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Abstract
Full Text

MATHEMATICS
B. S. PAVLOV

ON THE SPECTRAL THEORY OF NON-
SELF-ADJOINT DIFFERENTIAL OPERA-
TORS
(Presented by Academician V. I. Smirnov on 12 V 1962)

1. In note (1) the author considered certain spectral properties of a non-self-
adjoint ordinary differential operator. The present note is devoted to a further
study of the spectral properties of this operator, as well as of the corresponding
operator in partial derivatives.

In the Hilbert space 𝐿2(0, ∞) consider the differential operator

𝑙𝑦 = −𝑦″ + 𝑞(𝑥)𝑦, 𝑦(0) − ℎ𝑦′(0) = 0, (1)

where the continuous function 𝑞(𝑥) and the number ℎ, generally speaking, are
complex. It is known that under the condition

∫
∞

0
|𝑞(𝑥)| 𝑥 𝑑𝑥 < ∞ (2)

the equation 𝑙𝑦 = 𝑘2𝑦 for each 𝑘 from the half-plane Im 𝑘 ⩾ 0 has a unique
solution 𝑓(𝑥, 𝑘), satisfying, as 𝑥 → ∞, the condition 𝑓(𝑥, 𝑘) exp(−𝑖𝑘𝑥) → 1,
and moreover 𝑓(𝑥, 𝑘) and 𝑓 ′

𝑥(𝑥, 𝑘) are regular in the upper half-plane Im 𝑘 > 0
and continuous up to the real axis.

The point 𝜆0 = 𝑘2
0 is called a singular point of the operator (1) (see (1)) if 𝑘0 is

a zero of the function 𝐷(𝑘) = 𝑓(0, 𝑘) − ℎ𝑓 ′
𝑥(0, 𝑘). The Weyl function (2) of the

operator (1) is expressed in terms of 𝑓 ′
𝑥(0, 𝑘) and 𝑓(0, 𝑘) by the formula

𝑚(𝜆) = [𝑓 ′
𝑥(0, 𝑘) + ℎ𝑓(0, 𝑘)]𝐷−1(𝑘) (𝜆 = 𝑘2).

The set of singular points 𝜆 ∈ [0, ∞) coincides with the set of eigenvalues. We
shall denote the set of singular points 𝜆 ∈ [0, ∞) by 𝐸.

2. We shall assign the function 𝑞(𝑥) to the class 𝑆𝑛, 𝑛 = 0, 1, 2, …, if 𝑞(𝑥) is
continuous on the interval [0, ∞) and
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∫
∞

0
|𝑞(𝑥)| 𝑥𝑛+1 𝑑𝑥 < ∞.

The function 𝑞(𝑥) ∈ 𝑆∞ if 𝑞(𝑥) ∈ 𝑆𝑛 for every 𝑛. If 𝑞(𝑥) ∈ 𝑆𝑛, then, as is
known, the function 𝐷(𝑘) has derivatives up to order 𝑛, continuous up to the
real axis, and hence one may speak of the multiplicity of a singular point in the
case when the notion of multiplicity has meaning for the corresponding zero of
the function 𝐷(𝑘).
We shall call two bounded sets on the real axis similar if some intervals con-
taining them can be transformed into one another by a one-to-one continuously
differentiable mapping in such a way that, under this mapping, one set passes
into the other.

By the methods of note (1), with the aid of a theorem of Carleson (3), the
following assertions are established.

Theorem 1. If 𝑞(𝑥) ∈ 𝑆𝑛, 0 < 𝑛 < ∞, then the set 𝐸 has linear measure zero,
is bounded, closed, and satisfies the condition

∑ 𝑙𝜈 log 𝑙𝜈 > −∞. (3)

Here 𝑙𝜈 are the lengths of the 𝜈-th intervals of contiguity to the set 𝐸, and the
summation extends over all bounded intervals of contiguity to the set 𝐸.

Theorem 2. For every bounded set 𝐸0 satisfying the conditions of Theorem
1, and for any integer 𝑛 > 0, there exists an operator of the form (1) with an
infinitely differentiable potential 𝑞(𝑥) ∈ 𝑆𝑛 such that the set 𝐸 of all its real
exceptional points coincides with the set of accumulation points of eigenvalues
and is similar to 𝐸0.

Theorem 3. Let 𝑞(𝑥) ∈ 𝑆∞. Then the set 𝐸1 of exceptional points of finite
multiplicity satisfies the condition

∫
0

log 𝑇 (𝑡) 𝑑𝜑𝐸1
(𝑡) > −∞,

where

𝑇 (𝑡) = inf
𝑠

[(𝑠 + 1)−1𝐶𝑠+1 + 𝐶𝑠]𝑡𝑠[𝑠!]−1,

and 𝜑𝐸1
(𝑡) is the Lebesgue measure of the 𝑡-neighborhood of the set 𝐸1.

Corollary. If the potential 𝑞(𝑥) is such that

∫
0

log 𝑇 (𝑡) 𝑑𝑡 = −∞, (4)
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then the number of exceptional points of the operator (1) and their total multi-
plicity are finite.

What has been said is a strengthening of Theorem 1 of note (1), since condition
(4) is weaker than the condition of quasianalyticity of the function 𝐷(𝑘). Con-
dition (4) is satisfied, for example, for functions 𝑞(𝑥) satisfying the inequality

|𝑞(𝑥)| ≤ 𝐶 exp(−𝜀√𝑥), 𝜀 > 0.

In this connection, note that the condition

|𝑞(𝑥)| ≤ 𝐶 exp(−𝑏𝑥𝛼)

does not ensure the finiteness of the number of eigenvalues for any 𝛼 < 0.5.

Analogous assertions are true in the three-dimensional case. In the Hilbert space
𝐿2(𝑅3) consider the operator

−Δ𝑢 + 𝑞𝑢, (5)

where 𝑞(𝑥) is a continuous complex-valued function. The following is valid.

Theorem 4. Let

sup
𝑥

|𝑥|𝑘|𝑞(𝑥)| < ∞

for every 𝑘 > 0, and

𝑞𝑘 = sup
𝑥

|𝑥|𝑘(1 + |𝑥|4)|𝑞(𝑥)| + sup
𝑥

|𝑥|𝑘(1 + |𝑥|4)|𝑞(𝑥)|1/2, 𝑘 = 0, 1, 2, … ,

𝑄𝑛 = sup ∏
𝑖

𝑞𝑛𝑖
[𝑛𝑖!]−1,

where the supremum is taken over all collections {𝑛𝑖}, ∑ 𝑛𝑖 = 𝑛, 𝑛𝑖 ≥ 1.

Then the set 𝐸 of accumulation points of eigenvalues of the operator (5) satisfies
the condition

∫
0

log 𝑇 (𝑡) 𝑑𝜑𝐸(𝑡) > −∞.

Here

sovietrxiv.org/items/ru-196201.85419 Machine Translation

https://sovietrxiv.org/items/ru-196201.85419


𝑇 (𝑡) = inf
𝑛

𝑡𝑛𝑄𝑛;

𝜑𝐸(𝑡) is the Lebesgue measure of the 𝑡-neighborhood of the set 𝐸.

Corollary. If

∫
0

log 𝑇 (𝑡) 𝑑𝑡 = −∞,

then the number of eigenvalues of the operator (5) is finite. In particular, this
is so if

|𝑞(𝑥)| < 𝐶 exp(−𝜀√|𝑥|), 𝜀 > 0.

Remark. If

sup
𝑥

|𝑥|𝑘|𝑞(𝑥)| < ∞

for some 𝑘 > 4, then condition (3) is fulfilled for the system of intervals of
contiguity of the set 𝐸.

3. In (1) it was shown that the series in eigenfunctions of the discrete spec-
trum of the operator (1), generally speaking, diverges. However, one can
indicate a method of summing this series, consisting in the fact that the
terms of the series are“corrected”by combinations of“eigen”and“associ-
ated”functions corresponding to points of accumulation of the eigenvalues.

Let us consider, for simplicity of notation, the operator (1) with the boundary
condition 𝑦′(0) = 0. In addition, we shall assume that the set of eigenvalues has
a single limiting point 𝜆0. For the boundary condition chosen by us, the Weyl
function is 𝑚(𝜆) = 𝑓(0, 𝑘)/𝑓 ′

𝑥(0, 𝑘), 𝑘2 = 𝜆.

Let 𝑝𝑠[(𝜆−𝜆𝑠)−1] be the principal part of the Weyl function 𝑚(𝜆) at the pole 𝜆𝑠.
In the usual way (see (4)) we construct a function 𝑚𝑑(𝜆), regular everywhere
except for the poles 𝜆𝑠 and the point 𝜆0, and having at the poles the same
principal parts as 𝑚(𝜆):

𝑚𝑑(𝜆) =
∞

∑
𝑠=1

{𝑝𝑠[(𝜆 − 𝜆𝑠)−1] + 𝑞𝑠[(𝜆 − 𝜆0)−1]} .

Under condition (2) there is an 𝑁 such that on the interval [𝑁, ∞) there will be
no singular points of the operator (1). The function 𝑚(𝜆) can be represented
as the sum of three terms
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𝑚(𝜆) = 𝑚𝑑(𝜆) + 𝑚0
𝑐(𝜆) + 𝑚𝑁

𝑐 (𝜆), (6)

where 𝑚𝑁
𝑐 (𝜆) is a function regular in the 𝜆-plane with the cut [𝑁, ∞), and

𝑚0
𝑐(𝜆) is regular outside the interval [0, 𝑁] and bounded at infinity.

Let 𝑓(𝑥) and 𝑔(𝑥) be finite functions from the domain of definition of the opera-
tor under consideration, and let 𝜑(𝑥, 𝜆) be the solution of the equation 𝑙𝑦 = 𝜆𝑦
satisfying the initial conditions 𝜑′(0, 𝜆) = 0, 𝜑(0, 𝜆) = 1. Further, let 𝛾 be any
contour enclosing the spectrum of the operator (1), and

̃𝑓(𝜆) = ∫
∞

0
𝑓(𝑥)𝜑(𝑥, 𝜆) 𝑑𝑥.

Then the “Parseval equality”holds (see (2))

(𝑓, 𝑔) = (2𝜋𝑖)−1 ∮
𝛾

̃𝑓(𝜆) ̃̄𝑔(𝜆) 𝑚(𝜆) 𝑑𝜆. (7)

Using the decomposition (6), we rewrite (7) in the form

2𝜋𝑖(𝑓, 𝑔) = ∮
𝛾𝑑

̃𝑓(𝜆) ̃̄𝑔(𝜆)𝑚𝑑(𝜆) + ∫
𝛾0

̃𝑓(𝜆) ̃̄𝑔(𝜆)𝑚0
𝑐(𝜆) 𝑑𝜆

+ ∫
𝛾𝑁

̃𝑓(𝜆) ̃̄𝑔(𝜆)𝑚𝑁
𝑐 (𝜆) 𝑑𝜆 = 𝐽𝑑 + 𝐽0 + 𝐽𝑁 .

(8)

Here 𝛾𝑑 is a contour enclosing the discrete spectrum of the operator (1) and
its limiting points; 𝛾0 is a contour enclosing the interval [0, 𝑁]; 𝛾𝑁 is a contour
enclosing the half-axis [𝑁, ∞). The last integral, in view of the absence of
singular points on [𝑁, ∞), can be rewritten in the form

𝐽𝑁 = ∫
∞

𝑁
[𝑚(𝜆 − 𝑖0) − 𝑚(𝜆 + 𝑖0)] ̃𝑓(𝜆) ̃̄𝑔(𝜆) 𝑑𝜆. (9)

The integral just written converges absolutely and essentially does not differ
from the corresponding term in Parseval’s equality for the self-adjoint case.

Let us consider the term corresponding to the discrete spectrum:

𝐽𝑑 = ∮
𝛾𝑑

̃𝑓(𝜆) ̃̄𝑔(𝜆)𝑚𝑑(𝜆) 𝑑𝜆 =

=
∞

∑
𝑠=1

{ ̃𝑝𝑠 ( 𝑑
𝑑𝜆) [ ̃𝑓(𝜆) ̃̄𝑔(𝜆)]∣

𝜆=𝜆𝑠

+ ̃𝑞𝑠 ( 𝑑
𝑑𝜆) [ ̃𝑓(𝜆) ̃̄𝑔(𝜆)]∣

𝜆=𝜆0

} . (10)
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The polynomials ̃𝑝𝑠 are related to the polynomials 𝑝𝑠 by the equality

2𝜋𝑖 ̃𝑝(𝜔) = ∑
𝑘>0

𝑝(𝑘)(0) [𝑘!(𝑘 − 1)!]−1 𝜔𝑘−1.

The polynomials ̃𝑞𝑠 are constructed analogously from 𝑞𝑠. The series (10) con-
verges absolutely for arbitrary finite functions 𝑓(𝑥) and 𝑔(𝑥). If 𝜆𝑠 is an eigen-
value of rank 𝑡𝑠, then the functions 𝜑(𝑡)

𝜆 (𝑥, 𝜆𝑠), 𝑡 = 0, 1, … , 𝑡𝑠 − 1, belong to
𝐿2(0, ∞) and form a chain of principal functions corresponding to the eigen-
value 𝜆𝑠. In this case the operator on 𝑓(𝑥)

̃𝑝𝑠 ( 𝑑
𝑑𝜆) [ ̃𝑓(𝜆)𝜑(𝑥, 𝜆)] ∣

𝜆=𝜆𝑠

is a (nonorthogonal) projector onto the root subspace corresponding to the
eigenvalue 𝜆𝑠, and for any finite function 𝑓(𝑥) the equality

(𝑙 − 𝜆𝑠𝐼)𝑡+1 {( 𝑑
𝑑𝜆)

𝑡
[ ̃𝑓(𝜆)𝜑(𝑥, 𝜆)] ∣

𝜆=𝜆𝑠

} = 0. (11)

The functions 𝜑(𝑡)
𝜆 (𝑥, 𝜆0), 𝑡 = 0, 1, …, no longer belong to 𝐿2(0, ∞); however,

an equality of the form (11) holds for any finite function 𝑓(𝑥). The function
𝜑(𝑡)

𝜆 (𝑥, 𝜆0) plays the role of an associated function of order 𝑡 at the singular
point 𝜆0, lying in the continuous spectrum. We note that in the self-adjoint
case the Weyl function satisfies the condition Im 𝑚(𝜆) ⋅ Im 𝜆 < 0, and therefore
(see (5)) the series composed of the principal parts of 𝑚(𝜆) converges absolutely
and uniformly in every strictly interior subdomain of regularity of 𝑚(𝜆).
The middle term of formula (6), with the aid of a theorem of V. P. Khavin (6),
is transformed to the form

𝐽0 =
∞

∑
𝑛=0

[𝑛!]−1 ∫
𝑁

0
𝑓𝑛(𝜆) ( 𝑑

𝑑𝜆)
𝑛

[ ̃𝑓(𝜆) ̃𝑔(𝜆)] 𝑑𝜆, (12)

where 𝑓𝑛(𝜆) ⊂ 𝐿2(0, 𝑁) and (‖𝑓𝑛‖)1/𝑛 → 0 as 𝑛 → ∞. The series (12) converges
absolutely. We obtain the final form of Parseval’s equality by combining the
representations (9), (10), (12).

We note that ̃𝑞𝑠 and 𝑓𝑛(𝜆) are determined by 𝑚(𝜆) nonuniquely. In particular,
for any 𝜀 > 0 one can specify a collection {𝑓𝑛(𝜆)} such that all 𝑓𝑛(𝜆), except
𝑓0(𝜆), are equal to zero outside the 𝜀-neighborhood of the set 𝐸. In this sense
one may say that the generalized spectral measure is absolutely continuous on
intervals adjacent to the set of singular points. The following assertion is true:
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Theorem 5. If on the segment [𝑎, 𝑏] ⊂ [0, ∞) the multiplicity of singular points
does not exceed 𝑡0, then there exists a collection {𝑓𝑛(𝜆)} such that 𝑓𝑛(𝜆) = 0 for
𝜆 ∈ [𝑎, 𝑏] for all 𝑛 > 𝑡0 + 1, while 𝑓𝑡0+1(𝜆) is bounded on [𝑎, 𝑏].
The case in which eigenvalues accumulate on an arbitrary closed set of measure
zero reduces to the one considered, since the set of eigenvalues can be represented
as the sum of a countable number of disjoint sets, each of which has a single
limit point on the real half-axis [0, ∞).
The author expresses sincere gratitude to M. Sh. Birman for his constant atten-
tion to the work, and also to V. P. Khavin for useful consultations.

Leningrad State University
named after A. A. Zhdanov

Received
4 IV 1962
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