION
	CITED LITERATURE


