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Let «; be the coefficient of ergodicity of the i-th probability transition function
of a certain Markov chain, nonhomogeneous in general (see (12)), and denote

"= min o; (nel; I=(12,..).

1<i<n
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If [ is some natural number (I > 1), let
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where p = [logi/logl].

Theorem 1. In order that a sequence of random variables &; (i € I), connected
into a nonhomogeneous Markov chain for which o™ > 0 (n € I), na™ — oo
(n — o0), and depending on 7 > 1 moments of time, obey the law of large
numbers, it is sufficient that

Jim s ZDi =0.

Theorem 2. If a sequence of random Varlableb & (el ), connected into a
nonhomogeneous Markov chain with o™ > 0 (n € I), n — 00 (n — 00),

satisfies the condition
o0
D
g in < 00,
w

n=1 n

then it obeys the strong law of large numbers.

If
Om+1 < ka'm (k < 17 m 2> p)7
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this condition takes the form

— D¢,
Z < Q.
n2qa(m)
n=1
These results are obtained with the aid of several lemmas.

Lemma 1. If the random variables &; (i € I) are connected into a nonhomo-
geneous Markov chain with o™ > 0 (n € I) and depend on 7 > 1 moments of

time, then
n C n
D (Z) & < o >_Dé
k=1

k=1

Lemma 2. If the random variables &; (i € I) are connected into a nonhomo-
geneous Markov chain with o™ > 0 (n € I), then for any ¢ > 0 the following
holds:

inequality

S

> (& —ME)

k=1

1 n
e { e} < g 0%

where €, is a certain positive number depending on € and on the chain.

Lemma 3. Let the random variables & (i € I) be associated with an inho-
mogeneous Markov chain with o™ > 0 (n € I); if ¢; > 0, ¢; > ¢;.4 (i € I),
1 <n<m,e >0, then the inequality

k

> (6, — M)

s=1

> s} < o {cn;mw > ckng},

P< max ¢,
n<k<m
k=n+1

where ¢, is a certain positive number depending on € and on the chain.

For o™ = O(n™?) (0 < B < 1), Theorem 1 yields Theorem 1 of ®); from
Theorem 2, if one takes k = [>~2% < 1, one obtains Theorem 1 of ¥; from
Lemma 2—Lemma 1 of ¥, and from Lemma 3—Theorem 1 of ).

We note that for o™ =1 (n € I), i.e. for independent random variables, Theo-
rem 1 implies the result of A. A. Markov, while Theorem 2 and Lemma 2 give
the results of A. N. Kolmogorov (°=?) and Lemma 3 gives the result of Héjek—
Rényi (10),

In view of the fact that, for arbitrarily dependent random variables, the inequal-
ity
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D <Z§k> < HZD@
=1 k=1

holds, the results contained in Theorems 1 and 2 are of interest only when
na™ — oo (n — 0), because otherwise, applying this inequality instead of
the inequality of Lemma 1, we obtain better results. Under these conditions,
if one assumes that na(™ is a monotone sequence, we obtain that o, is a
nonincreasing sequence, so that the requirement imposed on it in Theorem 2
is not a very strong restriction. We note that this requirement is satisfied for
a™ = (logn)~? (B > 0); '™ = (log,, n)= (p>1) (log, n =log(log, ,n), 0 <
B<1); a™ =nPlogn) (B4+v<2, 8>0,v>0);a™=n(0<p<1).
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