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Abstract
Full Text

A. DZHURAEV

ON THE POINCARE PROBLEM FOR A SECOND-
ORDER ELLIPTIC EQUATION WITH SINGULAR
COEFFICIENTS

(Presented by Academician I. N. Vekua on 23 IV 1962)

In the present note we study the plane boundary-value Poincaré problem (prob-
lem A) for an elliptic equation of the form

ou ou
A - — = 1
u—l—aax—l—bay—&—cu 0 (1)

in the case when the coefficients a(x,y), b(x,y) have a polar singularity of the
first order, and the coefficient ¢(z,y) has a polar singularity of the second order
at some fixed point of the domain®. In the case when a,b,c € L, for p > 2,
this problem, both for simply connected and for multiply connected domains,
has been well studied (173). We also note that if ¢ = 0, then equation (1),
with respect to the function du/dx — i du/dy, is transformed into a generalized
Cauchy—Riemann complex equation (1+4).

1. Denote by D a bounded simply connected domain in the plane of the
variables z,y, with boundary T of class (*) C,, 0 < a < 1. Let S.(D) be
the Banach space of functions f(z) representable in the form

fo(z)
(22 4 42)e/2”

f(z) = fo(2) € 5(D),

with norm
Ifls. o) = sup (2 +9?)/%|f(2)],

z,yeD

where S(D) is the space of bounded measurable functions f, with norm

sup [fo(2)]-

z,yeD
We shall say that u € S!(D) if u has a generalized derivative, u € S_(D),

and
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Problem A. It is required to find a real-valued function u € S!(D) satisfying
in D the equation

adu bou c
Aut ——+-—+—u= v
u+r8x+r6y+r2u 0 (1)

and on I' the condition

au, + Bu, = h, (2)

where a, b, ¢ are given real bounded measurable functions in D; «, 5, h are real
functions given on I', Holder continuous, and

r=/x2 4+ 92

Below, in order to study problem A, we shall relate it to a certain auxiliary
Riemann—Hilbert boundary-value problem (problem P) for an elliptic system
in two complex-valued functions, with coefficients having a polar singularity of
the first order.

Introducing the operator

o T

0z 0z
where the bar above indicates passage to the complex conjugate expression,
problem A can be written in the form:

Pu  A(z)ou  A(z)Ou  c(x,y)

—_— - — . 1’7

020z |z| 0z |z| 0z = 4|z]? 0 (17)
ou ,

ReAt) 5; = h(t), (2)

where
A(z) = (a +1ib)/4, alt) +i8(t) = A().
* This point can always be shifted to the origin of coordinates.

Let z = ¢(¢) be a holomorphic function conformally mapping the domain D
onto the unit disk and satisfying the conditions

p(0) =0,  ¢'(0)>0. 3)

It follows from (3) that
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P(C) =Cpo(C);  po(¢) # 0 anywhere. (4)

By virtue of (4) it is not difficult to see that problem A is conformally invariant.
Therefore, everywhere below, without restricting the generality of the problem,
we shall assume that D is the unit disk: |z| < 1.

In this case equation (1) and condition (2) may be written in the form:

9 (00 Ao (o) FDIY ey
0z (282>+ 2] <282>+ lz| z ‘92 +4zu_0’ (1)

In what follows, an essential role is played by the study of the following problem:

Problem P. It is required to find a pair of functions uq(z),uq(z) € S.(D),
satisfying in D the system of equations

ou; 1 _ Ouy  A(z) A(z) 2 _ ¢
-1 _ - -2 = —uy =0 )
0z 2 ottt gEetenm (5)
and on I' the conditions
Re iu; =0, Re t - A(t)uy = h(t). (6)

The connection between problems A and P is established by the following:

Theorem 1. If u(z,y) € SI(D) is a solution of problem A, then the pair of
functions

ou
ul = u, UQ = Z—

0z

of class S.(D) is a solution of problem P.

Conversely, if a pair of functions uy,uy of class S_(D) is a solution of problem
P and if, in addition, the homogeneous Dirichlet problem

u =0, ul =0 (7)

has only the trivial solution from S!(D), then the function u; belongs to the
class S!(D) and is a solution of problem A.
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Denote by [ the number of linearly independent (over the field of real numbers)
solutions of the homogeneous problem P? (h = 0), and by I, the number of
linearly independent solutions of the corresponding homogeneous problem A°
(h =0). Let, in addition, {,, be the number of linearly independent solutions of
the Dirichlet problem (7). Then the relation (2,3) holds:

lp—la=4q (8)
where ¢ is an integer nonnegative number not exceeding [ .

2. Suppose that

1

X = %{afg)\(t)}r > —1.

Then, proceeding in the same way as in (},®), we verify that problem P is

equivalent to the following system of integral equations:
uy — Tyuy = Cy; ()

Uy — Toug — Tyuy = P'(2), (10)

where T}, Ty, Ty are linear bounded operators in the Banach space S.(D) (cf. (4)),
which have the form

" __l ew@)m_ ze’i‘P(OUQ(C) .
fiea = w//D{ W2 -0 }d”:d”’ )

1 A(Quy + A(C)geizgﬁz A(Q)uy + A(C)gezzuz
Tyu, = ~ // — 4 22x+8 i L dé dn;
™ JJp I¢1(¢ = 2) ¢1(1 = ¢2)
(12)
1 ey, () i3 ey,
Tyuy = //D {C(C—Z) + 23 ) c(&n)d&dn,  (13)

where (z) is a completely determined single-valued holomorphic function in D,
and

1 t+zdt
P _ = h(t Q(t) it c o~ x+1
(=) 2m‘/F ey 27 Tite
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X
D {ag(F — 222 LB (2P 4 22X (14)
k=0

Here Q@ =Imy; ¢, &y, oy, 0, (k=0,1,2,...,x) are arbitrary real constants.

_ r2x+3 a2 + b2
Hap = rszl;lg)D%T// <|C—Z| 11 —CZ|> Mdfdn, (15)

2x+3
K,, = ?EEDW// <|CZ| T ) (v (&, m)| d€ dn. (16)

Then, if the inequality

Let

Kop+ Ky 1Koy <1, (17)

is satisfied, the system (9)—(10) is always uniquely solvable. The system (9)—
(10) corresponding to the homogeneous problem PY (A = 0) then has exactly
2x + 4 linearly independent (over the field of real numbers) solutions. Since
every solution of problem (7) is also a solution of the problem

Au+ r%u =0, ' (s)u, +y'(s)u =0, (18)

it is not difficult to see that, when inequality (17) is fulfilled, the number
does not exceed two. Then, taking into account relation (8), we arrive at the
following result:

Theorem 2. If y > —1, then, when inequality (17) is fulfilled, problem A
is always solvable, and the corresponding homogeneous problem A° (h = 0)
has exactly 2x + 4 — ¢ linearly independent solutions, where ¢ is a nonnegative
integer not exceeding two.

3. Let x < —1. In this case, following (1) (p. 298), put

2™, = vy, 2M g = vy, m=—(x+1)>0. (19)

Then the functions v;, v, will satisfy the problem

bS] ip(¢) m
2S5 o =
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A A m+14ip(C) ip(C) m
Oy | AG), | TGS, dag)e© v

o] mrieeo 2t T (21)

z

Ret™™v, =0, Rewv, = eh.

Since m > 0, one can, as above, construct the corresponding equivalent system
of integral equations with respect to the functions v; and v,.

Returning then by formulas (19) to the functions u,,u, (after transformations
analogous to (1), (p. 298)) and taking into account that u,,u, € S.(D), we
obtain the system of integral equations

Uy — f1u2 = Py, 1(2); (22)
- -1 [ h(t)e?V dt
Uy — Thug — Tou, = s /F m7 (23)
where
a 1 ieiwo“z@) 2%-2 6_2%_3i€_i¢(<)“2<o
T1U2 - ; //D {C(CZ’) z C(l — EZ) dfdn7 (24)
Cew(C) _ 561’90(4)
T, = l // A A0 Ee“ﬂ(é) . + 672%73 Auz AW? d¢ dn;
227 My <IC—2) I —C2) "
(25)
-~ 1 ie'?Qu, (¢) _ P 3eu, Q) .
m_ 2m—2
Py 1(2) = Qo+ (B + i, )2 + Y 2l (27)
k=1 k=m

mo= 1 [ et agan

In order that the solution of the system (22)—(23) be a solution of problem (20)
—(21), it is necessary and sufficient that [ relations be satisfied. The number of
these relations is determined by the inequality
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210 —4 <1< —4(n+1). (28)

Thus we obtain the following result:

Theorem 3. Let » < —1. Then, if the inequality

e 1 —2%—3 \/W‘Fl j\
A= sup ~ //{|C—z|+|<| } ¢ 2 e <1 (20)
D

x,yeD % |1 - §Z| (52 + 772)1+€

where

- ,,,s 1 ,r.72%72|<|72%73
A= sup //{ + = }d dn,
N/ e R T R

then for the solvability of problem A it is necessary and sufficient that a finite
number of conditions be fulfilled.
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