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AN ESTIMATE OF A SUM WITH PRIME
NUMBERS

(Presented by Academician I. M. Vinogradov, 19 XII 1961)
In paper (1), p. 305, I. M. Vinogradov pointed out the possibility of estimating

the sum
S=> " x(fp)),

p<N

where x is a nonprincipal character modulo the prime ¢, and f(z) is an integral
polynomial. In the present note, by I. M. Vinogradov’ s method, an estimate is
derived for a sum of the more general form

> X(Ry(p)) exp (%Rz(p)) ;

p<N

where R, R, are rational functions modulo ¢q. The paper uses A. Weil' s esti-
mates (2) in a strengthened form.

Let f1, 91, f4, g2 be polynomials with integral rational coefficients, with (f;, g;) =
1, and let the leading coefficients of the polynomials f;, g; be equal to 1; let ¢ be
a prime > g, where ¢ is a sufficiently large positive integer depending on f;, g;;
let x be a nonprincipal character modulo ¢; x(z/y) = x(zy’), where yy’ = 1
(mod q), if ¢ ¥ y; x(z/y) =0, if ¢ | y; R;(x) are “rational functions modulo
gq,” defined for every integer a, ¢} g;(a), from the condition R;(a)g;(a) = f;(a)
(mod g); over the prime field II, they define the ratios

9i(x)
for g;(z) # 0, = € IT,. We shall also put R;(a) =0, if ¢ | g;(a). Let

q

pla) = X(Ry@)exp (T Ryfa) )

z is the value complex conjugate to z; € is an arbitrary small positive number;
the symbols A = O(B) or A < B mean that |A| < ¢|B|, where ¢ is a constant
depending on f;, g;,¢€.
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Theorem. Let f;,g;, fs,9, be polynomials with integral rational coeflicients
such that, if
£

92

=ax+ b,

then )
ﬂ #+x, —, const,
91 T

and the polynomial f;¢; has no multiple roots; let ¢ be a prime number, x
a nonprincipal character modulo ¢; let p run through the consecutive prime
numbers; and let N be a positive integer.

Then, for any independent € > 0, % > gy > 0, we have:

5= ¢ =) x(Ri(p)exp (%Rz(p))

p<N p<N

€ A€ 1 q —€
:O<N1+q\/\/§+1\/.1\//2160+]v 0). (1)

The proof of the theorem is based on six lemmas.

Lemma A. Let R,(x), Ry(x) be rational functions modulo ¢, and let x be
a nonprincipal character modulo ¢, with at least one of the conditions being
satisfied: 1) x(R(x)) # const; 2) Ry(x) # const. Then

=

£S)

pla) < /g

)
Il
=}

The proof is obtained by combining the ideas of Hasse’ s work (3) with A. Weil’
s theorem on the zeros of the zeta-function of algebraic curves.

In all that follows it is assumed that the polynomials f;, g; satisfy the conditions
of the theorem.

Lemma 1. Let N, Y, X be integers, Y < 0, 0 < X < ¢; a,b integers, (a,q) = 1;
dy,d, integers independently running through the interval (N, N +Y'). Then:

-
1) o(az) exp (%be) < 4/,
=0
N+X
1) Z plax) < \/qlng
=N

uniformly with respect to a,b, N, X;
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- i
2) o(ad;x)p(adsx) exp (%bx) < 4/,
=0
N+X
2) Y pladz)pladyr) < \/gIng
=N

uniformly with respect to a, b, d;,dy, N, X for all pairs d;, dy, with the possible
exception of

Y2
LY 4+ —
q

pairs.

Proof. Estimate 1) follows from Lemma A. 1”) follows from 1) and a well-known
lemma of I. M. Vinogradov.

If (dydy, q) = 1, then the conditions of Lemma A for the sum 2) can fail to hold
only for those pairs d;,dy for which the following congruences of polynomials
modulo ¢ hold simultaneously:

fi(ad z)gy (adyz) = cfi(adyr)gy (adyz)  (mod g),

folad z)gy(adyx) — fr(adyw)ge(ad ) = (cq + by7)go(ad )gs(adyr)  (mod g),

where ¢, ¢;,b; are integers. It is easy to show that on the interval (N, N +7Y)
the number of such pairs is

Y2
<Y+ —.
q

Therefore 2), 2') are obtained in the same way as 1), 17).

Lemma 2. Let M, N, X, Y be integers, X >0, Y >0, (a,q) = 1;

M+X N+

S, = E@)n(y)plary),  0<E(x) <o, 0<n(y) <B.
=M y=N

=z
~

<

Then
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1
S, K af¢r XY, | — +
q

[
|

uniformly with respect to a.

Proof.
N+Y N+Y M+Y

1S, |? < a?B%X Z Z Z (ad;x)p(adyx);

dy=N dy=N z=
with the exception of

Y2
LY 4+ —
q

pairs dq, dsy, by 2), 2") of Lemma 1 the inner sum will be

X
< ;\/&4’ Vqlng.

Consequently,

2 22X2y2£1 i
|S,.]* < a? q<f+X+ )

Lemma 3. Let cu < v’ <2u, 1 <c<2, (a,q) =1;

Su =YY &la)mly)plazy),

where the summation extends over the domain

xy < N, u<az<u'; 0<E&(z) < N2, 0 <n(y) < Ne2.

Then

Sa < N1+52q£3 iq +

+

=[S

U
N
uniformly with respect to a.

Lemma 3 is proved by the “exhaustion” method on the basis of Lemma 2, in
the same way as Lemma 4 in the work of I. M. Vinogradov (}), p. 219.
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Lemma 4. Let z,y,m run through values belonging to three increasing se-
quences; 1 < u; < uyg < N,

S=Y "33 elaym),

where the summation extends over the domain

Uy < T K Uy, zym < N, (x,y)zl.

S « N1+€4q54 i + ﬁ 4 E
Va u N

Proof. We find S = ) u(d)S,, where d runs through the positive integers
simultaneously dividing the numbers in at least one of the possible pairs x, y;

Sa= D> > elday'm),
z y m

Then

where z”,y’ run through the quotients obtained by dividing by d the values x,y
divisible by d, and the summation extends over the domain:

ul < ’ < . <u2 N) /7 < N
— <z’ <min|—,— |, z’'y'm < —.
d d’ a2 y PE

This domain can be subdivided into <« In N domains of the form

; (2)

where u; < u < v’ < min (2u,uy, ¥), ¥ = y’m. Since the number n(y”) of

pairs y’, m with the condition y'm = y”, for y” < N, will be < N°¢2, putting
£(2') = 1if 27 is an admissible value, and £(z”) = 0 otherwise, we may write
the part S of the sum S; corresponding to one of the distinguished domains in
the form

Sy =" my )eld*a'y"),

where the summation extends over the domain (2).

If (d,q) = 1, then, applying Lemma 3, we obtain
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N 1 d wd? _N'egs |1
Sd<<(—2> o | L VAL ed LV e
d Va U Nd d vVa u N

If (d, q) = g, then, estimating S, trivially, we have

Sy <Ny > 1<<$.

4 N
x y//gdi2

Since all values of d simultaneously dividing the numbers in one of the possible
pairs z,y do not exceed v N, we have

S < Z 54| = Z |54l + Z |Sxgl <

d<vV'N (dAI\)/jl ,\g@
d<vN
1 N1+63 1
« Niege [ L g VI D S < Nlteages L Ve
N N T a A N N

Lemma 5. Let 0 < gy < %7 0 < h < gp; let N be a sufficiently large positive
integer; and let P be the product of certain primes not exceeding N'/2~%o.

Then the divisors d of the number P not exceeding N can be distributed

Inln N/In(1+h)

among < D classes, where D = (In N) , and for all d of one and the

same class p(d) retains a constant value.

Some of these classes include only values d satisfying d < NY?*". For each
of the remaining classes there exists a positive integer H and two increasing
sequences () and (y) of positive integers satisfying N'/2 < x < N'=%0*" such
that all the numbers of the class, each H times, are obtained if from all products
we choose only those satisfying the conditions

xy < N, (z,y) =1.
Lemma 5 is an insignificant modification of a special case of Lemma 6 in the
paper of I. M. Vinogradov (1), p. 221.

Proof of the theorem. Let P be the product of all primes p distinct from ¢
and satisfying p < N/27%0; let Q be the product of all primes p distinct from ¢
and satisfying N'/27%0 < p < N.

We find (py, p, run through prime numbers):
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S=>" Y wdemd) — Y > elppy) +ONY2).  (3)

d|P md<N p1lQ P2|Q
(m,q)=1 P1P2<N (pq,pa)=1

Taking some h satisfying 0 < h < g, we divide all values d into < N5 classes,
as indicated in Lemma 5. First estimate the first double sum on the right-hand
side of equality (3). The part S’ of this sum corresponding to one of the classes
for which d < N'/2%" ig equal to

8= > nldp(md) =3 > uld)p(md) = S] - 5.
e ‘ (mflqg)]:vq

By 1), 1’) of Lemma 1 we have:

St Yo Y emd)| < Y <d—]\;\/§+\/§lnq) <

d<N1/2th [m<N/d d< N1/2+h
atd  l(m,q)=1
e 1/2+h 14e5+h 1 q
< taeN q < Nttesthges ( + ) :
Va Vi vi YN
l+eg
Sy Y i<
d<N m<N/(dg) 9
Consequently,

1 q
S’ < N1+65+hq65 ( + > .
vi VN

The part S” of the sum under consideration corresponding to one of the remain-
ing classes, according to Lemmas 5 and 4 (u; = N2 u, = N1 =%oth) will
be

1 q N1l—¢eot+h
N1+54 E4 = 1 -
< q \/\/aJr,/NJr v <

1 q
< N”Eﬁhq%\/ + 4/~ + N0,
Va N
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Finally, the second double sum on the right-hand side of equality (3), according
to Lemma 4 (uy = N'?7%0, uy = N0 (2) = (py), (y) = (pa), (m) = (1)),
will be

1

Considering that

1 q
— 4/ <1,
NG N

and that &4, €5, g5, h are sufficiently small, we obtain (1).
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11 XII 1961
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