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PHYSICS

A. A. GALEEV, V. N. ORAEVSKII

ON THE INSTABILITY OF ALFVEN WAVES
(Presented by Academician M. A. Leontovich on 7 VI 1962)

It is known that in magnetohydrodynamics (and not only in an incompressible
fluid, but also in a gas) Alfvén waves are exact solutions of the nonlinear equa-
tions. Therefore one might imagine that these waves exist for an indefinitely
long time without a change of form and are stable in this sense. In fact, as will
be shown here, they are unstable with respect to a certain type of perturbation,
which contains not only Alfvén waves but also magnetosonic waves. We shall
carry out the stability investigation by a method analogous to that used in work
()

The stationary state is an Alfvén wave for which the magnetic field Hcos kyr’
(where r' = r — ut, u is the wave velocity) and the hydrodynamic velocity
V coskyr’ are perpendicular to the direction of propagation k, and to the un-
perturbed magnetic field H,. In a system moving with the velocity of the wave,
the linear equations for the perturbations have the form:

M {% + coskyr’ (VV)| v— MV (kyv)sinkyr’ = (1)

1
=i {[rot h, H,] + nﬁ sink,r’ [[koHJH,] 4 cosk,r’ [rot h, H]—
0 0
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—sinkoyr’ [[koHJh]} — %VP’ p= ’Yponfo,

h
({;—t = rot[vH,] + rot[V cos kor’ h] + rot[v, Hcos k,r'],
on : . ,
5 + ngdivv + div(n'V coskyr’) = 0.

Here v,h,n,p are the perturbations of velocity, magnetic field, density, and
pressure, respectively.

In the coordinate system moving together with the wave, the coefficients in the
magnetohydrodynamic equations (as is seen from (1)) do not depend on time.
Consequently, the dependence of v,h,n,p on time can be represented in the
form e~**. Thus the problem reduces to the solution of a system of equations
which symbolically can be written as follows:
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(Ho+ Hy)e = Qp, (2)

where H o is a linear self-adjoint differential operator describing oscillations of
a homogeneous plasma with eigenfunctions ¢, whose spatial dependence is
determined by factors exp(ikr’), and with real eigenvalues Q) satisfying the
dispersion equation Q@ = QO (k). %, is a linear differential operator with
periodic coefficients, with H 1 = 0as Hand V — 0. Therefore the stability
of small-amplitude waves can be studied by the method of perturbation theory
(the small parameter o = V' /u).

To study stability it is necessary to find the correction w) to the eigenfrequency
Q©. As is known, w'!) in first-order perturbation theory is proportional to the
matrix element {(pq|H|pq). Taking into account the spatial dependence of H;
(which, as is easy to see, is determined by the factors exp(+ikyr’)), one may
say that w'') is nonzero only in the case when one Q) corresponds to at least
two wave vectors, different in magnitude and related to one another by

Fig. 1
Fig. 1

k, = ko + k. (3)

In the laboratory coordinate system relation (3) is unchanged, while the frequen-
cies w(10> and wéo), corresponding to the wave vectors k; and k,, are related in

this coordinate system by

Wy =g+, (4)

where w, is the frequency of the oscillations of the “background.” Thus, in-
stability of Alfvén waves can arise (in first-order perturbation theory) only for
perturbations having the form of a sum of two waves for which conditions (3),
(4) are satisfied.

Using (1), (3), and (4), one can obtain the following system of algebraic equa-
tions for the wave amplitudes:

1 N2
2 ( —Wi2Vio — yr— Hkl,th,Q}HO] + 3 n/ k1,2)
0 0

1
= —(Vky1)vo 1 F (v 1ko)V + W{HkQ,th,l]H] ()

(o Hhy o) F (g HJH .
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where hy 5, v 5, ny 5 are the amplitudes of waves with frequencies w; = w(l )+

w | wy = w(20> +w® (where w) is the correction to the frequencies, still related

by relation (4)) and with wave vectors k; and k,, respectively. Using the system
of equations (5), one can investigate the stability of an Alfvén wave with respect
to various kinds of perturbations.

Let the perturbation be a combination of an Alfvén wave and a magnetosonic
wave, denoted below respectively by the indices 1,2. Then from the solvability
condition of system (5) we find the correction w(!)

k3, V? w3 cos? & w
1)2 _ 2y 2 . . 1
02 = {w% e —4sm'ysm(7—|—5)} e (6)

ko, ko, v? ’

20 V2yUs

16 ll—i— (2 kg v2> ]
wa 2z Ys

where ¢ is the angle between the planes (ky,H,) and (k;,H,), and v is the
angle between (k,,H,) and (k,, H); the z-axis is chosen along H, and the
y-axis perpendicular to H in the plane (ko, Hy) (see Fig. 1); kq, ks, wq, wy
satisfy conditions (3) and (4).

Using (3), (4), (6), it can be shown that the initial Alfvén wave is unstable for
any angle of propagation with respect to the magnetic field. For the case of a
strong magnetic field

Hg
. 7
. > Do (7)
The increment v = —iw®) of the growth of small perturbations in the form of

Alfvén and slow magnetosonic waves is, in order of magnitude, equal to

%
(8“5)1/2 Wo- (8)

vV~

We note that the increment is proportional to the wave amplitude.
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If, instead of an Alfvén wave, a fast magnetosonic wave enters into the pertur-
bation, then it can be shown that the increment of growth of the perturbations
is of the same order as v.

Perturbations from two Alfvén waves, as is seen from (3), (4), propagate in the
same direction relative to Hy; from (5) it is seen that these waves do not inter-
act with one another. The growth increments of other types of perturbations,
however, are much smaller than v.

Thus, from the consideration carried out above it is seen that Alfvén waves, over
times of order 1/v, turn into disordered oscillations of the medium. This means,
in particular, that the assumption of a sufficiently long existence of Alfvén waves,
which underlies some astrophysical and geophysical hypotheses, is incorrect.

The authors express their gratitude to Academician M. A. Leontovich and R. Z.
Sagdeev for their interest in the work and advice, and also to G. M. Zaslavsky
for discussing the results of the work.
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