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Abstract
Full Text

A. DZHURAEV

THE GENERAL LINEAR BOUNDARY-VALUE
PROBLEM FOR THE EQUATION

Δ𝑢 + 𝜆𝑐(𝑥, 𝑦)𝑢 = 0

(Presented by Academician I. N. Vekua, 9 X 1961)

1. Let 𝐷 denote a bounded domain of class (1)𝐶𝛼, 0 < 𝛼 < 1, in the plane
of the variables 𝑥, 𝑦; let Γ be its boundary. Denote by 𝐿𝑛 an arbitrary
linear differential operator of order 𝑛 with variable real coefficients, Hölder-
continuous on Γ,

𝐿𝑛 ≡
𝑛

∑
𝑘=1

𝑘
∑
𝑙=0

𝑎𝑘−𝑙,𝑙(𝜉, 𝜂) 𝜕𝑘

𝜕𝜉𝑘−𝑙𝜕𝜂𝑙 , 𝜉, 𝜂 ∈ Γ,

and by
0
𝐿𝑛 the principal part of the operator 𝐿𝑛. Assuming 𝑐(𝑥, 𝑦) to be a

real-valued function of class (1)𝐶 𝑛−1
𝛼 (𝐷 + Γ), in the present note we shall study

the following boundary-value problem:

Problem 𝐶𝜆. Find in 𝐷 real solutions of the equation

Δ𝑢 + 𝜆𝑐(𝑥, 𝑦)𝑢 = 0, (1)

continuous together with their derivatives up to order 𝑛 inclusive in the closed
domain 𝐷 = 𝐷+Γ, and satisfying on the boundary Γ the general linear condition

(
0
𝐿𝑛 + 𝜆𝐿𝑛−1) 𝑢(𝜉, 𝜂) = ℎ(𝜉, 𝜂), (2)

where ℎ(𝜉, 𝜂) is a prescribed real-valued function on Γ.
Problem 𝐶1 was first formulated for a second-order equation of elliptic type,
reduced to canonical form, and studied in (2) under the assumption of analyticity
of the coefficients of the equation, by methods of the theory of one-dimensional
singular equations. Dispensing with the analyticity requirement, we shall study
problem 𝐶𝜆, reducing it to a certain Riemann—Hilbert boundary-value problem
for a system of elliptic type. This method was first applied in (3) in the study
of problems with oblique derivative for generalized analytic functions*. In what
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follows, as in (2), we shall assume that problem 𝐶𝜆 is normal, i.e., everywhere
on the contour Γ the condition

𝑎∗(𝑡) =
𝑛

∑
𝑙=0

𝑖𝑙𝑎𝑛−𝑙,𝑙(𝜉, 𝜂) ≠ 0, 𝑡 = 𝜉 + 𝑖𝜂 ∈ Γ. (3)

is satisfied.

Taking into account the continuity, together with the derivatives up to Γ, of
the sought function 𝑢(𝑥, 𝑦), equation (1) and the boundary condition (2) can be
brought to the form

𝜕2𝑢/𝜕𝑧 𝜕𝑧 + 𝜆𝑐0(𝑥, 𝑦)𝑢 = 0, (4)

2𝜕/𝜕𝑧 = 𝜕/𝜕𝑥 + 𝑖𝜕/𝜕𝑦, 2𝜕/𝜕𝑧 = 𝜕/𝜕𝑥 − 𝑖𝜕/𝜕𝑦;

Re[𝑎∗(𝑡)𝜕𝑛𝑢
𝜕𝑡𝑛 +

𝑛−1
∑
𝑘=0

𝑎𝑘(𝑡, 𝜆)𝜕𝑘𝑢
𝜕𝑡𝑘 ] = ℎ0(𝑡), 𝑐0 = 1

2𝑐, ℎ0 = 1
2ℎ, (5)

where 𝑎𝑘(𝑡, 𝜆) are completely determined functions satisfying the condition

* In the dissertation of Teng En Cher, problem 𝐶1 was studied for 𝑛 = 1 for a
multiply connected domain (7).

Hölder in 𝑡 and analytic in 𝜆 (polynomials in 𝜆), such that 𝑎𝑘(𝑡, 0) ≡ 0, 𝑘 =
0, 1, 2, … , 𝑛 − 1. These functions are uniquely determined by the coefficients
of the operator 𝐿𝑛 and by the boundary values of the function 𝑐(𝑥, 𝑦) and its
derivatives up to order 𝑛 − 2 inclusive. To study problem 𝐶𝜆, consider the
following auxiliary problem.

Problem 𝑃𝜆. Find, continuous in the closed domain 𝐷, a complex-valued vector
function

𝑉 (𝑧) = [𝑣1, 𝑣2, … , 𝑣2𝑛],
satisfying in 𝐷 the equation

𝜕𝑉 /𝜕𝑧 + 𝐴𝜆𝑉 + 𝐵𝜆𝑉 = 0 (6)

and the boundary condition on Γ
Re[𝐺𝜆(𝑡)𝑉 (𝑡)] = ℋ0(𝑡), ℋ0 = [0, ℎ0, 0, … , 0], (7)

where 𝐴𝜆(𝑧) = ‖𝐴𝑘𝑙‖, 𝐵𝜆(𝑧) = ‖𝐵𝑘𝑙‖, 𝐺𝜆(𝑡) = ‖𝐺𝑘𝑙‖ are square (2𝑛 × 2𝑛)
matrices such that:

𝐴𝑘𝑙 = 𝜆𝐶 𝑙−1
𝑘−2𝜕𝑘−𝑙−1𝑐0(𝑥, 𝑦)/𝜕𝑧𝑘−𝑙−1, 𝑘 = 3, 4, … , 𝑛 + 1; 𝑙 = 2, 3, … , 𝑛;
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𝐵1,1 = 0, 𝐵𝑘,1 = 𝜆𝜕𝑘−2𝑐0(𝑥, 𝑦)/𝜕𝑧𝑘−2, 𝑘 = 2, 3, … , 𝑛 − 1;
𝐵1,2 = 𝐵𝑛+2,𝑛+1 = 𝐵𝑛+3,𝑛 = … = 𝐵2𝑛,3 = −1,
𝐺1,1 = 𝐺4,𝑛 = 𝐺4,𝑛+2 = 𝐺6,𝑛−1 = 𝐺6,𝑛+3 = …
… = 𝐺2𝑛,2 = 𝐺2𝑛,2𝑛 = 𝑖, 𝐺2,𝑘 = 𝑎𝑘−1(𝑡, 𝜆), 𝐺2,𝑛+1 = 𝑎∗(𝑡), 𝑘 = 1, 2, 3, … , 𝑛;
𝐺3,𝑛+1 = 𝐺5,𝑛+2 = … = 𝐺2𝑛−1,2𝑛 = 1, 𝐺2𝑘−1,𝑛−𝑘+2 = −1, 𝑘 = 2, 3, … , 𝑛,
and all their remaining elements are equal to zero. Here 𝐶 𝑙−1

𝑘−2 denotes the
binomial coefficient from 𝑘 − 2 elements taken 𝑙 − 1 at a time.

Theorem 1. If 𝑢(𝑥, 𝑦) is a solution of problem 𝐶𝜆, then the vector function
𝑉 (𝑧) with components

𝑣1 = 𝑢, 𝑣𝑘 = 𝜕𝑘−1𝑢/𝜕𝑧𝑘−1, 𝑘 = 2, 3, … , 𝑛 + 1;
𝑣𝑘 = 𝜕2𝑛−𝑘+1𝑢/𝜕𝑧2𝑛−𝑘+1, 𝑘 = 𝑛 + 2, … , 2𝑛,

will be a solution of problem 𝑃𝜆. Conversely, if the vector function 𝑉 is a
solution of problem 𝑃𝜆, and if the homogeneous Dirichlet problem for equation
(1) has no nonzero solutions, then the first component 𝑣1 of the vector function
𝑉 (𝑧) will be a solution of problem 𝐶𝜆.

Since
det𝐺𝜆(𝑡) = (2𝑖)𝑛𝑖𝑎∗(𝑡) ≠ 0,

problem 𝑃𝜆 is normal. Therefore, applying to it the results of work (4), and
then comparing linearly independent solutions of the problems 𝐶𝜆 and 𝑃𝜆, we
obtain the following result for an (𝑚 + 1)-connected domain 𝐷:

Theorem 2. For the solvability of problem 𝐶𝜆 it is necessary and sufficient
that the conditions

∫
Γ

ℎ(𝑡)𝑣𝑗(𝑡) 𝑑𝑡 = 0, 𝑗 = 1, 2, … , ̂𝑙,

hold, where 𝑣𝑗(𝑡) are certain linearly independent functions. The number of
solvability conditions ̂𝑙 of problem 𝐶𝜆 is equal to

̂𝑙 = 𝑙𝐶 − 2[𝜘 + 𝑛(𝑚 − 1)],
where

𝜘 = 1
2𝜋 {arg 𝑎∗(𝑡)}Γ

is the index of problem 𝐶𝜆; 𝑙𝐶 is the number of linearly independent solutions
of the homogeneous problem 𝐶0

𝜆 (ℎ = 0). The number 𝑙𝐶 is finite and bounded
below:

𝑙𝐶 ≥ max(0, 2[𝜘 − 𝑛(𝑚 − 1)]) − 𝑞,
where 𝑞 is a nonnegative integer ≤ 𝑙𝐷, and 𝑙𝐷 is the number of linearly inde-
pendent solutions of the homogeneous Dirichlet problem for equation (1). For
𝑛 = 1,

𝑙𝐶 = max(0, 2[𝜘 − 𝑛(𝑚 − 1)]) − 𝑞, 𝜘 < 0.
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2. Let 𝐷 be simply connected (𝑚 = 0). In this case, without loss of generality,
one may assume that 𝐷 is the unit disk. Then the boundary matrix 𝐺𝜆(𝑡)
can be represented in the form

𝐺𝜆 = 𝐸Ω ⋅ 𝐺𝜒 ⋅ 𝐺𝜑,

where 𝐸Ω = ‖𝐸𝑘𝑘‖, 𝐺𝜒 = ‖𝐺𝑘𝑘‖, 𝑘 = 1, 2, … , 2𝑛, are diagonal matrices,
moreover such that

𝐸𝑘𝑘 = 𝐺𝑘𝑘 = 1, 𝑘 ≠ 2; 𝐸22 = exp(−Ω), 𝐺22 = 𝑡−𝜘;

Ω = Im𝜑; 𝜑(𝑧) = 1
2𝜋𝑖 ∫

Γ
[arg 𝑎∗(𝑡) + 𝜘 arg 𝑡] 𝑡 + 𝑧

𝑡 − 𝑧
𝑑𝑡
𝑡 ;

𝐺𝜑 = ‖𝐺𝑘𝑙‖
is a square (2𝑛 × 2𝑛) matrix all of whose elements are zero except

𝐺2,𝑘 = 𝑎𝑘−1(𝑡, 𝜆)/𝑎∗(𝑡), 𝑘 = 1, 2, … , 𝑛;

𝐺2𝑘−1,𝑛−𝑘+2 = −1, 𝑘 = 2, 3, … , 𝑛; 𝐺3,𝑛+1 = 𝐺5,𝑛+2 = … = 𝐺2𝑛−1,2𝑛 = 1;

𝐺2,𝑛+1 = 𝑒𝑖𝜑(𝑧); 𝐺11 = 𝐺4,𝑛 = 𝐺4,𝑛+2 = 𝐺6,𝑛−1 = 𝐺6,𝑛+3 = …

= … = 𝐺2𝑛,2 = 𝐺2𝑛,2𝑛 = 𝑖.
Let us now suppose that the coefficients of the operator 𝐿𝑛 are continuously
differentiable. Then, since det𝐺𝜑(𝑡) = (2𝑖)𝑛𝑖𝑒𝑖𝜑(𝑡) ≠ 0, and 𝜑 is a single-valued
function, we have {arg det𝐺𝜑(𝑡)}Γ = 0, and the matrix can be extended into 𝐷
in such a way that, if 𝐺𝜑(𝑧) is its extension, then det𝐺𝜑(𝑧) ≠ 0 and 𝐺𝜑(𝑧) is
continuously differentiable. Making now the transformation 𝐺𝜑(𝑧)𝑉 (𝑧) = 𝑊(𝑧),
we bring equation (6) and condition (7) to the form

𝜕𝑊/𝜕 ̄𝑧 + 𝑃 𝜆𝑊 + 𝑄𝜆𝑊 = 0, (8)

Re[𝐺𝜒(𝑡)𝑊(𝑡)] = ℋ(𝑡), ℋ = 𝐸−1
Ω ℋ0, (9)

in which the matrices 𝑃 𝜆, 𝑄𝜆 depend analytically on the parameter 𝜆 in such a
way that 𝑃 0(𝑧) ≡ 0, while the matrix 𝑄0(𝑧) has the form 𝑄0(𝑧) = ‖𝑄𝑘𝑙‖, where

𝑄32 = −𝑒𝑖𝜑(𝑧), 𝑄42 = −𝑖𝑒𝑖𝜑(𝑧),

𝑄2𝑘̄−1, 2𝑘̄−3 = 1/2; 𝑄2𝑘̄−1, 2𝑘̄−2 = 1/2𝑖, 𝑘̄ = 3, 4, … , 𝑛;
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𝑄2𝑘̃, 2𝑘̃−3 = 𝑖/2, 𝑄2𝑘̃, 2𝑘̃−2 = 1/2, 𝑘̃ = 4, 5, … , 𝑛; (10)

𝑄𝑘,𝑙 ≡ 0, 𝑘 ≠ 2𝑘̄ − 1, 2𝑘̃, 𝑙 ≠ 2𝑘̄ − 3, 2𝑘̄ − 2, 2𝑘̃ − 3, 2𝑘̃ − 2.

3. Let 𝜒 ≥ 0. Then the solution of equation (8) can be represented in the form

𝑊(𝑧) = 𝑇𝜆𝑊 + Φ(𝑧), (11)

where 𝑇𝜆 is a completely continuous operator in the space of complex-valued
vectors continuous in 𝐷, which has the form

𝑇𝜆𝑊 = 1
𝜋 ∬

𝐷
{𝜒𝜆(𝑡)

𝑡 − 𝑧 + 𝑧𝑔𝜒(𝑧) 𝜒𝜆(𝑡)
1 − ̄𝑡𝑧 } 𝑑𝐷𝑡, 𝜒𝜆 ≡ 𝑃 𝜆𝑊 + 𝑄𝜆𝑊, (12)

and Φ(𝑧) is an arbitrary vector-function holomorphic in 𝐷 and continuous in
𝐷, where 𝑔𝜒(𝑧) = ‖𝑔𝑘𝑘(𝑧)‖, 𝑘 = 1, 2, … , 2𝑛, is a diagonal matrix such that
𝑔22(𝑧) = 𝑧2𝜒, 𝑔𝑘𝑘 = 1, 𝑘 ≠ 2. Since, obviously, 𝑔𝜒(𝑡) = 𝐺−1

𝜒 (𝑡)𝐺𝜒(𝑡), it is not
difficult to verify that Re[𝐺𝜒(𝑡)𝑇𝜆𝑊] = 0. Therefore, substituting (11) into (9),
we see that equation (11) is completely equivalent to problem 𝑃𝜆, provided the
holomorphic vector-function Φ(𝑧) = [Φ1, Φ2, … , Φ2𝑛] has the form

Φ𝑘(𝑧) = 𝑖𝛾𝑘, 𝑘 = 1, 3, 4, … , 2𝑛, ℎ1 = 𝑒Ωℎ0,

Φ2(𝑧) = 1
2𝜋𝑖 ∫

Γ
ℎ1(𝑡) 𝑡 + 𝑧

𝑡 − 𝑧
𝑑𝑡
𝑡 + 𝑖𝛼0𝑧𝜒+ (13)

+
𝜒−1
∑
𝑙=0

{𝛼𝑙(𝑧𝑙 − 𝑧2𝜒−𝑙) + 𝑖𝛽𝑙(𝑧𝑙 + 𝑧2𝜒−𝑙)}.

Let 𝑀̇ denote the set of real numbers consisting of those 𝜆 for which the ho-
mogeneous equation 𝑊 − 𝑇𝜆𝑊 = 0 has nonzero solutions. Then, applying I.
Tamarkin’s theorem (5) to equation (11) and taking (10) into account, we arrive
at the following result:

Theorem 3. If the index of the problem 𝐶𝜆 is nonnegative, then the problem
𝐶𝜆 is always solvable, except, possibly, for a discrete set 𝑀̇ of values of 𝜆, not
containing the point 𝜆 = 0. In particular, the problem 𝐶𝜆 is always solvable for
sufficiently small 𝜆. If 𝜆 ∉ 𝑀̇ , then the homogeneous problem 𝐶0

𝜆 (ℎ ≡ 0) has
exactly 𝑙𝐶 = 2(𝜒 + 𝑛) − 𝑞 linearly independent solutions. If, however, 𝜆 ∈ 𝑀̇ ,
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then, for the solvability of the problem 𝐶𝜆, it is necessary and sufficient that
𝑟 − 𝑠 additional conditions be fulfilled, where 𝑟 is the rank of the eigenvalue 𝜆,
and 𝑠 is a number satisfying the inequality 0 ≤ 𝑠 ≤ min[𝑟, 2(𝜒 + 𝑛) − 𝑞].

4. Suppose now that the index 𝜘 is negative: 𝜘 = −𝜘1, 𝜘1 > 0. Then the
boundary condition (9) can be written in the form

{Re[𝐺𝜘1
(𝑡) 𝑊(𝑡)]} = ℋ(𝑡), (14)

and the solution of equation (8) can be represented in the form

𝑊(𝑧) = 1
2𝜋𝑖 ∫

Γ

𝑊(𝑡)
𝑡 − 𝑧 𝑑𝑡 + 1

𝜋 ∬
𝐷

𝜒𝜆(𝑡)
𝑡 − 𝑧 𝑑𝐷𝑡. (15)

Transforming the first term on the right-hand side with the use of (14) and Green’
s formula, we obtain the following Fredholm integral equation, equivalent to the
problem 𝑃𝜆 for 𝜘 < 0:

𝑊 − 𝐾𝜆𝑊 = 1
𝜋𝑖 ∫

Γ

𝐺𝜘(𝑡)ℋ(𝑡)
𝑡 − 𝑧 𝑑𝑡 − 𝑔𝜘(0)𝑊(0), (16)

where

𝐾𝜆𝑊 = 1
𝜋 ∬

𝐷
{𝜒𝜆(𝑧)

𝑡 − 𝑧 − 𝑔𝜘(𝑡)
𝑡

𝜒𝜆(𝑡)
1 − 𝑡𝑧 } 𝑑𝐷𝑡.

Investigating equation (16), we arrive at the following theorem:

Theorem 4. Let 𝜘 < 0. Then the problem 𝐶𝜆 is solvable for all 𝜆 except,
possibly, for a discrete set 𝑀1 not containing the zero point and, in particular,
it is solvable for sufficiently small 𝜆. If 𝜆 ∉ 𝑀1, then the homogeneous problem
𝐶0

𝜆 has no more than 4𝑛 − 2 − 𝑞 linearly independent solutions, while the non-
homogeneous problem has exactly one solution provided it is normalized by the
conditions 𝜕𝑘𝑢/𝜕𝑧𝑘|𝑧=0 = 0, 𝑘 = 0, 1, … , 𝑛.
If, however, 𝜆 ∈ 𝑀1, then for solvability of the problem 𝐶𝜆 it is necessary to
impose 𝑟1 − 𝑠1 additional conditions, where 𝑟1 is the rank of the eigenvalue 𝜆,
and 𝑠1 is a number determined by the inequality 0 ≤ 𝑠1 ≤ min(0, 4𝑛 − 2 − 𝑞).

5. Let ̂𝐶(𝑥, 𝑦) = ‖ ̂𝑐𝑘𝑙‖ be a square matrix of order 𝑁 , whose elements are
real functions of class 𝐶 𝑛−1

𝛼 (𝐷), 0 < 𝛼 < 1, and let 𝑎𝑝,𝑞(𝜉, 𝜂) = ‖𝑎𝑝,𝑞
𝑘𝑙 ‖ be

square matrices of order 𝑁 , given on Γ, whose elements are real functions
continuous in the sense of Hölder. Consider the following problem:
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Problem ̂𝐶𝜆. It is required to determine a real vector-function 𝑈 =
[𝑢1, 𝑢2, … , 𝑢𝑁 ], continuous in 𝐷 together with its derivatives up to order 𝑛
inclusive, satisfying in 𝐷 the equation Δ𝑈 + 𝜆 ̂𝐶(𝑥, 𝑦)𝑈 = 0 and on Γ the
condition

(
𝑛

∑
𝑗=0

𝑎𝑛−𝑗,𝑗(𝜉, 𝜂) 𝜕𝑛

𝜕𝜉 𝑛−𝑗𝜕𝜂𝑗 + 𝜆
𝑛−1
∑
𝑗=1

𝑗
∑
𝜇=0

𝑎 𝑗−𝜇,𝜇(𝜉, 𝜂) 𝜕𝑗

𝜕𝜉 𝑗−𝜇𝜕𝜂𝜇 ) 𝑈 = 𝐻(𝜉, 𝜂),

where 𝐻 = [𝐻1, … , 𝐻𝑁 ] is a given real vector-function on Γ, Hölder-continuous.

Let

â ∗(𝑡) =
𝑛

∑
𝑗=0

𝑖𝑗𝑎𝑛−𝑗,𝑗(𝜉, 𝜂), ̂𝜘 = 1
2𝜋 {arg det â ∗(𝑡)}Γ.

Then, if det â ∗(𝑡) ≠ 0 everywhere on Γ, Theorems 2, 3, and 4 are valid for the
problem ̂𝐶𝜆, provided that in them 𝑛 is replaced by 𝑛⋅𝑁 , and 𝜘 by ̂𝜘; moreover,
in the case of Theorems 3 and 4, continuous differentiability is required of the
boundary matrices 𝑎𝑝,𝑞.
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