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Abstract
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MATHEMATICS
V. M. VOLOSOV

ON AVERAGING ON AN UNBOUNDED IN-
TERVAL
(Presented by Academician I. G. Petrovskii on 12 III 1962)

In (1, 2) an asymptotic method was proposed for systems of the form

̇𝑥 = 𝜀𝑋(𝑥, 𝑦, 𝑡, 𝜀), ̇𝑦 = 𝑌 (𝑥, 𝑦, 𝑡, 𝜀)

(𝑥 = {𝑥1, … , 𝑥𝑛}, 𝑦 = {𝑦1, … , 𝑦𝑚}, 𝑋 = {𝑋1, … , 𝑋𝑛}, 𝑌 = {𝑌1, … , 𝑌𝑚}, 𝜀 > 0 is a small parameter),

connected with averaging along the integral curves of the degenerate system
𝑥 = const, ̇𝑦 = 𝑌0(𝑥, 𝑦, 𝑡) ≡ 𝑌 |𝜀=0. The theorems formulated in (1, 2) pertain
to a large time interval 𝑡 ∼ 1

𝜀 , but, as simple examples show, they do not carry
over directly to an unbounded interval [𝑡0, ∞). In the present article a theorem
is given on averaging on an unbounded interval, connected with additional re-
quirements of asymptotic stability of certain solutions of the degenerate system
and of the averaged system of the first approximation.

We introduce the following requirements:

1) Suppose that for |𝑥| ≤ 𝜈, |𝑧| ≤ 𝜂, 𝑡0 ≤ 𝑡 < ∞ (𝜈 and 𝜂 are certain
positive constants) there is defined a Lyapunov function 𝑉 (𝑥, 𝑧, 𝑡), contin-
uous jointly in 𝑥, 𝑦, 𝑡, possessing partial derivatives with respect to all vari-
ables, with 𝜕𝑉 /𝜕𝑥 and 𝜕𝑉 /𝜕𝑧 uniformly bounded. Suppose 𝑉 (𝑥, 0, 𝑡) ≡ 0,
𝑉 |𝑧≠0 > 0, and 𝑉 (𝑥, 𝑧, 𝑡) is a positive-definite function and admits an in-
finitesimal upper bound. Moreover, suppose that the derivative

𝑑
𝑑𝑡𝑉 (𝑥, 𝑧, 𝑡)

with respect to the system 𝑥 = const,

̇𝑧 = 𝑍(𝑥, 𝑧, 𝑡) ≡ 𝑌0[𝑥, 𝜑(𝑥, 𝑡) + 𝑧, 𝑡] − 𝑌0[𝑥, 𝜑(𝑥, 𝑡), 𝑡],
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where 𝑦 = 𝜑(𝑥, 𝑡) is some solution of the degenerate system 𝑥 = const, ̇𝑦 = 𝑌0,
is a negative-definite function (according to the stated conditions, 𝑦 = 𝜑(𝑥, 𝑡) is
an asymptotically stable solution).

2) Suppose the function 𝜑(𝑥, 𝑡) is defined for |𝑥| ≤ 𝜈, 𝑡 ∈ [𝑡0, ∞), is con-
tinuous together with its partial derivatives with respect to 𝑥, 𝑡, and the
derivatives 𝜕𝜑/𝜕𝑥 are uniformly bounded.

3) The function 𝑌 (𝑥, 𝑦, 𝑡, 𝜀) is given for |𝑥| ≤ 𝜈, 𝑧 ≡ 𝑦 − 𝜑(𝑥, 𝑡) ∈ [−𝜂, +𝜂],
𝑡0 ≤ 𝑡 < ∞, 0 ≤ 𝜀 ≤ 𝜀0 (𝜀0 > 0), and is continuous in 𝜀 uniformly with
respect to 𝑥, 𝑦, 𝑡, 𝜀.

4) The function 𝑌0(𝑥, 𝑦, 𝑡) ≡ 𝑌 |𝜀=0 is defined for |𝑥| ≤ 𝜈, 𝑧 ≡ 𝑦 − 𝜑(𝑥, 𝑡) ∈
[−𝜂, +𝜂], 𝑡0 ≤ 𝑡 < ∞, and satisfies a Lipschitz condition in 𝑥 with a
constant independent of 𝑥, 𝑦, 𝑡.

5) There exists an interval Δ𝑡(𝜀): 𝑡0 ≤ 𝑡 ≤ ̄𝑡(𝜀), 0 < 𝜀 ≤ 𝜀0, ̄𝑡 > 𝑡0 (the
unboundedness of this interval is allowed, i.e., possibly ̄𝑡 = ∞), on which
a solution 𝑥(𝑡, 𝜀), 𝑦(𝑡, 𝜀) of the principal system ̇𝑥 = 𝜀𝑋, ̇𝑦 = 𝑌 is defined,
satisfying the prescribed initial conditions 𝑥(𝑡0, 𝜀) = 𝑥0, 𝑦(𝑡0, 𝜀) = 𝑦0,
where 𝑥0, 𝑦0, 𝑡0 is a fixed point chosen sufficiently close to the point 𝑥 =
0, 𝑦 = 𝜑(0, 𝑡0), 𝑡 = 𝑡0, and |𝑥0| ≤ 𝜈, 𝑧0 ≡ 𝑦0 − 𝜑(𝑥0, 𝑡0) ∈ [−𝜂, +𝜂]
(uniqueness of the solution 𝑥(𝑡, 𝜀), 𝑦(𝑡, 𝜀) is not required here).

is assumed). Let 𝑥(𝑡, 𝜀), 𝑦(𝑡, 𝜀), for 𝑡 ∈ Δ𝑡(𝜀), be continuously differentiable
with respect to 𝑡.

6) The function 𝑋(𝑥, 𝑦, 𝑡, 𝜀) is defined for |𝑥| ≤ 𝜈, 𝑧 ≡ 𝑦 − 𝜑(𝑥, 𝑡) ∈ [−𝜂, +𝜂],
𝑡0 ≤ 𝑡 < ∞, 0 ≤ 𝜀 < 𝜀0, and is continuous in 𝜀 uniformly with respect to
𝑥, 𝑦, 𝑡, 𝜀.

7) The function 𝑋1(𝑥, 𝑦, 𝑡) ≡ 𝑋∣𝜀=0 is continuous and uniformly bounded,
together with its first partial derivatives with respect to 𝑥 and 𝑦.

8) For |𝑥| ≤ 𝜈, uniformly with respect to 𝑥, there exists the mean value—the
limit

𝑋̄1(𝑥) ≡ lim
𝑇 →∞

1
𝑇 ∫

𝑡0+𝑇

𝑡0

𝑋1[𝑥, 𝜑(𝑥, 𝑡), 𝑡] 𝑑𝑡,

and the function 𝑋̄1(𝑥) is continuous and uniformly bounded, together with its
partial derivatives with respect to 𝑥, and for sufficiently large values of 𝑇 > 0
the inequality

∣∫
𝑡0+𝑇

𝑡0

[{𝑋1 − 𝑋̄1}]𝑦=𝜑(𝑥,𝑡) 𝑑𝑡∣+∣∫
𝑡0+𝑇

𝑡0

[{𝜕𝑋1
𝜕𝑥 + 𝜕𝑋1

𝜕𝑦
𝜕𝜑
𝜕𝑥 − 𝜕𝑋̄1

𝜕𝑥 }
𝑦=𝜑(𝑥,𝑡)

] 𝑑𝑡∣ ≤
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≤ const < ∞.
9) Let 𝑋̄1(0) = 0, and let the point 𝑥 = 0 be an asymptotically stable in

the sense of Lyapunov equilibrium point of the system 𝑑𝑥/𝑑𝜏 = 𝑋̄1(𝑥) for
0 ≤ 𝜏 < ∞.

Theorem. Under the indicated conditions, for an arbitrary 𝛿 > 0 there exist
𝜀1(𝛿) > 0 and 𝜇(𝛿) > 0 such that, for 0 < 𝜀 ≤ 𝜀1(𝛿), |𝑥0| ≤ 𝜇(𝛿), |𝑦0−𝜑(0, 𝑡0)| ≤
𝜇(𝛿), and values 𝑡 ∈ Δ𝑡(𝜀) (as was said, the interval Δ𝑡(𝜀) may also be the
unbounded interval [𝑡0, ∞)), the inequalities |𝑥(𝑡, 𝜀)| ≤ 𝛿, |𝑦(𝑡, 𝜀) − 𝜑(0, 𝑡)| ≤ 𝛿
hold, where 𝑥(𝑡, 𝜀), 𝑦(𝑡, 𝜀) is a solution of the principal system ̇𝑥 = 𝜀𝑋(𝑥, 𝑦, 𝑡, 𝜀),

̇𝑦 = 𝑌 (𝑥, 𝑦, 𝑡, 𝜀), satisfying the initial conditions 𝑥(𝑡0, 𝜀) = 𝑥0, 𝑦(𝑡0, 𝜀) = 𝑦0.
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* Bibliography on the question under consideration is available in (1−3).
Note: Figure translations are in progress. See original paper for figures.
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