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Abstract
Full Text

MATHEMATICS
N. M. AKULINICHEV

ON A DYNAMICAL SYSTEM CONNECTED
WITH THE DISTRIBUTION OF THE FRAC-
TIONAL PARTS OF A POLYNOMIAL OF THE
SECOND DEGREE
(Presented by Academician I. M. Vinogradov on 17 XI 1961)

A dynamical system connected with the distribution of the fractional parts of
a linear function was considered by A. Ya. Khinchin. In (1), the ergodicity of
the dynamical system (Ω, 𝑇 𝑥, 𝜇) is established by elementary methods, where
Ω = [0, 1); 𝑇 𝑥(𝛼) = {𝛼 + 𝑥𝛾}; 𝑥 = 1, 2, …; 𝛾 is a fixed irrational number; 𝜇 is
Lebesgue measure on Ω; {𝛽} is the fractional part of the number 𝛽.

We consider a dynamical system connected with the distribution of the fractional
parts of a polynomial of the second degree. Let Ω be the unit square 0 ≤ 𝛼 <
1, 0 ≤ 𝛽 < 1; 𝜇 be Lebesgue measure on Ω. Define a mapping 𝑇 of Ω onto itself
by the formula

𝑇 (𝛼, 𝛽) = ({𝛼 + 2𝛽 + 𝛾}, {𝛽 + 𝛾}),

where 𝛾 is a fixed irrational number. It is easily established that for any natural
𝑥 and 𝑦

𝑇 𝑥(𝛼, 𝛽) = ({𝛼 + 2𝛽𝑥 + 𝛾𝑥2}, {𝛽 + 𝛾𝑥}),

𝑇 𝑥𝑇 𝑦(𝛼, 𝛽) = 𝑇 𝑥+𝑦(𝛼, 𝛽).

The transformation 𝑇 is one-to-one, and 𝜇 is an invariant measure with respect
to 𝑇 . It is not difficult to write down formulas for the transformation 𝑇 ′ of
the dynamical system (Ω′, 𝑇 ′ 𝑥, 𝜇′); 𝑥 = 1, 2, …, Ω′ is the unit hypercube 0 ≤
𝛼𝑖 < 1; 𝑖 = 1, 2, … , 𝑛; 𝜇′ is 𝑛-dimensional Lebesgue measure, connected with
the distribution of the fractional parts of a polynomial of the 𝑛-th degree.

Theorem 1. Let 𝑠 be a fixed natural number. The dynamical system (Ω, 𝑇 𝑠𝑥, 𝜇),
𝑥 = 1, 2, …, is ergodic.
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Proof. Denote by 𝑈 the operator in the space 𝐿2
Ω,𝜇 of complex-valued functions

integrable over the square with respect to the measure 𝜇:

𝑈𝑓(𝛼, 𝛽) = 𝑓(𝑇 𝑠(𝛼, 𝛽)).

The operator 𝑈 is unitary. It is enough to prove that for any function 𝑓(𝛼, 𝛽)
from 𝐿2

Ω,𝜇, from the equality

𝑈𝑓(𝛼, 𝛽) = 𝑓(𝛼, 𝛽)

for almost all points (𝛼, 𝛽) it follows that for almost all (𝛼, 𝛽)

𝑓(𝛼, 𝛽) = 𝐶,

where 𝐶 = const. Let

𝑓(𝛼, 𝛽) ∼
∞

∑
𝑚1,𝑚2=−∞

𝑐𝑚1,𝑚2
𝑒2𝜋𝑖(𝑚1𝛼+𝑚2𝛽)

the expansion of 𝑓(𝛼, 𝛽) in a Fourier series. Making a change of variables in the
integrals

𝑐𝑚1,𝑚2
= ∬

Ω
𝑓(𝛼, 𝛽)𝑒−2𝜋𝑖(𝑚1𝛼+𝑚2𝛽) 𝑑𝜇,

we obtain, by virtue of the invariance of the measure 𝜇, the relations

𝑐𝑚1,𝑚2
= 𝑒−2𝜋𝑖𝛾(𝑚1𝑠2+𝑚2𝑠)𝑐𝑚1, 2𝑠𝑚1+𝑚2

.

Suppose there exists a pair of integers 𝑚1, 𝑚2 with 𝑚1 = 0, 𝑚2 ≠ 0, 𝑐𝑚1,𝑚2
≠ 0

—this is impossible by the irrationality of 𝛾. The case in which in the expansion
of 𝑓(𝛼, 𝛽) there exists a nonzero 𝑐𝑚1,𝑚2

with 𝑚1 ≠ 0 contradicts Bessel’s
inequality for 𝑓(𝛼, 𝛽), since then this expansion contains an infinite number of
nonzero coefficients, equal to one another in modulus, of the form 𝑐𝑚1, 2𝑘𝑠𝑚1+𝑚2

,
𝑘 = 1, 2, …. Consequently, 𝑓(𝛼, 𝛽) = 𝑐0,0 for almost all (𝛼, 𝛽).
Corollary. Let 𝑓(𝛼, 𝛽) ∈ 𝐿1

Ω,𝜇. Then for any natural number 𝑠

lim
𝑝→∞

1
𝑝

𝑝−1
∑
𝑥=0

𝑓({𝑎 + 2𝛽𝑠𝑥 + 𝑠2𝑥2𝛾}, {𝛽 + 𝑠𝑥𝛾}) = ∬
Ω

𝑓(𝛼, 𝛽) 𝑑𝜇.
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The proof follows from the Birkhoff–Khinchin theorem ((2), p. 31). Theorem 2
gives information on the question of the existence of a singly mixing transfor-
mation that is not doubly mixing (see (2), p. 133).

Theorem 2. Let 𝑀 be the set of functions from 𝐿2
Ω,𝜇 that depend only on 𝛼:

𝜑(𝛼, 𝛽) = 𝜑(𝛼),

with mean value equal to zero. The transformation 𝑇 is singly mixing on 𝑀 and
is not doubly mixing.

Proof. Let 𝜑1(𝛼, 𝛽), 𝜑2(𝛼, 𝛽) ∈ 𝑀

𝜑1(𝛼, 𝛽) ∼
∞

∑
𝑚1=−∞

𝑐𝑚1
𝑒2𝜋𝑖𝑚1𝛼, 𝜑2(𝛼, 𝛽) ∼

∞
∑

𝑚2=−∞

′𝑑𝑚2
𝑒2𝜋𝑖𝑚2𝛼

(
∞

∑
𝑚=−∞

′ denotes the absence in the sum of the term with zero index)

—be their Fourier series, and let 𝑙 > 0 be an integer. We have (𝑠 = 1)

∬
Ω

𝑈 𝑙𝜑1(𝛼, 𝛽)𝜑2(𝛼, 𝛽) 𝑑𝜇 =

=
∞

∑
𝑚1=−∞

′
∞

∑
𝑚2=−∞

′𝑐𝑚1
𝑑𝑚2

𝑒2𝜋𝑖𝑚1𝑙2𝛾 ∬
Ω

𝑒2𝜋𝑖[(𝑚1+𝑚2)𝛼+2𝑚1𝑙𝛽] 𝑑𝜇 = 0.

Thus, for all 𝑙 ≥ 1,

∬
Ω

𝑈 𝑙𝜑1(𝛼, 𝛽)𝜑2(𝛼, 𝛽) 𝑑𝜇 = ∬
Ω

𝜑1(𝛼, 𝛽) 𝑑𝜇 ∬
Ω

𝜑2(𝛼, 𝛽) 𝑑𝜇.

This means precisely that 𝑇 is mixing on 𝑀 .

Next, let 𝜑0(𝛼, 𝛽) = 𝑒2𝜋𝑖𝛼, 𝜑1(𝛼, 𝛽) = 𝑒2𝜋𝑖𝛼, 𝜑2(𝛼, 𝛽) = 𝑒−4𝜋𝑖𝛼. Take the
sequence of triples of natural numbers

(𝑘(0)
𝑙 , 𝑘(1)

𝑙 , 𝑘(2)
𝑙 ) = (2𝑙, 4𝑙, 3𝑙), 𝑙 = 1, 2, …

The conditions 𝜑𝑖(𝛼, 𝛽) ∈ 𝑀, 𝑖 = 1, 2, 3,

lim
𝑙→∞

min
𝑖<𝑗

∣𝑘(𝑖)
𝑙 − 𝑘(𝑗)

𝑙 ∣ = ∞
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are satisfied,

∬
Ω

𝑈𝑘(0)
𝑙 𝜑0(𝛼, 𝛽) 𝑈𝑘(1)

𝑙 𝜑1(𝛼, 𝛽) 𝑈𝑘(2)
𝑙 𝜑2(𝛼, 𝛽) 𝑑𝜇 = 𝑒2𝜋𝑖𝑙2/2𝛾 ,

lim
𝑙→∞

𝑒2𝜋𝑖𝑙2/2𝛾

does not exist; on the other hand,

∬
Ω

𝜑0(𝛼, 𝛽) 𝑑𝜇 ⋅ ∬
Ω

𝜑1(𝛼, 𝛽) 𝑑𝜇 ⋅ ∬
Ω

𝜑2(𝛼, 𝛽) 𝑑𝜇 = 0.

Consequently, 𝑇 is not doubly mixing on 𝑀 .
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