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V. L. Levin
ON A CLASS OF LOCALLY CONVEX SPACES
(Presented by Academician P. S. Aleksandrov, 16 II 1962)

In the present note a new class of locally convex spaces is introduced, includ-
ing most of the functional spaces used in analysis. To these spaces (we shall
call them 𝛼-spaces) the Banach theorems on the open mapping and on the
closed graph are generalized. The note also studies the connection of 𝛼-spaces
with complete spaces and gives necessary and sufficient conditions for the com-
pleteness and hypercompleteness of a separable Montel space and of the space
conjugate to an 𝐿𝐹 -space.

Definition 1. We shall call a locally convex space an 𝛼-space if, in its weak
dual, every sequentially closed subspace is closed.*

It follows from this definition that if 𝑋 is an 𝛼-space, then it is an 𝛼-space in
all topologies giving the same dual.

Theorem 1. If in a locally convex space 𝑋 every sequentially closed subspace
is closed, then its dual 𝑋′ is an 𝛼-space in all topologies 𝑡,

𝜎(𝑋′, 𝑋) ≤ 𝑡 ≤ 𝜏(𝑋′, 𝑋),

*where 𝜎(𝑋′, 𝑋) is the weak topology and 𝜏(𝑋′, 𝑋) is the Mackey topology.**
*

Corollary 1. The dual 𝑋′ of a metrizable locally convex space 𝑋 is an 𝛼-space
in the topology 𝑡,

𝜎(𝑋′, 𝑋) ≤ 𝑡 ≤ 𝜏(𝑋′, 𝑋).
In particular, a semireflexive 𝐷𝐹 -space (see (2)) is an 𝛼-space.

Corollary 2. A space of type 𝑀∗ (3,4 ) is an 𝛼-space.

Other examples of 𝛼-spaces will be given below.

Theorem 2. Closed subspaces and quotient spaces by closed subspaces of 𝛼-
spaces are 𝛼-spaces.

Definition 2. We shall call a locally convex space an 𝛼′-space if, in its Mackey
topology, its weak dual is sequentially complete.***

Theorem 3. A linear mapping with closed graph from an 𝛼-space onto an
𝛼′-space is open. In particular, a continuous linear mapping from an 𝛼-space
onto an 𝛼′-space is open.
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Theorem 4. A linear mapping with closed graph from an 𝛼′-space into an
𝛼-space is continuous.

Theorem 5. The following assertions about an 𝛼′-space 𝑋 are equivalent:

1) 𝑋 is an 𝛼-space;
2) every continuous linear mapping of the space 𝑋 onto an 𝛼′-space is open;

3) every linear mapping with closed graph of the space 𝑋 onto an 𝛼′-space
is open;

* A set is called sequentially closed if it contains the limits of its convergent
sequences.
** Concerning the topologies 𝜎(𝑋′, 𝑋) and 𝜏(𝑋′, 𝑋), see (1).
*** Such, in particular, are all barrelled spaces.

4) every linear mapping with closed graph from an 𝛼′-space into the quotient
space of the space 𝑋 by a closed subspace is continuous;

5) every linear mapping with closed graph from an 𝛼′-space onto the quotient
space of the space 𝑋 by a closed subspace is continuous.

Theorem 6. If 𝑋 is a barrelled 𝛼-space, then (𝑋, 𝑡) is complete* for

𝑡𝑁 ≤ 𝑡 ≤ 𝜏(𝑋, 𝑋′),

where 𝑡𝑁 is the topology generated by the polars of 𝜎(𝑋′, 𝑋)-convergent se-
quences of the space 𝑋′**.

Theorem 7. A separable complete space is an 𝛼-space.
From Theorems 6 and 7 it follows:

Corollary. For a separable barrelled space, completeness coincides with mem-
bership in the class of 𝛼-spaces. In particular, a separable 𝐹 -space is an 𝛼-space.
There exist Banach spaces which are not 𝛼-spaces. Thus, if 𝑋 is a nonreflexive
Banach space, sequentially complete in the weak topology 𝜎(𝑋, 𝑋′)***, then its
strong dual is not an 𝛼-space. Such are, for example, the spaces 𝑚 of bounded
numerical sequences and 𝑀 of bounded measurable functions on the interval
(0, 1).
Theorem 8. In order that a Montel space (see (1)) be an 𝛼-space, it is necessary
and sufficient that in its strong dual every sequentially closed subspace be closed.

Theorem 9. In order that a separable Montel space be complete (hypercom-
plete****), it is necessary and sufficient that in its strong dual every sequentially
closed subspace (closed convex circled set) be closed.

By virtue of this theorem, in order to establish the completeness of the spaces
𝐷 or 𝐷′ of L. Schwartz (10)*****, it is enough to show that in their strong duals
(respectively 𝐷′ and 𝐷) every sequentially closed subspace is closed.
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Theorem 10. Let 𝑋 be an 𝐿𝐹 -space (12), (𝑋′, 𝑡) the dual space in a topology
𝑡,

𝑡𝑁 ≤ 𝑡 ≤ 𝜏(𝑋′, 𝑋),
where 𝑡𝑁 is the topology generated by the polars of convergent sequences of the
space 𝑋. Then, for the completeness (hypercompleteness) of the space (𝑋′, 𝑡) it
is necessary and sufficient that in 𝑋 every sequentially closed subspace (closed
convex circled set) be closed******.

Remark. For a reflexive 𝐿𝐹 -space and 𝑡 = 𝜏(𝑋′, 𝑋) this theorem was proved
in (13).
Remark added in proof.

Definition 1′. We shall call a locally convex space a 𝛾-space if in its weak
dual every subspace containing the limit points of its bounded subsets is closed.
Complete spaces and 𝛼-spaces are 𝛾-spaces. Closed subspaces and quotient
spaces by them of 𝛾-spaces are 𝛾-spaces.
Definition 2′. We shall call a locally convex space in the Mackey topology a
𝛾′-space if its weak dual is quasicomplete. Barrelled spaces are 𝛾′-spaces.

* On complete spaces see (5−7).
** From a result of D. A. Raikov (9) it follows that (𝑋, 𝑡) remains complete also
for many weaker topologies 𝑡.
*** Examples of such spaces are the spaces 𝑙 and 𝐿(0, 1) (see Chapter IX, § 4
in (9)).
**** On hypercomplete spaces see (7).
***** The spaces 𝐾 and 𝐾′ in the notation adopted in (11).
****** From a result of D. A. Raikov (9) there follows the validity of this theorem
also for many weaker topologies 𝑡.
Theorems 3, 4, and 5 remain valid if, in their formulations, 𝛼-spaces are replaced
by 𝛾-spaces, and 𝛼′-spaces by 𝛾′-spaces.

Theorem 6′. A barrelled 𝛾-space is complete.

Received
16 II 1962

References
1 N. Bourbaki, Topological Vector Spaces, IL, 1959.
2 A. Grothendieck, Summa Brasiliensis Math., 3 (1954); Russian transl., Matem-
atika, 2, 3, 1958.
3 J. Sebastião e Silva, Rendic. di matem. e delle sue applicazioni, 14, 388 (1955);
Russian transl., Matematika, 1, 1 (1957).
4 D. A. Raikov, DAN, 113, No. 5 (1957).

sovietrxiv.org/items/ru-196201.87226 Machine Translation

https://sovietrxiv.org/items/ru-196201.87226


5 V. Pták, Bull. Soc. Math. de France, 86, 41 (1958); Russian transl., Matem-
atika, 4, 6, 1960.
6 H. S. Collins, Trans. Am. Math. Soc., 79, 256 (1955).
7 J. L. Kelley, Michigan Math. J., 5, No. 2 (1958); Russian transl., Matematika,
4, 6, 1960.
8 D. A. Raikov, Proceedings of the IV All-Union Mathematical Congress, 3—12
July 1961, L., 1962.
9 S. Banach, Course in Functional Analysis, Kyiv, 1948.
10 L. Schwartz, Théorie des distributions, 1, 2, Paris, 1950.
11 I. M. Gelfand, G. E. Shilov, Generalized Functions and Operations on Them,
Moscow, 1958.
12 J. Dieudonné, L. Schwartz, Ann. Inst. Fourier Grenoble, 1, 61 (1950); Rus-
sian transl., Matematika, 2, 2, 1958.
13 V. L. Levin, DAN, 135, No. 1 (1960).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.87226 Machine Translation

https://sovietrxiv.org/items/ru-196201.87226

	Abstract
	Full Text
	V. L. Levin
	ON A CLASS OF LOCALLY CONVEX SPACES
	References


