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MATHEMATICS
E. V. NOVOSELOV

SOME FORMULAS CONNECTED WITH THE
REDUCED SYSTEM OF RESIDUES

(Presented by Academician 1. M. Vinogradov on December 8, 1961)

Introduce the following notation: m = ]_[p pP» is a fixed natural number; k, >0

and is different from zero for only finitely many primes p. my = Hp Jm pFe b if
1

ky < 23mg = STIp" 7t if ky > 2. pypy.p, = Hp/mp. 4, is the exponent to

m
which p belongs modulo . 8, is an arbitrary integer satisfying s,0, > k,. A,

phe

is the exponent to which p # 2 belongs modulo %. t, is an arbitrary integer
satisfying ¢,A, > k, — 1. The quantities A, and ¢, are defined analogously.
E(™) is the group of residue classes modulo m relatively prime to m. It is
known that the group E®) for s = 2¥, k > 2, decomposes into the direct
product of the cyclic group Eﬁs) of order two with generator a; = —1 and the
cyclic group Eés) of order 272, An arbitrary generator of the latter group in
the case k = ky = ky(m) > 2 will be denoted by a,. For example, a, = 5. If,
for € relatively prime to m, the condition

e = (_1)1@ mod 2ag(2k2)

is satisfied, we set ind, e equal to the least of the possible (for the given as)
natural &’ s. a,, is a certain primitive root modulo p"», where p is an odd prime.

ind,, € is the index of £ modulo p¥r with base a,-
o) (_1 k—1

logz = Z T)(l‘ — 1)k

k=1

o0
e’ = g
k=0

| —

zk

o

|
are formal power series.

We shall say that a series of this type converges modulo m at the point z = x, if
all its terms, starting from some one, are divisible by m at x = x,. Divisibility
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here is understood in the sense of divisibility of a rational fraction by a modulus.
All the series occurring in the text converge modulo the corresponding moduli.

In this article € everywhere denotes a number relatively prime to m, and p
denotes a prime and only a prime number.

1. Suppose first that m = p*, where p is an odd prime. For this case one can
prove the formula

s—1

. 5 —1 5 S (71) —1 s
ind, e = > logeP E*E — (e —1) =
PET 8 f s ( )

Eii EV s (6015~ 1) (mod pA1), (1)
Here n = n(k) is any natural number satisfying the condition
gpsfl =0 (mod pF1)
for all s > n.

£ is relatively prime to p, and

& 1=Zlogar! (mod p*1).

P

In particular, if e?~' = 1+ pt (mod p*), and ab~* = 1 + pt, (mod p¥), then

2 3
: — Pio P 3 P 4 k—1

where

—1 =t pt2 2t3 p3t4 d k—1
3 =lho—gtT 3ttt (mod p* ).

p

We note that one can choose the primitive root a, so that the condition £ =1

(mod p*~1) is satisfied. For this it is enough to choose a, (such a choice is

i
always possible) satisfying the condition:
2 3 4
ap ==l +—+ (mod p*).

II. Let us now consider the case m = 2’“, k > 2. It can be shown that
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22 23 24 25 on
2+ 4+ 4+ 4+ =0 d 2k 2
+2+3+4+5+ —l—n (mo ), (2)

starting from some n = n(k). Using this formula, the following facts are proved:

1. The projection E™) onto the cyclic direct factor E§m> of order 2F72 is
given by the formula:
m(e) = e8¢ (mod m). (3)
Here loge is taken modulo m.

2. The formula holds

. 3 - (=D

dye=->1 == —1)° =
indye = 7loge = 7 2. (e—1)
n -1 s—1
S5 EDT oo 1) (mod 252, (4)
4~ s

Here n = n(k) is any natural number satisfying the condition

1
—2572=0 (mod 2F°2) for all s > n.
s

¢ is relatively prime to 2, and

loga, (mod 2F2).

= =

el =

In particular, if

e=1+2t (mod2F), a,=1+2t, (mod 2*),
then

2 22 23
*t3 _ 7t4 7'65 . d 2k—2
2 T3 Tt > (mo )

where

to(1—1t 2, 22 23 .
u + ,tg — 7t3 + 7t8 — e (Inod 2"372).

—1
¢ 2 3 4 5
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We note that, with a, satisfying the condition

. 42 43 44 L

and only with such an a,, one has ¢ = 1 (mod 2%72), and the formula for ind, e
takes its simplest form.

ITI. We now pass to the general case, where m is arbitrary. The well-known
theorem asserting that

E(m) = H E(pkp)

p/m
gives us the decomposition
E™ = E™ x By x T Ly (5)
p#2
p/m

of the group E™) into the direct product of its cyclic subgroups:

trivial, if ky < 2,

E'™ is a cyclic grou
! yene stotp {oforder 2, if hy > 2:

Eém) is a cyclic group of order my;

Lﬁf’” is a cyclic group of order p — 1.

In the case m = 2* these notations coincide with those adopted earlier.
Let us first give a general characterization of the decomposition (5).

a) The subgroup E§m> is generated by the class

e, =2%%%1 — 1 (mod m).

b) Eém is the subgroup of E(™) consisting of the classes € mod m for which

e=1 (mod pip;-p.), if ky <2,

e=1 (mod 2pips--D,), if ky > 2.

¢) The subgroup L;,m> is generated by the class e}j’kp’l, where
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e, =pr% + (1 —p*°)a, (mod m).

d) E§m> = Eim) X Eém is the subgroup of E(™ consisting of the residue
classes € mod m for which ¢ =1 (mod p;ypsy -+ p,).

e) I1I L;m) is the subgroup of E™) consisting of the residue classes € mod m

p#2
plm

for which eP~! =1 (mod p*») for every odd prime p dividing m.

f) The projection 7, : B(™) — E§m> is given by the formula

m(e) = Z(l — psp‘sp)glfpkpfl = H{psp‘sp + (11— pspép)g}lfpkpfl (mod m).
plm plm
(6)

g) The projection 7 : Eém> — Eém) is given by the formula:

m(e) = €'°8¢  (mod m). (7)

IV. Let us now try to characterize the subgroup Eém).

a) Let k; < 2. An arbitrary element ¢ of the cyclic group Eém is represented

in the form

(p1py -+ p.t)?

- 4= (enP2 =) (mod m),

e= eplpz'"pzt =1 +p1p2 pzt —+

where ¢ is uniquely determined modulo my.

b) An arbitrary generator [ of the cyclic group Eém) in the case k, < 2 is
represented in any of the forms:

1)

l= H eb=t (mod m), where ¢, = p*»% + (1 —p*»°)a, (mod m).

plm

P

2)
=1 + P12 "'pztO (mOd m>7
where ¢, is relatively prime to mg and is uniquely determined modulo m,.

3)
[ =ePrP27P:tr (mod m),
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where ¢, is relatively prime to m and is uniquely determined modulo m,.

Conversely, for any ¢, and ¢, relatively prime to m,, and any set {a, } of primitive

roots, formulas 1)—3) give certain generators of the group Eém).

c) If ky > 2, the preceding assertions remain valid with p;p, - p, replaced
by 2pipy - p.,.

In the following two propositions, | = 1+p;p, ~~pztg (mod m) in the case ky < 2,
and [ = 1+ 2p;py -+ p,t (mod m) in the case ky > 2, are certain generators of

ES™.
d) Let ky < 2. Put 1 4+ pypsy...p,t = (14 pypy ... p,ty) (mod m). Then

§

0= ————log(l+pypy...p,t) =

PPy ---D, ( 2 )
PPy Dz g | (P1P2P.)° 4
=& t— 5 22 + 3 2 — (mod my). (8)
Here (¢, my) =1 and
-1 = - log(1+ pypg ... p.ty) (mod myg).
PPy .- D,

An analogous assertion holds for the case k, > 2, with p;p, ... p, replaced by
2p1pg .- P,

e) Let ky < 2. Fix some system of primitive roots {a, } and suppose that

H bt =1+ppy...p.ty (mod m)
p/m

for

e, = p% + (1 —p*°)a, (mod m).
Ife=14pipy...n,t (mod m), then
Z 1= tﬁp ind, e = & log(1 + pyps ... p,t) (mod my), (9)
p—1 P1P2 P,

p/mg

where (§,m,) =1 and

¢t log(1 + pypy ... poty)  (mod my).

P1P2---P;
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An analogous assertion holds for the case ky, > 2, with p;p, ... p, replaced by
2p1py oD

In addition to item e), note that the system {a,,} of primitive roots (we include
a, among them) can be chosen so that the condition £ =1 (mod my,) is satisfied.
For this it is enough to choose (which is always possible) {a,,} so that the relation

H - eP1P2--P (mod m), if kQ < 2,
e =
P e2P1P2-P- (mod m), if ke >2

p/m

holds.

For the special case m = p¥, item e) gives the well-known formula due to A. G.
Postnikov,

W - glog(l +pt)  (mod pFt), (10)

as well as an explicit expression for ¢ modulo p*~:

¢ = “log(1+pty) (mod p*1), if ab' =1+ pty (mod p*).

1
p

We note that formula (10), by virtue of the relation

(p—1)log(1+pt) =log(1 +pt)’~"  (mod p*),
is nothing other than formula (1) for € = 1+pt (mod p*). In fact these formulas
are equivalent.

All the facts set forth above were obtained by the author in considering the
properties of the exponential and logarithmic functions in the polyadic domain.
Relation (2) is not new, although it was obtained by the author independently.
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