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Abstract
Full Text

A. DZHURAEV
ON THE POINCARÉ PROBLEM FOR A SECOND-
ORDER ELLIPTIC EQUATION WITH SINGULAR
COEFFICIENTS
(Presented by Academician I. N. Vekua on 23 IV 1962)

In the present note we study the plane boundary-value Poincaré problem (prob-
lem A) for an elliptic equation of the form

Δ𝑢 + 𝑎𝜕𝑢
𝜕𝑥 + 𝑏𝜕𝑢

𝜕𝑦 + 𝑐𝑢 = 0 (1)

in the case when the coefficients 𝑎(𝑥, 𝑦), 𝑏(𝑥, 𝑦) have a polar singularity of the
first order, and the coefficient 𝑐(𝑥, 𝑦) has a polar singularity of the second order
at some fixed point of the domain∗. In the case when 𝑎, 𝑏, 𝑐 ∈ 𝐿𝑝 for 𝑝 > 2,
this problem, both for simply connected and for multiply connected domains,
has been well studied (1−3). We also note that if 𝑐 ≡ 0, then equation (1),
with respect to the function 𝜕𝑢/𝜕𝑥 − 𝑖 𝜕𝑢/𝜕𝑦, is transformed into a generalized
Cauchy—Riemann complex equation (1,4).

1. Denote by 𝐷 a bounded simply connected domain in the plane of the
variables 𝑥, 𝑦, with boundary Γ of class (𝑖) 𝐶𝛼, 0 < 𝛼 < 1. Let 𝑆𝜀(𝐷) be
the Banach space of functions 𝑓(𝑧) representable in the form

𝑓(𝑧) = 𝑓0(𝑧)
(𝑥2 + 𝑦2)𝜀/2 , 𝑓0(𝑧) ∈ 𝑆(𝐷),

with norm
‖𝑓‖𝑆𝜀(𝐷) = sup

𝑥,𝑦∈𝐷
(𝑥2 + 𝑦2)𝜀/2|𝑓(𝑧)|,

where 𝑆(𝐷) is the space of bounded measurable functions 𝑓0 with norm

sup
𝑥,𝑦∈𝐷

|𝑓0(𝑧)|.

We shall say that 𝑢 ∈ 𝑆1
𝜀 (𝐷) if 𝑢 has a generalized derivative, 𝑢 ∈ 𝑆𝜀(𝐷),

and
𝜕𝑢
𝜕𝑧 ∈ 𝑆1+𝜀(𝐷),

where
𝜕
𝜕𝑧 = 1

2 ( 𝜕
𝜕𝑥 − 𝑖 𝜕

𝜕𝑦 ) .
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Problem A. It is required to find a real-valued function 𝑢 ∈ 𝑆1
𝜀 (𝐷) satisfying

in 𝐷 the equation

Δ𝑢 + 𝑎
𝑟

𝜕𝑢
𝜕𝑥 + 𝑏

𝑟
𝜕𝑢
𝜕𝑦 + 𝑐

𝑟2 𝑢 = 0 (1’)

and on Γ the condition

𝛼𝑢𝑥 + 𝛽𝑢𝑦 = ℎ, (2)

where 𝑎, 𝑏, 𝑐 are given real bounded measurable functions in 𝐷; 𝛼, 𝛽, ℎ are real
functions given on Γ, Hölder continuous, and

𝑟 = √𝑥2 + 𝑦2.

Below, in order to study problem A, we shall relate it to a certain auxiliary
Riemann—Hilbert boundary-value problem (problem P) for an elliptic system
in two complex-valued functions, with coefficients having a polar singularity of
the first order.

Introducing the operator
𝜕
𝜕 ̄𝑧 = 𝜕

𝜕𝑧 ,

where the bar above indicates passage to the complex conjugate expression,
problem A can be written in the form:

𝜕2𝑢
𝜕 ̄𝑧 𝜕𝑧 + 𝐴(𝑧)

|𝑧|
𝜕𝑢
𝜕𝑧 + 𝐴(𝑧)

|𝑧|
𝜕𝑢
𝜕 ̄𝑧 + 𝑐(𝑥, 𝑦)

4|𝑧|2 𝑢 = 0; (1”)

Re 𝜆(𝑡)𝜕𝑢
𝜕𝑡 = ℎ(𝑡), (2’)

where
𝐴(𝑧) = (𝑎 + 𝑖𝑏)/4, 𝛼(𝑡) + 𝑖𝛽(𝑡) = 𝜆(𝑡).

∗ This point can always be shifted to the origin of coordinates.

Let 𝑧 = 𝜑(𝜁) be a holomorphic function conformally mapping the domain 𝐷
onto the unit disk and satisfying the conditions

𝜑(0) = 0, 𝜑′(0) > 0. (3)

It follows from (3) that
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𝜑(𝜁) = 𝜁𝜑0(𝜁), 𝜑0(𝜁) ≠ 0 anywhere. (4)

By virtue of (4) it is not difficult to see that problem A is conformally invariant.
Therefore, everywhere below, without restricting the generality of the problem,
we shall assume that 𝐷 is the unit disk: |𝑧| < 1.

In this case equation (1) and condition (2) may be written in the form:

𝜕
𝜕 ̄𝑧 (𝑧 𝜕𝑢

𝜕𝑧 ) + 𝐴(𝑧)
|𝑧| (𝑧 𝜕𝑢

𝜕𝑧 ) + 𝐴(𝑧)
|𝑧|

𝑧
̄𝑧 (𝑧 𝜕𝑢

𝜕𝑧 ) + 𝑐
4𝑧 𝑢 = 0; (1”’)

Re ̄𝑡 ⋅ 𝜆(𝑡) (𝑡𝜕𝑢
𝜕𝑡 ) = ℎ(𝑡). (2”)

In what follows, an essential role is played by the study of the following problem:

Problem P. It is required to find a pair of functions 𝑢1(𝑧), 𝑢2(𝑧) ∈ 𝑆𝜀(𝐷),
satisfying in 𝐷 the system of equations

𝜕𝑢1
𝜕 ̄𝑧 = 1

̄𝑧 𝑢̄2, 𝜕𝑢2
𝜕 ̄𝑧 + 𝐴(𝑧)

|𝑧| 𝑢2 + 𝐴(𝑧)
|𝑧|

𝑧
̄𝑧 𝑢̄2 + 𝑐

4𝑧 𝑢1 = 0 (5)

and on Γ the conditions

Re 𝑖𝑢1 = 0, Re ̄𝑡 ⋅ 𝜆(𝑡)𝑢2 = ℎ(𝑡). (6)

The connection between problems A and P is established by the following:

Theorem 1. If 𝑢(𝑥, 𝑦) ∈ 𝑆1
𝜀 (𝐷) is a solution of problem A, then the pair of

functions

𝑢1 = 𝑢, 𝑢2 = 𝑧 𝜕𝑢
𝜕𝑧

of class 𝑆𝜀(𝐷) is a solution of problem P.

Conversely, if a pair of functions 𝑢1, 𝑢2 of class 𝑆𝜀(𝐷) is a solution of problem
P and if, in addition, the homogeneous Dirichlet problem

Δ𝑢 + 𝑐(𝑥, 𝑦)
𝑟2 𝑢 = 0, 𝑢∣Γ = 0 (7)

has only the trivial solution from 𝑆1
𝜀 (𝐷), then the function 𝑢1 belongs to the

class 𝑆1
𝜀 (𝐷) and is a solution of problem A.
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Denote by 𝑙𝑃 the number of linearly independent (over the field of real numbers)
solutions of the homogeneous problem P0 (ℎ ≡ 0), and by 𝑙𝐴 the number of
linearly independent solutions of the corresponding homogeneous problem A0

(ℎ ≡ 0). Let, in addition, 𝑙𝐷 be the number of linearly independent solutions of
the Dirichlet problem (7). Then the relation (2,3 ) holds:

𝑙𝑃 − 𝑙𝐴 = 𝑞, (8)

where 𝑞 is an integer nonnegative number not exceeding 𝑙𝐷.

2. Suppose that

𝜒 = 1
2𝜋 {arg 𝜆(𝑡)}Γ ≥ −1.

Then, proceeding in the same way as in (1,3 ), we verify that problem P is
equivalent to the following system of integral equations:

𝑢1 − 𝑇1𝑢2 = ̃𝑐1; (9)

𝑢2 − 𝑇2𝑢2 − 𝑇3𝑢1 = Φ′(𝑧), (10)

where 𝑇1, 𝑇2, 𝑇3 are linear bounded operators in the Banach space 𝑆𝜀(𝐷̄) (cf. (4)),
which have the form

𝑇1𝑢2 = − 1
𝜋 ∬

𝐷
{𝑒𝑖𝜑(𝜁)𝑢2(𝜁)

̄𝜁(𝜁 − 𝑧) − 𝑧𝑒−𝑖𝜑(𝜁)𝑢2(𝜁)
𝜁(1 − ̄𝜁𝑧) } 𝑑𝜉 𝑑𝜂; (11)

𝑇2𝑢2 = 1
𝜋 ∬

𝐷

⎧{{
⎨{{⎩

𝐴(𝜁)𝑢2 + 𝐴(𝜁)𝜁𝑒𝑖𝜑(𝜁)

𝜁𝑒𝑖𝜑(𝜁) 𝑢̄2

|𝜁|(𝜁 − 𝑧) + 𝑧2𝜒+3
𝐴(𝜁)𝑢2 + 𝐴(𝜁)𝜁𝑒𝑖𝜑

𝜁𝑒𝑖𝜑 𝑢̄2

|𝜁|(1 − ̄𝜁𝑧)

⎫}}
⎬}}⎭

𝑑𝜉 𝑑𝜂;

(12)

𝑇3𝑢1 = 1
4𝜋 ∬

𝐷
{𝑒𝑖𝜑(𝜁)𝑢1(𝜁)

𝜁(𝜁 − 𝑧) + 𝑧2𝜒+3 𝑒−𝑖𝜑(𝜁)𝑢1
𝜁(1 − ̄𝜁𝑧)} 𝑐(𝜉, 𝜂) 𝑑𝜉 𝑑𝜂, (13)

where 𝜑(𝑧) is a completely determined single-valued holomorphic function in 𝐷,
and

Φ(𝑧) = 1
2𝜋𝑖 ∫

Γ
ℎ(𝑡)𝑒Ω(𝑡) 𝑡 + 𝑧

𝑡 − 𝑧
𝑑𝑡
𝑡 + 𝑖 ̃𝛼0𝑧𝜒+1+
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+
𝜒

∑
𝑘=0

{𝛼𝑘(𝑧𝑘 − 𝑧2𝜒+2−𝑘) + 𝑖𝛽𝑘(𝑧𝑘 + 𝑧2𝜒+2−𝑘)}. (14)

Here Ω = Im 𝜑; 𝑐1, ̃𝛼0, 𝛼𝑘, 𝛽𝑘 (𝑘 = 0, 1, 2, … , 𝜒) are arbitrary real constants.

Let

𝐾𝑎,𝑏 = sup
𝑥,𝑦∈𝐷

𝑟𝜀

2𝜋 ∬
𝐷

( 1
|𝜁 − 𝑧| + 𝑟2𝜒+3

|1 − ̄𝜁𝑧|)
√ 𝑎2 + 𝑏2

(𝜉2 + 𝜂2)1+𝜀 𝑑𝜉 𝑑𝜂; (15)

𝐾𝜈,𝜒 = sup
𝑥,𝑦∈𝐷

𝑟𝜀

𝜋 ∬
𝐷

( 1
|𝜁 − 𝑧| + 𝑟2𝜒+3

|1 − ̄𝜁𝑧|) |𝜈(𝜉, 𝜂)| 𝑑𝜉 𝑑𝜂. (16)

Then, if the inequality

𝐾𝑎,𝑏 + 𝐾1/4,−1𝐾𝑐/4,𝜒 < 1, (17)

is satisfied, the system (9)—(10) is always uniquely solvable. The system (9)—
(10) corresponding to the homogeneous problem P0 (ℎ ≡ 0) then has exactly
2𝜒 + 4 linearly independent (over the field of real numbers) solutions. Since
every solution of problem (7) is also a solution of the problem

Δ𝑢 + 𝑐
𝑟2 𝑢 = 0, 𝑥′(𝑠)𝑢𝑥 + 𝑦′(𝑠)𝑢 = 0, (18)

it is not difficult to see that, when inequality (17) is fulfilled, the number 𝑙𝐷
does not exceed two. Then, taking into account relation (8), we arrive at the
following result:

Theorem 2. If 𝜒 ≥ −1, then, when inequality (17) is fulfilled, problem 𝐴
is always solvable, and the corresponding homogeneous problem 𝐴0 (ℎ ≡ 0)
has exactly 2𝜒 + 4 − 𝑞 linearly independent solutions, where 𝑞 is a nonnegative
integer not exceeding two.

3. Let 𝜒 < −1. In this case, following (1) (p. 298), put

𝑖𝑧𝑚𝑢1 = 𝑣1, 𝑧𝑚𝑢2 = 𝑣2, 𝑚 = −(𝜒 + 1) > 0. (19)

Then the functions 𝑣1, 𝑣2 will satisfy the problem

𝜕𝑣1
𝜕 ̄𝑧 − 𝑒𝑖𝜑(𝜁)

𝑧 𝑖 (𝑧
̄𝑧 )

𝑚
̄𝑣2 = 0; (20)
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𝜕𝑣2
𝜕 ̄𝑧 + 𝐴(𝑧)

|𝑧| 𝑣2 + 𝐴(𝑧)
|𝑧|

𝑧𝑚+1𝑒𝑖𝜑(𝜁)

̄𝑧𝑚+1𝑒𝑖𝜑(𝜁) ̄𝑣2 + 𝑖 𝑐(𝑥, 𝑦)𝑒𝑖𝜑(𝜁)

4 ̄𝑧 (𝑧
̄𝑧 )

𝑚
̄𝑣1 = 0, (21)

Re 𝑡−𝑚𝑣1 = 0, Re 𝑣2 = 𝑒Ωℎ.

Since 𝑚 > 0, one can, as above, construct the corresponding equivalent system
of integral equations with respect to the functions 𝑣1 and 𝑣2.

Returning then by formulas (19) to the functions 𝑢1, 𝑢2 (after transformations
analogous to (1), (p. 298)) and taking into account that 𝑢1, 𝑢2 ∈ 𝑆𝜀(𝐷), we
obtain the system of integral equations

𝑢1 − ̂𝑇1𝑢2 = 𝑃2𝑚−1(𝑧); (22)

𝑢2 − ̂𝑇2𝑢2 − ̂𝑇3𝑢1 = 1
𝜋𝑖 ∫

Γ

ℎ(𝑡)𝑒Ω(𝑡) 𝑑𝑡
𝑡𝑚(𝑡 − 𝑧) , (23)

where

̂𝑇1𝑢2 = 1
𝜋 ∬

𝐷
{𝑖𝑒𝑖𝜑(𝜁)𝑢2(𝜁)

𝜁(𝜁 − 𝑧) − 𝑧−2𝜘−2 ̄𝜁−2𝜘−3𝑖𝑒−𝑖𝜑(𝜁)𝑢2(𝜁)
𝜁(1 − ̄𝜁𝑧) } 𝑑𝜉 𝑑𝜂, (24)

̂𝑇2𝑢2 = 1
𝜋 ∬

𝐷

⎧{{
⎨{{⎩

𝐴(𝜁)𝑢2 + 𝐴(𝜁)𝜁𝑒𝑖𝜑(𝜁)

̄𝜁𝑒𝑖𝜑(𝜁) 𝑢2(𝜁)

|𝜁|(𝜁 − 𝑧) + ̄𝜁−2𝜘−3
̄𝐴𝑢2 + 𝐴

̄𝜁𝑒𝑖𝜑(𝜁)

𝜁𝑒𝑖𝜑(𝜁)

|𝜁|(1 − ̄𝜁𝑧)

⎫}}
⎬}}⎭

𝑑𝜉 𝑑𝜂;

(25)

̂𝑇3𝑢1 = 1
4𝜋 ∬

𝐷
{𝑖𝑒𝑖𝜑(𝜁)𝑢1(𝜁)

̄𝜁(𝜁 − 𝑧) −
̄𝜁−2𝜘−3𝑒−𝑖𝜑(𝜁)𝑢1(𝜁)

𝜁(1 − ̄𝜁𝑧) } 𝑐(𝜉, 𝜂) 𝑑𝜉 𝑑𝜂; (26)

𝑃2𝑚−1(𝑧) = ̂𝛼0 +
𝑚

∑
𝑘=1

( ̂𝛽𝑚−𝑘 + 𝑖 ̂𝛼𝑚−𝑘)𝑧𝑘 +
2𝑚−2
∑
𝑘=𝑚

𝜇𝑘𝑧𝑘+1; (27)

𝜇𝑘 = 1
𝜋 ∬

𝐷
̄𝜁 𝑘𝑒−𝑖𝜑(𝜁)𝑢2(𝜁)𝜁−1 𝑑𝜉 𝑑𝜂.

In order that the solution of the system (22)—(23) be a solution of problem (20)
—(21), it is necessary and sufficient that 𝑙 relations be satisfied. The number of
these relations is determined by the inequality
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−2𝜘 − 4 ≤ 𝑙 ≤ −4(𝜘 + 1). (28)

Thus we obtain the following result:

Theorem 3. Let 𝜘 < −1. Then, if the inequality

Λ = sup
𝑥,𝑦∈𝐷

𝑟𝜀

2𝜋 ∬
𝐷

{ 1
|𝜁 − 𝑧| + |𝜁|−2𝜘−3

|1 − ̄𝜁𝑧| }
√

𝑎2 + 𝑏2 + 1
2 |𝑐|Λ̃

√(𝜉2 + 𝜂2)1+𝜀 𝑑𝜉 𝑑𝜂 < 1, (29)

where

Λ̃ = sup
𝑥,𝑦∈𝐷

𝑟𝜀

𝜋 ∬
𝐷

{ 1
|𝜁 − 𝑧| + 𝑟−2𝜘−2|𝜁|−2𝜘−3

|1 − ̄𝜁𝑧| } 𝑑𝜉 𝑑𝜂,

then for the solvability of problem A it is necessary and sufficient that a finite
number of conditions be fulfilled.
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