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Abstract
Full Text

MATHEMATICS
A. A. KISELEV and I. Sh. SLAVUTSKII

ON SOME CONGRUENCES FOR THE NUM-
BER OF REPRESENTATIONS BY SUMS OF
AN ODD NUMBER OF SQUARES
(Presented by Academician V. I. Smirnov on 10 XI 1961)

1. In this work a series of congruences is established for the number of rep-
resentations of a natural number by sums of an odd number of integer
squares. The simplest special cases of these results were obtained in (1).

The investigations of Hardy (2,3), Suetuna (4), and Bateman (5) allow one to
conclude that the principal term 𝜌𝑠(𝑛) containing the singular series in the
formula for the number of representations 𝑟𝑠(𝑛) of a natural number 𝑛 by sums
of an odd number 𝑠 of integer squares (𝑠 = 2𝜎 + 1, 𝜎 ⩾ 1) is equal to

𝜌𝑠(𝑛) = (−1)[𝜎/2]+1 22𝜎𝑛𝜎−1𝑓
(22𝜎 − 1)|𝐵2𝜎|

2𝜎 − (𝐷
2 )

2𝛼 𝜒2(𝑛)𝑇𝜎(𝑛)
|𝐷|
∑
𝑟=1

(𝐷
𝑟 ) 𝐵𝜎 ( 𝑟

|𝐷|) .

(1)

Here, in order to carry out the summation in finite form, one has to use the
Cauchy—Dirichlet methods, the expansions of Bernoulli polynomials in Fourier
series, and the values of Gauss sums. Here 𝑛 = 𝑓2𝑡 = 2𝛾𝑢, 𝑡 is squarefree, 𝛾 ⩾ 0,
(2, 𝑢) = 1; (𝐷

𝑟 ) is the Kronecker symbol, with (𝐷
𝑟 ) = 0 when (𝐷, 𝑟) = 𝛿 > 1;

𝐷 = {𝜂𝑡, 𝜂(𝑡) ≡ 1 (mod 4),
4𝜂𝑡, 𝜂(𝑡) ≡ 2, 3 (mod 4), 𝜂 = (−1)𝜎; 𝛼 = {1, 2/𝐷,

0, 2 ∤ 𝐷;

𝐵𝑘 and 𝐵𝑘(𝑥) are the Bernoulli numbers and polynomials, defined respectively
by the symbolic equality (𝐵 + 1)𝑘 = 𝐵𝑘 and by the relation

𝐵𝑘(𝑥) =
𝑘

∑
𝑟=0

𝐶𝑟
𝑘𝐵𝑟𝑥𝑘−𝑟;

respectively;
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𝑇𝜎(𝑛) = ∏
𝑝/𝑓

(1 − (𝜂𝑡
𝑝 ) 𝑝−𝜎) ∏

𝑝/𝑛
(1 − 𝑝1−2𝜎)−1 ∏

𝑝/𝑛
2∤𝑎

(1 − 𝑝(1−2𝜎) 𝑎+1
2 ) ×

× ∏
𝑝/𝑛
2/𝑎

(1 + (𝜂𝑣/𝑝) − 𝑝1−𝜎

1 − (𝜂𝑣/𝑝)𝑝−𝜎 𝑝(1−2𝜎) 𝑎
2 −𝜎) ;

𝑝 is an odd prime; 𝑣 = 𝑛𝑝−𝑎, where 𝑝𝑎 ∣ 𝑛, but 𝑝𝑎+1 ∤ 𝑛;

1 ∓ 1
2𝜎 − 21−𝜎 ± 2 − 21−2𝜎

2 − 21−𝜎 2(1−2𝜎) 𝛾−1
2 , 𝛾 ⩾ 1, (2, 𝛾) = 1;

1 ∓ 1
2𝜎 − 21−𝜎 ± 2 − 21−2𝜎

2 − 21−𝜎 2(1−2𝜎) 𝛾
2 , 𝜂𝑢 ≡ 3 (mod 4), 2/𝛾;

1 ∓ 1
2𝜎 − 21−𝜎 ± 1 + 2−𝜎 − 21−2𝜎

1 − 21−2𝜎 2(1−2𝜎) 𝛾+2
2 , 𝜂𝑢 ≡ 5 (mod 8), 2/𝛾;

1 ∓ 1
2𝜎 − 21−𝜎 ∓ 1 − 2 − 21−2𝜎

1 − 21−2𝜎 2(1−2𝜎) 𝛾+2
2 , 𝜂𝑢 ≡ 1 (mod 8), 2/𝛾,

where the upper signs are taken for 𝜎 ≡ 1, 2, and the lower signs for 𝜎 ≡ 3, 0
(mod 4).
As for 𝑟𝑠(𝑛), for 𝑠 = 3, 5, 7, as is known, 𝑟𝑠(𝑛) = 𝜌𝑠(𝑛) (Gauss’s formula and
the Smith–Minkowski formulas), while for 3 ⩽ 𝑠 ⩽ 23

𝑟𝑠(𝑛) = 𝜌𝑠(𝑛) + 𝛼𝑠(𝑛),

where the remainder term 𝛼𝑠(𝑛) is a certain arithmetical sum (6,7 ).
Finally, when 𝑛 is free of squares (𝑓 = 1) and, consequently, all representations
are proper, the structure (1) is simplified; in particular,

𝑇𝜎(𝑛) = 1.
2. For the Bernoulli numbers 𝐵𝑘

𝜒 introduced by Berger and Leopoldt, belong-
ing to a character 𝜒 with conductor 𝐹 > 1*, from Voronoi’s generalized
congruence (8,9 ) one may obtain a congruence of Kummer type
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𝐵𝑎
𝜒

𝑎 ≡ 𝐵𝑏
𝜒

𝑏 (mod 𝑝𝑙),

where

𝐹
∑
𝑟=1

𝜒(𝑟) 𝑡𝑒𝑟𝑡/(𝑒𝐹𝑡 − 1) =
∞

∑
𝑘=0

𝐵𝑘
𝜒𝑡𝑘/𝑘!;

𝑎, 𝑏, 𝑙 are natural numbers,

𝑎 ≡ 𝑏 (mod (𝑝 − 1)𝑝𝑙−1), 𝑙 > min⟨𝑎, 𝑏⟩, (𝑝, 𝐹 ) = 1.

Then the quantities 𝜌2𝑎+1(𝑛) and 𝜌2𝑏+1(𝑛) turn out to be connected, since

𝐵𝑘
𝜒 = 𝐹 𝑘−1

𝐹
∑
𝑟=1

𝜒(𝑟)𝐵𝑘 ( 𝑟
𝐹 ) ,

if one takes 𝜒(𝑟) = ( 𝐹
𝑟 ). Let, for definiteness, 𝜂𝑢 ≡ 3 (mod 4); then, for

example:

1
𝑇3(𝑛)𝜌7(𝑛) ≡ 1

3𝑇5(𝑛)𝜌11(𝑛) (mod 3), (3, 𝑛) = 1;

1
5𝑇2(𝑛)𝜌5(𝑛) ≡ 1

5𝑇6(𝑛)𝜌13(𝑛) (mod 5), (5, 𝑛) = 1;

1
7𝑇3(𝑛)𝜌7(𝑛) ≡ 5

𝑇9(𝑛)𝜌19(𝑛) (mod 7), (7, 𝑛) = 1;

1
𝑇2(𝑛)𝜌5(𝑛) ≡ − 1

3𝑇8(𝑛)𝜌17(𝑛) (mod 9), (3, 𝑛) = 1.

In the case when 3 ⩽ 𝑠 ⩽ 23, from similar congruences one can also derive
congruences for the quantities 𝑟𝑠(𝑛); in this way 20 independent congruences
modulo 3, 5, 7, 9 are obtained.

3. If one takes into account that for the number of classes 𝐻(𝑑𝑓2) of binary
quadratic forms (positive for 𝑑 < 0) of the form 𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑐𝑦2, where
(𝑎, 𝑏, 𝑐) = 1, the following congruences hold (see (8−11)):
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𝐻(𝑑𝑓2)
𝑈(𝑓),𝑙
𝑝𝑙−1 ≡ −𝜒𝑇(𝑓),𝑙 ∏

𝑞/𝑓
(1 − (𝑑

𝑞 ) 1
𝑞 ) 𝐵𝑚

𝜒
𝑚 (mod 𝑝𝑙)

for 𝑑 = 𝑛𝑝 > 0, 𝑛 ⩾ 1, 𝜒 mod 𝑛;

𝐻(𝑑𝑓2)
𝑈 (𝑓),𝑙

𝑝𝑙 ≡ −𝜒𝑇 (𝑓),𝑙 ∏
𝑞/𝑓

(1 − (𝑑
𝑞 ) 1

𝑞 ) 𝐵2𝑚
𝜒

2𝑚 (mod 𝑝𝑙)

for 𝑑 > 0, 𝑝 ∤ 𝑑𝑓, 𝜒 mod 𝑑;

𝐻(𝑑𝑓2)
𝑈(𝑓),𝑙
𝑝𝑙−1 ≡ −𝜒𝑇(𝑓),𝑙 ∏

𝑞/𝑓
(1 − (𝑑

𝑞 ) 1
𝑞 ) 𝐵2𝑚

𝜒
2𝑚 (mod 𝑝𝑙)

for 𝑑 > 0, 𝑝 ∤ 𝑑, (𝑝, 𝑓0) = 1, 𝑓 = 𝑝𝑐𝑓0, 𝑐 ⩾ 1, 𝜒 mod 𝑑;

𝐻(𝑑𝑓2) ≡ −𝑓 ∏
𝑞/𝑓

(1 − (𝑑
𝑞 ) 1

𝑞 ) 𝐵𝑚+1
𝜒

𝑚 + 1 (mod 𝑝𝑙)

for 𝑑 = −𝑛𝑝 < −4, 𝑛 ⩾ 1, 𝜒 mod 𝑛;

(1 − (𝑑
𝑝 )) 𝐻(𝑑𝑓2) ≡ 𝑓 ∏

𝑞/𝑓
(1 − (𝑑

𝑞 ) 1
𝑞 ) 𝐵2𝑚+1

𝜒
2𝑚 + 1 (mod 𝑝𝑙)

for 𝑑 < −4, 𝑝 ∤ 𝑑, 𝜒 mod |𝑑| ∗ ∗.

* For more details on this, see the note to (12).
** The last of the congruences in (8) is given only for 𝑙 = 1, but in the general
case it can also be obtained from Voronoi’s generalized congruence (8,9 ).

where 𝑚 = 𝑝 − 1
2 𝑝 𝑙−1; 𝜒(𝑟) coincides with the corresponding Kronecker symbol;

𝜘 = 1 for 𝑁(𝐸1) = −1, 𝜘 = 2 for 𝑁(𝐸2) = 1; 𝑁(𝐸1) is the norm of 𝑇1 +
𝑈1

√
𝑑 in the quadratic field 𝑅(

√
𝑑); 𝑇1, 𝑈1 are the least positive solution of the

equation 𝑇 2 −𝑈2𝑑 = ±1 in integers or half-integers; under the same restrictions
𝑇(𝑓),𝑙, 𝑈(𝑓),𝑙 is a solution of 𝑇 2 − 𝑈2𝑑𝑓2 = ±1;

𝐸(𝑓),𝑙 = 𝑇(𝑓),𝑙 + 𝑈(𝑓),𝑙𝑓
√

𝑑 = 𝐸𝑝 𝑙−1

(𝑓),1
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and

̄𝐸(𝑓),𝑙 = ̄𝑇(𝑓),𝑙 + ̄𝑈(𝑓),𝑙𝑓
√

𝑑 = 𝐸(𝑝−( 𝑑
𝑝 ))𝑝 𝑙−1

(𝑓),𝑙 ; 𝐵𝑘
𝜒

𝑘

is 𝑝-integral for (𝑝, 𝐹 ) = 1 and 𝐹 > 1.* Then it is easy to obtain congru-
ences that relate the number of classes 𝐻(𝑑𝑓2) of binary quadratic forms of
determinant 𝑑𝑓2 and the principal term 𝜌𝑠(𝑛) of the number of representations
𝑟𝑠(𝑛), where 𝑑𝑓2 is some divisor of the number 𝑛, and 𝑠 is taken in the form
𝑚, 𝑚 + 1, 2𝑚, 2𝑚 + 1. They have the simplest form when 𝑛 is free of squares,
for example,

𝐻(19𝑛) 𝑈1 ≡ 16𝑇1𝜌19(𝑛) (mod 19) for (19, 𝑛) = 1, 𝑛 ≡ 7 (mod 8);

𝐻(−3𝑛) ≡ 7𝜌21(𝑛) (mod 27) for (3, 𝑛) = 1, 𝑛 ≡ 5 (mod 8).

If, however, 𝑠 ≤ 23, then relations between 𝐻(𝑑𝑓2) and 𝑟𝑠(𝑛) can be established;
in this case one obtains 36 congruences modulo primes (and also some of their
powers) for 𝑝 ≤ 23. We indicate some of them, still assuming that 𝑛 is free of
squares:

𝐻(12𝑛) 𝑈1 ≡ 2𝑇1
𝑟3(𝑛)

3 (mod 3) for 𝑛 ≡ 1 (mod 4), (3, 𝑛) = 1;

𝐻(20𝑛) 𝑈1 ≡ 𝜘𝑇1
𝑟5(𝑛)

5 (mod 5) for 𝑛 ≡ 2, 3 (mod 4), (5, 𝑛) = 1;

𝐻(12𝑛) 𝑈2
2

3 ≡ 2𝑇 [[𝑢𝑛𝑐𝑙𝑒𝑎𝑟∶𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡]]
2

𝑟7(𝑛)
7 (mod 9) for 𝑛 ≡ 1 (mod 4), (3, 𝑛) = 1.

In conclusion we note that the relations obtained are certain analogues of Gauss’
s classical results on the representation of numbers by three squares; moreover,
the latter are contained in (1), if one takes 𝑠 = 3.
Received10 X 1961
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