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Abstract
Full Text
MATHEMATICS

R. Z. KHAS’MINSKII

ON SOME DIFFERENTIAL EQUATIONS
ARISING IN THE STUDY OF OSCILLATIONS
WITH SMALL RANDOM PERTURBATIONS
(Presented by Academician I. G. Petrovskii on 18 IX 1961)

1. An oscillatory system subject to random perturbations is, under certain
assumptions on the nature of the perturbations, a Markov random process of
diffusion type. It is of interest to study the limiting distribution of various
characteristics associated with this process when the random perturbation tends
to zero. This problem is connected with the study of solutions of a certain class
of elliptic and parabolic equations of second order with a small parameter 𝜀
multiplying the highest derivatives. This class of equations is characterized by
the fact that for 𝜀 = 0 (absence of perturbations) it describes motion along
closed curves without absorption (the case with absorption is treated in (1)).
If this motion is nonrandom, then (considering for the time being the elliptic
case) by a suitable choice of the coordinate system one may restrict oneself to
studying the behavior, as 𝜀 → 0, of the solution 𝑢𝜀 of the equation

(𝐿1(𝑥) + 𝑉 (𝑥) + 1
𝜀

𝜕
𝜕𝑥2

) 𝑢 =
2

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥1, 𝑥2) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+

+
2

∑
𝑖=1

𝑏𝑖(𝑥1, 𝑥2) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑉 (𝑥1, 𝑥2)𝑢 + 1
𝜀

𝜕𝑢
𝜕𝑥2

= −𝐹(𝑥1, 𝑥2) (1)

in the circular annulus 𝐾 (𝐾 = {(𝑥1, 𝑥2) ∶ 𝑟1 < 𝑥1 < 𝑟2}, where (𝑥1, 𝑥2) and
(𝑥1, 𝑥2 + 1) represent one and the same point), satisfying the conditions

𝑢𝜀(𝑟𝑖, 𝑥2) = 𝑓𝑖(𝑥2). (1’)

We shall carry out such an investigation for (1), (1′) and for the more gen-
eral equation (2) (i.e., for the case where the “principal”motion along closed
trajectories is also random), and we shall also consider the parabolic equation.

2. Suppose that the operator 𝐿1(𝑥) is elliptic everywhere in 𝐾 (𝐾 = 𝐾∪Γ; Γ =
Γ1 ∪ Γ2; Γ𝑖 = {𝑥 ∶ 𝑥1 = 𝑟𝑖}). Put
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𝐿2(𝑥) = 𝐴(𝑥) 𝜕2

𝜕𝑥2
2

+ 𝐵(𝑥) 𝜕
𝜕𝑥2

(𝐴 > 𝑎0 > 0 in 𝐾),

𝐿∗
2𝑢 = 𝜕2

𝜕𝑥2
2

(𝐴(𝑥) ⋅ 𝑢) − 𝜕
𝜕𝑥2

(𝐵(𝑥) ⋅ 𝑢)

and assume that the coefficients of the operators 𝐿1 and 𝐿2 are twice con-
tinuously differentiable in 𝐾, with the first derivatives continuous in 𝐾. Let
𝑉 and 𝐹 be twice continuously differentiable complex-valued functions, with
Re𝑉 (𝑥) = 𝑉1(𝑥) ≤ 0, and let 𝑓𝑖 (𝑖 = 1, 2) be continuous complex-valued func-
tions on Γ𝑖. Denote by 𝜇(𝑥0

1, 𝑥2) = the density of the invariant measure of the
Markov random process on the circle

* The equation (1) with a complex function 𝑉 is satisfied, for example, by characteristic functions of certain functionals of the trajectory of the random process associated with the operator 𝐿1+1
𝜀

𝜕
𝜕𝑥2

(3).

of the surface 𝑙𝑥0
1

= {𝑥 ∶ 𝑥1 = 𝑥0
1}, corresponding to the operator 𝐿2 (𝜇 is the

unique solution of the equation 𝐿∗
2𝜇 = 0 on 𝑙𝑥0

1
, normalized by the condition

∫1
0 𝜇 𝑑𝑥2 = 1; in particular, 𝜇 = 1 if 𝐿2 = 𝐿∗

2). For any integrable function 𝑔(𝑥)
put

̃𝑔(𝑥1) = ∫
1

0
𝑔(𝑥1, 𝑥2)𝜇(𝑥1, 𝑥2) 𝑑𝑥2.

Theorem 1. The solution 𝑢𝜀(𝑥) of the equation

(𝐿1 + 𝑉 + 1
𝜀𝐿2) 𝑢 = −𝐹 (2)

in 𝐾, satisfying condition (1′), converges as 𝜀 → 0 to the solution 𝑢0(𝑥1) of the
equation

[𝐿1(𝑥1) + 𝑉 (𝑥1)]𝑢0 = −𝐹(𝑥1), (3)

satisfying the conditions

𝑢0(𝑟𝑖) =
∫

1

0
𝑎11(𝑟𝑖, 𝑥2)𝜇(𝑟𝑖, 𝑥2)𝑓𝑖(𝑥2) 𝑑𝑥2

∫
1

0
𝑎11(𝑟𝑖, 𝑥2)𝜇(𝑟𝑖, 𝑥2) 𝑑𝑥2

= ̂𝑓𝑖 (𝑖 = 1, 2). (3’)

Moreover, uniformly in any closed subdomain of 𝐾, the relation

𝑢𝜀(𝑥) − 𝑢0(𝑥1) = 𝑂(√𝜀)
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holds. In the case 𝑓𝑖(𝑥2) = const, this estimate can be improved: 𝑢𝜀(𝑥) −
𝑢0(𝑥1) = 𝑂(𝜀) uniformly in 𝐾.

Theorem 1 is also valid for the case where the domain under consideration is
a disk. (One of the boundary conditions (3′) must then be replaced by the
condition of boundedness at zero of the solution of equation (3).) In addition,
Theorem 1 remains valid also in the case 𝐴 ≡ 0, 𝐵 ≠ 0. Some probabilistic
consequences of Theorem 1 with 𝐴 ≡ 0 are given in (3).
We now somewhat modify the restrictions adopted above, allowing the coeffi-
cients of the operator 𝐿, 𝑉 , and 𝐹 also to depend on 𝑡 (0 ≤ 𝑡 ≤ 𝑇 ), in such a
way that 𝐿1 = 𝐿1(𝑥, 𝑡), 𝑉 (𝑥, 𝑡), and 𝐹(𝑥, 𝑡) are twice differentiable with respect
to all their arguments in the domain 𝐾 × (0, 𝑇 ).
Theorem 2. The solution 𝑢𝜀(𝑥, 𝑡) of the equation

𝜕𝑢
𝜕𝑡 = 𝐿1(𝑥, 𝑡)𝑢 + 𝑉 (𝑥, 𝑡)𝑢 + 1

𝜀𝐿2(𝑥)𝑢 + 𝐹(𝑥, 𝑡)

in the domain 𝐾 × (0, 𝑇 ), satisfying the conditions

𝑢𝜀(𝑥1, 𝑥2, 0) = 𝑓(𝑥1, 𝑥2), 𝑢𝜀(𝑟𝑖, 𝑥2, 𝑡) = 𝑓𝑖(𝑥2, 𝑡) (𝑖 = 1, 2),

as 𝜀 → 0 converges to the solution 𝑢0(𝑥1, 𝑡) of the equation

𝜕𝑢/𝜕𝑡 = [𝐿1(𝑥1, 𝑡) + 𝑉 (𝑥1, 𝑡)]𝑢 + 𝐹(𝑥1, 𝑡),

satisfying the conditions

𝑢0(𝑥1, 0) = ̃𝑓(𝑥1), 𝑢0(𝑟𝑖, 𝑡) = ̃𝑓𝑖(𝑡) (𝑖 = 1, 2).

Moreover, 𝑢𝜀(𝑥, 𝑡)−𝑢0(𝑥1, 𝑡) = 𝑂(√𝜀) uniformly in any closed domain contained
in 𝐾 × (0, 𝑇 ).
It is interesting to note that lim𝜀→0 𝑢𝜀(𝑥, 𝑡), generally speaking, does not exist
if 𝐴 ≡ 0. We also note that a result analogous to Theorem 2 is valid for the
solution of the Cauchy problem as well.

3. The proof of Theorem 1 uses the following lemmas.

Lemma 1. Under the assumptions of Theorem 1, the solution 𝑍(𝑥) of the
equation

𝐿1𝑍 + 𝑉 𝑍 = −𝐹
in the domain 𝐾, satisfying the conditions 𝑍(𝑟𝑖, 𝑥2) = 𝑓𝑖(𝑥2), admits the esti-
mate

|𝑍| ≤ max
𝑥2, 𝑖=1,2

|𝑓𝑖| + 𝐶 min
𝑖=1,2

∫
𝑟2

𝑟1

|𝑟𝑖 − 𝑥1| max
𝑥2

|𝐹 (𝑥1, 𝑥2)| 𝑑𝑥1.

Here the constant 𝐶 depends only on the upper and lower bounds of the coeffi-
cients 𝑎11 and 𝑏1 in the domain 𝐾.
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Lemma 2. Let 𝑥2 be the coordinate of a point on the circle 𝑙 (considered
modulo 1); 𝐴1(𝑥2) > 0, 𝐵1(𝑥2) are twice continuously differentiable functions
on 𝑙. The equation 𝑀𝑢 = 𝐴1𝑑2𝑢/𝑑𝑥2

2 + 𝐵1𝑑𝑢/𝑑𝑥2 = Φ(𝑥2) has a solution on 𝑙
if and only if

∫
1

0
Φ(𝑦)𝜇(𝑦) 𝑑𝑦 = 0

(𝜇(𝑥2) is a solution of the equation 𝑀∗𝜇 = 0, satisfying the condition

∫
1

0
𝜇(𝑦) 𝑑𝑦 = 1

).

Lemma 3. The solution 𝑢(𝑥1, 𝑥2) of the elliptic equation 𝜕2𝑢/𝜕𝑥2
1 +𝑀𝑢 = 0 in

the domain 𝐺 = {𝑥1 > 0}×𝑙, satisfying the condition 𝑢0(0, 𝑥2) = 𝑓(𝑥2), admits
the estimates:

∣𝑢(𝑥1, 𝑥2) − ∫
1

0
𝑓(𝑦)𝜇(𝑦) 𝑑𝑦∣ ≤ 𝑐1𝑒−𝑐2𝑥1 ; |𝑢′

𝑥𝑖
| ≤ 𝑐3𝑒−𝑐2𝑥1 ; |𝑢″

𝑥𝑖,𝑥𝑗
| < 𝑐3𝑒−𝑐2𝑥1

(here and below the 𝑐𝑖 are certain positive constants).

Let 𝑢𝜀(𝑥) be the solution of equation (2), (1′), and let 𝑣(1)
𝜀 (𝑥) be the solution

of equation (2), satisfying the conditions 𝑣(1)
𝜀 (𝑟𝑖, 𝑥2) = ̂𝑓𝑖 (𝑖 = 1, 2), 𝑣(2)

𝜀 (𝑥) =
𝑢𝜀(𝑥) − 𝑣(1)

𝜀 (𝑥). We shall prove the following estimates:

𝑣(1)
𝜀 (𝑥) − 𝑢0(𝑥1) = 𝑂(𝜀) uniformly in 𝐾; (4)

𝑣(2)
𝜀 (𝑥) = 𝑂(√𝜀) uniformly in any closed subdomain of 𝐾. (5)

Set Φ(𝑥) = 𝐿1(𝑥) ⋅ 𝑢0 + 𝐹(𝑥) + 𝑉 (𝑥) ⋅ 𝑢0. Since, by virtue of (3), Φ̃(𝑥1) = 0,
applying Lemma 2 one may assert that the equation 𝐿2𝑤 = Φ has a solution
on each circle 𝑙𝑥1

, 𝑟1 ≤ 𝑥1 ≤ 𝑟2, where the variable 𝑥1 enters this equation as a
parameter. It is not difficult to show that 𝑤 may be chosen twice continuously
differentiable with respect to 𝑥1, since 𝐴, 𝐵, and Φ possess this property. Now
considering the function Ψ𝜀(𝑥) = 𝑣(1)

𝜀 (𝑥) − 𝑢0(𝑥1) + 𝜀𝑤(𝑥), it is easy to see that
Ψ𝜀(𝑟𝑖, 𝑥2) = 𝜀𝑤(𝑟𝑖, 𝑥2) = 𝑂(𝜀) and

(𝐿1 + 𝑉 + 1
𝜀𝐿2) Ψ𝜀 = 𝜀 [𝐿1𝑤 + 𝑉 𝑤] = 𝑂(𝜀).
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Hence, applying Lemma 1, we obtain (4). To prove (5) we construct auxiliary
functions 𝑔𝑖(𝑥1, 𝑥2, 𝜀) (𝑖 = 1, 2) so that the function 𝑔𝑖 has the character of a
boundary layer near Γ𝑖. We shall start here from the function 𝑍𝑖(𝑥1, 𝑥2), defined
in 𝐺 as the solution of the equation

𝐿2(𝑟𝑖, 𝑥2)𝑍 + 𝑎11(𝑟𝑖, 𝑥2)𝜕2𝑍
𝜕𝑥2

1
= 0; (6)

𝑍(0, 𝑥2) = 𝑓𝑖(𝑥2) − ̂𝑓𝑖. (7)

Application of Lemma 4 to (6), (7) makes it possible to establish that

|𝑍𝑖| < 𝑐1𝑒−𝑐2𝑥1 ; ∣𝜕𝑍𝑖
𝜕𝑥𝑗

∣ < 𝑐3𝑒−𝑐2𝑥1 ; ∣ 𝜕2𝑍𝑖
𝜕𝑥𝑗𝜕𝑥𝑘

∣ < 𝑐3𝑒−𝑐2𝑥1 .

Putting now

𝑔𝑖(𝑥1, 𝑥2, 𝜀) = 𝑍𝑖 (|𝑥1 − 𝑟𝑖|√𝜀 , 𝑥2) ,

we therefore obtain:

𝑔𝑖,
𝜕𝑔𝑖
𝜕𝑥2

, 𝜕2𝑔𝑖
𝜕𝑥2

2
= 𝑂 [exp(−𝑐2|𝑥1 − 𝑟𝑖|√𝜀 )] ;

𝜕𝑔𝑖
𝜕𝑥1

, 𝜕2𝑔𝑖
𝜕𝑥1𝜕𝑥2

= 𝑂 [ 1√𝜀 exp(𝑐2|𝑥1 − 𝑟𝑖|√𝜀 )] ;

𝜕2𝑔𝑖
𝜕𝑥2

1
= 𝑂 [1

𝜀 exp(−𝑐2
|𝑥1 − 𝑟𝑖|√𝜀 )] .

Next, using (6) and these estimates, we have:

(𝐿1 + 𝑉 + 1
𝜀𝐿2) 𝑔𝑖(𝑥, 𝜀) = [𝑎11(𝑥1, 𝑥2) − 𝑎11(𝑟𝑖, 𝑥2)] 𝜕2𝑔𝑖

𝜕𝑥2
1

+

+ 1
𝜀 [𝐿2(𝑥1, 𝑥2) − 𝐿2(𝑟𝑖, 𝑥2)] 𝑔𝑖 + 𝑂 [ 1√𝜀 exp(−𝑐2|𝑥1 − 𝑟𝑖|√𝜀 )]

= 𝑂 [|𝑥1 − 𝑟𝑖|
𝜀 exp(−𝑐2|𝑥1 − 𝑟𝑖|√𝜀 )] + 𝑂 [ 1√𝜀 exp(−𝑐2|𝑥1 − 𝑟𝑖|√𝜀 )] .

Applying now Lemma 1 to the function
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𝑣(2)
𝜀 (𝑥) −

2
∑
𝑖=1

𝑔𝑖(𝑥, 𝜀),

it is easy to verify that

𝑣(2)
𝜀 (𝑥) −

2
∑
𝑖=1

𝑔𝑖(𝑥, 𝜀) = 𝑂(√𝜀)

uniformly in 𝐾, whence (5) follows. Theorem 1 follows from (4) and (5).

4. The proof of Theorem 1 in the case 𝐴 ≡ 0, 𝐵 ≠ 0 is analogous. (Instead
of Lemma 3 one must use a similar assertion concerning the solution of
the equation 𝜀2𝑢/𝜕𝑥2

1 + 𝜕𝑢/𝜕𝑥2 = 0 in 𝐺.) The proof of Theorem 2 is
constructed according to the same plan. It is only necessary additionally
to construct a boundary layer near the plane 𝑡 = 0. For its construction
the following is used:

Lemma 4. The solution of the equation 𝜕𝑢/𝜕𝑡 = 𝑀𝑢 in the domain {𝑡 > 0}×𝑙,
satisfying the condition 𝑢(0, 𝑥2) = 𝑓(𝑥2), admits the estimate

∣𝑢(𝑡, 𝑥2) − ∫
1

0
𝑓(𝑦)𝜇(𝑦) 𝑑𝑦∣ < 𝑐1𝑒−𝑐2𝑡.

For the proof of Lemma 1 an auxiliary function (a barrier) depending only on
𝑥1 is constructed. Lemmas 2 and 4 follow, for example, from more general
theorems reported by M. I. Freidlin at a conference on probability theory in
Vilnius (1960). The proof of Lemma 3 uses the probabilistic representation of
the solution of the equation 𝜕2𝑢/𝜕𝑥2

1 + 𝑀𝑢 = 0 and Lemma 4.

The method of proof of Theorem 1 is also generalized to the case of a larger
number of dimensions*.

I note in conclusion that the result obtained in Theorem 1 for the case 𝐴 ≡
0, 𝑓𝑖 = const was, in its general features, predicted earlier by A. N. Kolmogorov
during discussion of the works of O. A. Oleinik and her students.

Moscow Forestry Engineering
Institute
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* Note added in proof. A. N. Kolmogorov, having read the manuscript of this
paper, expressed the hypothesis that the next term of the asymptotic expansion
of 𝑢𝜀(𝑥) in powers of

√𝜀 does not depend on 𝑥2. Indeed, substituting

𝑣(2)
𝜀 (𝑥) = 𝑧11 (𝑥1 − 𝑟1√𝜀 , 𝑥2) + 𝑧12 (𝑥1 − 𝑟2√𝜀 , 𝑥2) +

+√𝜀 [𝑧21 (𝑥1 − 𝑟1√𝜀 , 𝑥2) + 𝑧22 (𝑥1 − 𝑟2√𝜀 , 𝑥2)] + ⋯

in (2) and using the estimates given above, it is not difficult to show that

𝑢𝜀(𝑥) = 𝑢0(𝑥1) + √𝜀 (𝑐1 + 𝑐2) + 𝑂(𝜀)

in any closed subdomain of 𝐾. Here the constant 𝑐𝑖 is determined by the values
of the coefficients and of their derivatives with respect to 𝑥1 on Γ𝑖. One can
also obtain the subsequent terms of the asymptotic expansion, adapting to the
present case the method developed in (2).

Note: Figure translations are in progress. See original paper for figures.
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