Soviet-era science, translated into English

ON THE
DIFFERENTIABILITY
OF FOURIER SERIES IN
GENERALIZED
SPHERICAL
FUNCTIONS

View the original and related papers at https://sovietrxiv.org/items/ru-196201.85332

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196201.85332

Abstract
Full Text

MATHEMATICS
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SERIES IN GENERALIZED SPHERICAL
FUNCTIONS

(Presented by Academician V. I. Smirnov on 23 I 1962)

1°. In the article (1) we considered the question of expanding vector functions
on the surface of a sphere into uniformly and pointwise convergent series in
generalized spherical functions (?). In the present note, we study the question
of the differentiability of a Fourier series in generalized spherical functions and
obtain theorems analogous to the theorems of S. G. Mikhlin for Fourier series
in spherical functions (®).

Consider functions u(yq, 0, ¢,), periodic with period 27 in ¢, and ., in the
parallelepiped 0 = (0 < ¢; < 2m; 0 < 0 < 7 0 < ¢y < 27m). By Ly(o) we
denote the Hilbert space with scalar product

1 2 27 )
wol =g [ [ [ oo 0l bmsinode, o dp,
0 0 0

By B;, B,, and B3 we denote the operators:

Ry
Doy, sinf@dp, 06)’

, 0 1 9 0 0
By=e# (—ctg -2+ — % ;9 By =i
27 ¢ < ctg@as% * sin 6 Oy, +Z39> ’ 3 Zagog

On the set of functions u(yp, 0, ¢,) for which BlleSQBg?’u (ki + ky + k3 =
1,2,3,...,7) are continuous, introduce the norm

HU(%v@a QOQ)”W;(B,O’) = Z Z "BTIB§2B§3U|‘L

k=0 ky+hythg=k 2(9)

The completion of this set of functions with respect to the norm introduced will
be called the space WJ (B, o).
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From the commutation relations for the operators By, By, By (?) it follows that
every expression of the form

Y1 RY2 Ym P S
Bil Bi2 Bz;:'u (217227"'a2m*17233>7

where v; + 75 + -+ +7,, =, can be expressed through a linear combination of
By By2 Byu (ky + ko + ks < 7).

In W3 (B, o) introduce the scalar product
1 . ky ks ok [ —
[, 0] = @/Z S (BI'ByB) (B1 B B33v) do.
0 k=0 ky +kyt+kg=Fk

Here do = sin 0 dy, df dy,. Thus, W] (B, o) will be a Hilbert space.

The generalized spherical functions 7!, (¢, 0, ©5) constitute a complete system
of eigenfunctions of the self-adjoint operator

Ay =— iz+ct 9g+ ! a—2—20030872+872
277 962 T 90 T ginZg \ 92 D100y 093 ) |

corresponding to the eigenvalues [(l 4 1).

Definition. Every finite linear combination of generalized spherical functions
will be called a generalized spherical polynomial.

Since the system of generalized spherical functions is complete in L, (o), the set
of generalized spherical polynomials is everywhere dense in Ly (o).

Lemma 1. The set of generalized spherical polynomials is everywhere dense in
W3 (B, o).

Let uw € W3 (B,o) be orthogonal to all generalized spherical polynomials in
W3 (B, o), i.e. [u,v] =0, if v is a generalized spherical polynomial. Integrating
by parts, we obtain

1 T
0] = 55 /Z(—l)’“ > w(BY By BYv) (By By By*v) do.
o k= ky=ko—ky=k
For generalized spherical functions,

ks pks k1 (k1 pke k3] . T
{]933322]911 (E11322B33T7lnn)j| = (—1)kahaks (N )k1+k2+k3 T

mn mn?

where ()‘inn)k1+k2+k3 > 0 and ()‘inn)o =1L

Denote
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r

Z Z (/\inn)lirszrkg, = (’yinn)r

k=0 ky +kothks=k

Then

St S (Bt (BTEERETL)) -
k=0 Ey+kytks=k

= Z ()‘inn>kl+k2+k3 Trlnn = (’ﬁnn)r Tﬁnna

where (v%,,.), > 1.
Using this identity, for every generalized spherical polynomial w one can con-

struct such a polynomial v that

r

S0k Y BBl (B’leng';Sv) = w.

k=0 Ey+hytks=k

Then

1 _
[u,v] = 87T2/gu-wdo‘z (u, w).

But [(u,w)] = 0, and this means that u = 0, i.e. there does not exist a nonzero
element u € W] (B,o) which would be orthogonal to the set of generalized
spherical polynomials. Lemma 1 is proved.

2°. As is known (see (4)), the domain of definition of the self-adjoint operator
Ag/ ? consists of those and only those functions

) l
Z Z mnV21+ T (9017 ;<P2)7 (1)
=

0 m,n=—1

for which

Z Z LI 11+ 1)) < . (2)

=0 m,n=-1

Let us show that D(Agﬂ) C WJ(B,o). From the relations
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BlT#Ln = anJrlT

mn+17

B,T., =a,T! B,TL. =nT!

n-m,n— 15 mn’

where «,, = /(I +n)(l —n + 1), it follows that

ZT
r l _
1T (21:0: 25,01 < O Tl ) = € (3)

The constant C' depends only on r. Let u € D(AT/Q) Denote by up the sum
of all terms of the series (1) with indices I < N. Taking (3) into account, we
obtain

oo 1
9 2
Hu - uN“WQT(B,U) S l:z;v m;#(m + 1) HcfnnTvlnnHW;(B)g) <

) l
<cy S el
=N m,n=—1

By virtue of the convergence of the series (2), the right-hand side of the inequal-

ity tends to zero as N — oo. Consequently, v € W3 (B, o), and D(Ar/z) C
Wi (B, o).

The operator A, can be obtained by closure from the set of generalized spher-
ical polynomials, on which A, = (BB, — By + B3). It then follows from
Lemma 1 that the domain of definition of A, contains the whole space W3 (B, o):
D(A,) D W2(B, o). Combining this conclusion with the preceding one, we ob-
tain: D(A,) = W3(B, o).

Let us now consider the operator A, 12 and show that D(AI/Q) Wi(B, o). It
is easy to verify that, on generahzed spherical polynomials,

2
HA1/2 H 1 <8u 98) H
sinf \ dy,; Opy Ly(o) 0, . (0)
Taking into account that
ou 1 . ; ou 1 ou du 1, . .
— = — (e**2 B —2 B . —— — _iB.u: - == 50 = Z(e"W2 B, — ei¥2 B
A R I P (&m cos 8¢2> g e 7By — By
we obtain
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HA;/%HW) < Cllulyy ) -

Hence it follows that D(Aé/z) D W} (B, o), and therefore D(A;m) = W3(B, o).
The arguments which we have carried out for r = 1 and r» = 2 are easily repeated
for any integer r > 2. This implies the validity of the following theorem:

Theorem 1. The sets D(Agm) and W3 (B, o) coincide.

3°. The derivatives of the function wu(yq,0,py) with respect to 4,0, p, are
expressible in terms of B, B, and B, by the formulas

o"u " i T 0"u N
o0or = <_§> (euPQBl +e “D2B2> u; 8905 = <_7’) B§u7
o 1 ) ) r
v_ - sinf-e "2 B, —sinf - e"¥2 B, —2icosf - By) u.
8 r 2 2 1 3
®1 "

In computing 9"u/d0", the factors e??2 and e ¥z are carried outside the sign
of the operator

5= =5 (€92 + e y),

therefore 9"u/00" will be equal only

linear combination of expressions of the form

; i ki pks ok (e — ki pks ok
eM¥2e=2¢2 B By? Bytu = etn 72)5"231132233%,

where v; +v9 =1, ki + ko + k3 < 7. Similarly, 9"u/d¢} is a linear combination
of expressions of the form

e/ Mm=72)%2 5in"1 172 § cog¥s 6 Ble’;ZBgsu (Vi +va+73 =715 kg +ky+ky <7).

Hence we obtain estimates of the norms of the derivatives with respect to
90170a<)02:

O"u

— < Clullywsr(B.o)-
SFosor lws 5.0

Ly(o)

From Theorem 1 and these estimates the following theorem follows:
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Theorem 2. If the function u(p,, 0, p,) € W3 (B, o), then the series obtained
from the expansion of the function v in a Fourier series in generalized spherical
functions, after r-fold termwise differentiation with respect to ¢;,0, vy, con-
verges in Ly (o).

By the symbol D" we shall denote any derivative of order k with respect to
P1 0? P2-

Lemma 2. For generalized spherical functions and their derivatives the esti-
mate

|DkT7£1n(3017 9, <»02)| < o (l1/2+k) HTrlnnHLQ(J)

is valid.
We shall not give the proof of Lemma 2, in view of its cumbersomeness.

Theorem 3. If the function u(py,0,¢,) € WJ(B,o) and r > 3, then its
Fourier series in generalized spherical functions and the series obtained from it
by termwise differentiation with respect to ¢, 8, ¢, of order < r — 2 converge
absolutely and uniformly.

It follows from Lemma 2 that the series

0o l
SVEFT Y (Ol DT (01 0,50)]

=0 m,n=—1

is majorized by the series

l

00 l 00 00
C Z irCL,, | k12 < ¢ Z Z |ZTC7lnn‘2 + ¢ 25117(2#21@71)’
=0 m,n=—1 2 =0 m,n=—1 2 =0
(4)

where C' = const, 3, = (20 + 1)2 = O(I?) is the number of linearly independent
generalized spherical functions of order {. From (2) and Theorem 1 it follows
that the first series in (4) converges. For r > 3 and k < r — 2 the second series
also converges. Theorem 3 is proved.

Remark. Theorems 2 and 3 remain valid if termwise differentiation of the
Fourier series is replaced by termwise application of the operators B;, By, and
B; to the Fourier series.

The author expresses his deep gratitude to Prof. S. G. Krein for valuable advice
and constant supervision of the work.
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