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Abstract
Full Text
MATHEMATICS

R. S. ISMAGILOV

ON CONDITIONS FOR SELF-ADJOINTNESS
OF DIFFERENTIAL OPERATORS OF HIGHER
ORDER
(Presented by Academician P. S. Aleksandrov on 28 X 1961)

The present note is devoted to the proof of the following theorem.

Theorem. Let 𝐿 be the minimal operator defined in the space ℒ2(−∞, ∞) by
the differential expression ∗

𝑙𝑦 = (−1)𝑛 𝑑2𝑛𝑦
𝑑𝑥2𝑛 + 𝑞(𝑥)𝑦, (1)

where 𝑞(𝑥) is a continuous real-valued function on (−∞, ∞). Suppose that there
exists a sequence of intervals Δ𝑘 of length 𝛿𝑘 and a sequence of numbers 𝛾𝑘 > 1
(𝑘 = ±1, ±2, …) such that: a) as 𝑘 → +∞ the interval Δ𝑘 tends to +∞, and as
𝑘 → −∞ to −∞; b) if 𝑥 ∈ Δ𝑘, then 𝑞(𝑥) > −𝐶𝛾𝑘 (𝐶 does not depend on 𝑘); c)
the series

∞
∑
𝑘=1

1
𝛾𝑘 + 𝛿−2𝑛

𝑘

and

1
∑

𝑘=−∞

1
𝛾𝑘 + 𝛿−2𝑛

𝑘

diverge. Then the operator is self-adjoint (i.e. has deficiency index (0, 0)).
Let us note two special cases of the theorem.

1. If 𝑞(𝑥) > −𝐶𝑄(|𝑥|), where 𝑄(𝑡) is a nondecreasing function, and

∫
∞

0
|𝑄(𝑡)|−1+1/2𝑛 𝑑𝑡 = ∞,

then 𝐿 is self-adjoint.
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As we shall show below, this assertion is easily derived from the theorem. For
𝑛 = 1 this fact was proved by Sears (1).

2. If 𝑞(𝑥) > −𝐶 on a sequence of intervals Δ𝑘 of length 𝛿𝑘, where Δ𝑘 tends
to +∞ as 𝑘 → +∞ and to −∞ as 𝑘 → −∞, and

∞
∑
𝑘=1

𝛿2𝑛
𝑘 =

1
∑

𝑘=−∞
𝛿2𝑛

𝑘 = ∞,

then 𝐿 is self-adjoint.

We remark that for 𝑛 = 1 the class of self-adjoint operators 𝐿 described in the
theorem is close to the class found by I. Brinck in (2); however, these classes do
not coincide.

We proceed to the proof. In what follows, by 𝐴𝑖, 𝐵𝑖, 𝐶𝑖 we shall denote absolute
constants. Denote by 𝐿∗ the operator adjoint to 𝐿, and by 𝐷(𝐿∗) its domain.

Lemma 1. Let Δ𝑘 = (𝑎𝑘, 𝑏𝑘) (𝑘 = ±1, ±2, …) be a sequence of nonintersecting
intervals such that Δ𝑘 tends to +∞ as 𝑘 → +∞ and to −∞ as 𝑘 → −∞;
further, let 𝛿𝑘 = 𝑏𝑘 − 𝑎𝑘. If for every function 𝑦(𝑥) ∈ 𝐷(𝐿∗)

𝑛
∑
𝑖=0

𝛿−2𝑛+2𝑖
𝑘 ∫

Δ𝑘

|𝑦(𝑖)(𝑥)|2 𝑑𝑥 → 0 as |𝑘| → ∞, (2)

then the operator 𝐿 is self-adjoint.

∗ The minimal operator defined by expression (1) is called the closure of the
operator 𝐿0, given by the equality 𝐿0𝑦 = 𝑙𝑦 on finite smooth functions.

Proof. For each 𝑘 = ±1, ±2, … construct a smooth function 𝜑𝑘(𝑥) such that
0 ≤ 𝜑𝑘(𝑥) ≤ 1, 𝜑𝑘(𝑥) = 0 outside the interval (𝑎−𝑘, 𝑏𝑘); 𝜑𝑘(𝑥) = 1 on the
interval (𝑏−𝑘, 𝑎𝑘), and |𝜑(𝑖)

𝑘 (𝑥)| < 𝐶𝛿−𝑖
𝑘 for all 𝑥 and 0 ≤ 𝑖 ≤ 2𝑛. Put 𝜓𝑘(𝑥) ≡

1 − 𝜑𝑘(𝑥).
Let 𝑢 ∈ 𝐷(𝐿∗) and 𝑣 ∈ 𝐷(𝐿∗). We shall show that (𝐿∗𝑢, 𝑣) = (𝑢, 𝐿∗𝑣),

(𝐿∗𝑢, 𝑣)−(𝑢, 𝐿∗𝑣) = (𝑙(𝑢𝜑𝑘)+𝑙(𝑢𝜓𝑘), 𝑣)−(𝑢, 𝑙𝑣) = (𝑙(𝑢𝜑𝑘), 𝑣)−(𝑢, 𝑙𝑣)+(𝑙(𝑢𝜓𝑘), 𝑣).

Since 𝑢𝜑𝑘 is a finite function, it follows that

(𝑙(𝑢𝜑𝑘), 𝑣) − (𝑢, 𝑙𝑣) = (𝑢𝜑𝑘, 𝑙𝑣) − (𝑢, 𝑙𝑣) = −(𝑢𝜓𝑘, 𝑙𝑣) → 0

as 𝑘 → ∞. It remains to show that (𝑙(𝑢𝜓𝑘), 𝑣) → 0,

(𝑙(𝑢𝜓𝑘), 𝑣) = (𝜓𝑘 ⋅ 𝑙𝑢, 𝑣) + ∫
Δ𝑘

(−1)𝑛
2𝑛
∑
𝑖=1

𝐶𝑖
2𝑛𝑢(2𝑛−𝑖)𝜓(𝑖)

𝑘 𝑣 𝑑𝑥.
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Obviously, (𝜓𝑘 ⋅ 𝑙𝑢, 𝑣) → 0 as |𝑘| → ∞.

We transform the second term by integration by parts and estimate it by the
inequality 2|𝑎𝑏| ≤ 𝑎2 + 𝑏2:

∣∫
Δ𝑘

(−1)𝑛
2𝑛
∑
𝑖=1

𝐶𝑖
2𝑛𝑢(2𝑛−𝑖)𝜓(𝑖)

𝑘 𝑣 𝑑𝑥∣ =

= ∣
𝑛

∑
𝑖=1

∫
Δ𝑘

𝐴𝑖𝜓(2𝑛−2𝑖)
𝑘 𝑢(𝑖)𝑣(𝑖) + 𝐵𝑖𝜓(2𝑛−2𝑖−1)

𝑘 𝑢(𝑖)𝑣(𝑖) 𝑑𝑥∣ ≤

≤ 𝐶
𝑛

∑
𝑖=0

𝛿−2𝑛+2𝑖
𝑘 ∫

Δ𝑘

(|𝑢(𝑖)|2 + |𝑣(𝑖)|2) 𝑑𝑥 → 0.

Thus, (𝐿∗𝑢, 𝑣) = (𝑢, 𝐿∗𝑣) for all 𝑢, 𝑣 ∈ 𝐷(𝐿∗); but then 𝐿∗ = 𝐿. The lemma is
proved.

For what follows, fix an interval Δ = (𝑎, 𝑏) of length ℎ = 𝑏−𝑎. Take the function

𝜎𝑘(𝑥) = (𝑥 − 𝑎)2𝑛−2𝑘(𝑏 − 𝑥)2𝑛−2𝑘

and put, for an arbitrary function 𝑦(𝑥) with 2𝑛 continuous derivatives,

𝐵𝑖(𝑦) = ℎ2𝑛−2𝑖 ∫
Δ

𝜎𝑛−𝑖(𝑥)|𝑦(𝑖)(𝑥)|2 𝑑𝑥.

Lemma 2. If 𝑝 > 1, then

𝐵𝑖(𝑦) > 𝑝𝐵𝑖−1(𝑦) − 𝐶0𝑝2𝐵𝑖−2(𝑦). (3)

Proof. The identity

∫
Δ

[(𝑥 − 𝑎)𝑚(𝑏 − 𝑥)𝑚𝑧″ + 1
2𝑝ℎ2(𝑥 − 𝑎)𝑚−2(𝑏 − 𝑥)𝑚−2𝑧]

2
𝑑𝑥 =

= ∫
Δ

{(𝑥 − 𝑎)2𝑚(𝑏 − 𝑥)2𝑚|𝑧″|2 − 𝑝ℎ2(𝑥 − 𝑎)2𝑚−2(𝑏 − 𝑥)2𝑚−2𝑧′2+

+𝑝2ℎ4

4 (𝑥 − 𝑎)2𝑚−4(𝑏 − 𝑥)2𝑚−4 [ℎ2 + Φ2(𝑥)
𝑝 ] 𝑧2} 𝑑𝑥,

where Φ2(𝑥) is a polynomial of second degree, and |Φ2(𝑥)| < 𝑐ℎ2. Hence

∫
Δ

(𝑥 − 𝑎)2𝑚(𝑏 − 𝑥)2𝑚|𝑧″|2 𝑑𝑥 ≥ 𝑝ℎ2 ∫
Δ

(𝑥 − 𝑎)2𝑚−2(𝑏 − 𝑥)2𝑚−2|𝑧′|2 𝑑𝑥−

−𝑐𝑝2ℎ4 ∫
Δ

(𝑥 − 𝑎)2𝑚−4(𝑏 − 𝑥)2𝑚−4|𝑧|2 𝑑𝑥.
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Putting 𝑧 = 𝑦(𝑚−2), we obtain from this inequality (3).

Lemma 3. Suppose that on the interval Δ = (𝑎, 𝑏) of length ℎ = 𝑏 − 𝑎 the
inequality 𝑞(𝑥) > −𝐶𝑦 holds. Denote the interval (𝑎 + ℎ/3, 𝑏 − ℎ/3) by-offsetof

through Δ1. Then for any 𝑦(𝑥)

𝑛
∑
𝑖=0

∫
Δ1

ℎ−2𝑛+2𝑖 ∣𝑦(𝑖)(𝑥)∣2 𝑑𝑥 ≤ 𝐶0 ∫
Δ

[𝛾|𝑙𝑦|2 + (𝛾 + 1
𝛾 + ℎ−2𝑛) |𝑦|2] 𝑑𝑥. (4)

Proof. Let 𝜏(𝑥) = 𝛾−1ℎ−4𝑛𝜎0(𝑥), where 𝜎0(𝑥) is the function introduced above.
From the identity

∫
Δ

|𝑙𝑦 − 𝜏𝑦|2 𝑑𝑥 = ∫
Δ

|𝑙𝑦|2 𝑑𝑥 + ∫
Δ

𝜏2𝑦2 𝑑𝑥 − 2 ∫
Δ

[(𝜏𝑦)(𝑛)𝑦(𝑛) + 𝑞𝜏𝑦2] 𝑑𝑥

we find

∫
Δ

(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥 ≤ ∫
Δ

[|𝑙𝑦|2 + 𝜏2𝑦2 − 𝑞𝜏𝑦2] 𝑑𝑥. (5)

We transform the left-hand side of the inequality, integrating by parts:

∫
Δ

(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥 = 1
𝛾ℎ4𝑛 ∫

Δ
𝜎0(𝑥) ∣𝑦(𝑛)∣2 𝑑𝑥 + ∫

Δ

𝑛−1
∑
𝑖=0

𝐶𝑖𝜎(2𝑛−2𝑖)
0 ∣𝑦(𝑖)∣2 𝑑𝑥.

It is easy to show that 𝜎(2𝑛−2𝑖)
0 = 𝜎𝑛−𝑖𝑃𝑖(𝑥), where 𝑃𝑖(𝑥) is a polynomial of

degree 2𝑛 − 2𝑖, and |𝑃𝑖(𝑥)| < 𝐵0ℎ2𝑛−2𝑖. Therefore

∫
Δ

(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥 > 1
𝛾ℎ4𝑛 ∫

Δ
[𝜎0 ∣𝑦(𝑛)∣2 − 𝐶2

𝑛−1
∑
𝑖=0

ℎ2𝑛−2𝑖𝜎𝑛−𝑖 ∣𝑦(𝑖)∣2] 𝑑𝑥 =

= 1
𝛾ℎ4𝑛 [𝐵𝑛(𝑦) − 𝐶2

𝑛−1
∑
𝑖=0

𝐵𝑖(𝑦)] . (6)

Put 𝑖 = 𝑛, 𝑝 = 𝐶2 + 1 in inequality (3), and substitute the estimate thereby
obtained for 𝐵𝑛(𝑦) into (6). We obtain
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∫
Δ

(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥 > 1
𝛾ℎ4𝑛 [𝐵𝑛−1(𝑦) − 𝐶3

𝑛−2
∑
𝑖=0

𝐵𝑖(𝑦)] .

In exactly the same way, using inequality (3) (for 𝑖 = 𝑛 − 1, 𝑝 = 𝐶3 + 1), we
exclude from the right-hand side of the last inequality the term 𝐵𝑛−1(𝑦), and
so on. As a result we obtain a chain of inequalities of the form

∫
Δ

(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥 > 1
𝛾ℎ4𝑛 [𝐵𝑘(𝑦) − 𝐴0

𝑘−1
∑
𝑖=0

𝐵𝑖(𝑦)] (𝑘 = 1, … , 𝑛 − 1).

From these inequalities we obtain successively

1
𝛾ℎ4𝑛 [𝐵𝑖(𝑦) − 𝐴1𝐵0(𝑦)] ≤ ∫

Δ
(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥 (𝑖 = 1, … , 𝑛). (7)

But

𝐵𝑖(𝑦) = ℎ2𝑛−2𝑖 ∫
Δ

𝜎𝑛−𝑖 ∣𝑦(𝑖)∣2 𝑑𝑥 ≥ ℎ2𝑛−2𝑖 ∫
Δ1

𝜎𝑛−𝑖 ∣𝑦(𝑖)∣2 𝑑𝑥 ≥

≥ 𝑐ℎ2𝑛+2𝑖 ∫
Δ1

∣𝑦(𝑖)∣2 𝑑𝑥 for 𝑖 = 1, 2, … , 𝑛; 𝐵0(𝑦) = ℎ2𝑛 ∫
Δ

|𝑦|2 𝑑𝑥.

Therefore, from (7) we find

1
𝛾 𝑐ℎ−2𝑛+2𝑖 ∫

Δ1

∣𝑦(𝑖)∣2 𝑑𝑥 − 1
𝛾ℎ2𝑛 ∫

Δ
|𝑦|2 𝑑𝑥 ≤ ∫

Δ
(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥 (𝑖 = 1, … , 𝑛).

Adding these inequalities, we obtain

𝐶1
𝛾

𝑛
∑
𝑖=0

ℎ−2𝑛+2𝑖 ∫
Δ1

|𝑦(𝑖)|2 𝑑𝑥 − 𝐶2
𝛾 ℎ−2𝑛 ∫

Δ
|𝑦|2 𝑑𝑥 ≤ ∫

Δ
(𝜏𝑦)(𝑛)𝑦(𝑛) 𝑑𝑥. (8)

It is obvious that the right-hand side of inequality (5) does not exceed the sum

𝐶3 ∫
Δ

[(𝑙𝑦)2 + 1
𝛾2 𝑦2 + 𝑦2] 𝑑𝑥.

Hence, from inequality (8) we obtain inequalities (4). The lemma is proved.
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Proof of the theorem. Let Δ𝑘 (𝑘 = ±1, ±2, …) be the intervals specified in
the condition of the theorem. From Lemmas 1 and 3 it follows that the operator
𝐿 is self-adjoint if

lim
𝑘→∞

∫
Δ𝑘

[(𝑙𝑦)2𝛾𝑘 + ( 1
𝛾𝑘

+ 𝛾𝑘 + 𝛿−2𝑛
𝑘 ) 𝑦2] 𝑑𝑥 =

= lim
𝑘→−∞

∫
Δ𝑘

[(𝑙𝑦)2𝛾𝑘 + ( 1
𝛾𝑘

+ 𝛾𝑘 + 𝛿−2𝑛
𝑘 ) 𝑦2] 𝑑𝑥 = 0.

Consider, for example, the case 𝑘 → +∞. We have

∫ [(𝑙𝑦)2𝛾𝑘 + ( 1
𝛾𝑘

+ 𝛾𝑘 + 𝛿−2𝑛
𝑘 ) 𝑦2] 𝑑𝑥 ≤ 𝑐(𝛾𝑘 + 𝛿−2𝑛

𝑘 ) ∫
Δ𝑘

[𝑦2 + (𝑙𝑦)2] 𝑑𝑥

(we have used the fact that 𝛾𝑘 > 1). If we assume that

(𝛾𝑘 + 𝛿−2𝑛
𝑘 ) ∫

Δ𝑘

[𝑦2 + (𝑙𝑦)2] 𝑑𝑥 > 𝜀0

for all 𝑘 > 𝑘0, then we obtain

𝜀0
𝛾𝑘 + ℎ−2𝑛

𝑘
< ∫

Δ𝑘

[𝑦2 + (𝑙𝑦)2] 𝑑𝑥.

But then, since 𝑦 ∈ 𝐿2, 𝑙𝑦 ∈ 𝐿2,

∞
∑
𝑘=1

𝜀0
𝛾𝑘 + ℎ−2𝑛

𝑘
<

∞
∑
𝑘=1

∫
Δ𝑘

[𝑦2 + (𝑙𝑦)2] 𝑑𝑥 < ∞,

which contradicts the condition of the theorem. The theorem is proved.

It is easy to show that condition c) of the theorem may be replaced (with the
other conditions retained) by the following:

c’) 𝛿𝑘𝛾1/2𝑛
𝑘 > 𝜀0 (𝑘 = ±1, ±2, …);

∞
∑
𝑘=1

𝛿𝑘𝛾−1+1/2𝑛
𝑘 =

1
∑

𝑘=−∞
𝛿𝑘𝛾−1+1/2𝑛

𝑘 = ∞.

For the proof one should divide each interval Δ𝑘 into
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[ 1
2𝜀0

𝛿𝑘𝛾1/2𝑛
𝑘 ]

equal parts and apply the theorem to the intervals Δ′
𝑘 thus obtained; in doing

so, condition c) for Δ′
𝑘 passes into condition c) for Δ𝑘.

From this remark it is easy to obtain the generalization of Sears’s theorem to
higher-order operators mentioned above; for this it suffices to put 𝛿𝑘 = (𝑘−1, 𝑘),
𝛾𝑘 = 𝑄(𝑥𝑘).
We note in conclusion that the arguments presented in this note are easily
transferred to partial differential operators of the form

𝐿 = 𝜕2𝑚/𝜕𝑥2𝑚 + 𝜕2𝑚/𝜕𝑦2𝑚 + 𝑞(𝑥, 𝑦).

Moscow State University
named after M. V. Lomonosov

Received
27 X 1961
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