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Abstract
Full Text
MATHEMATICS

Yu. D. BURAGO, V. G. MAZ’YA, V. D. SAPOZHNIKOVA

ON THE DOUBLE-LAYER POTENTIAL FOR
IRREGULAR DOMAINS
(Presented by Academician V. I. Smirnov on 9 VI 1962)

The most general classes of domains known so far for which the theory of poten-
tial has been developed were defined in the classical works of A. M. Lyapunov
(see (1)) and T. Carleman (2). For the plane case, J. Radon (3) constructed a
theory of potential for a broad class of domains whose boundaries are curves
with bounded variation of rotation. We note that there exist Lyapunov curves
for which the variation of rotation is not bounded.

Below, Radon’s results concerning the double-layer potential are extended to
a certain class of plane and spatial domains, which includes Lyapunov and
Carleman surfaces, and in the plane case also Radon curves.

Let us consider the three-dimensional case. The corresponding arguments for
plane curves are only simplified.

Let Ω ⊂ 𝐸3 be an open domain bounded by a closed surface Γ in 𝐸3. Project
Γ from an arbitrary point 𝑃 onto the unit sphere 𝑆𝑃 with center at 𝑃 . This
projection defines a continuous mapping 𝜋𝑃 (Γ) of the surface Γ ∖ 𝑃 into 𝑆𝑃 .

We require that the surface Γ satisfy the single condition: the absolute vari-
ation (4) 𝑣0

𝑃 of the mapping 𝜋𝑃 (Γ) is uniformly bounded for all points
𝑃 ∈ 𝐸3, i.e.

sup
{𝐹𝑖}, 𝑃

∑
𝑖

𝜇(𝜋𝑃 (𝐹𝑖)) ≤ 𝑀 = const < ∞, (1)

where 𝜇 is area on 𝑆𝑃 ; {𝐹𝑖} is a finite collection of closed, nonintersecting subsets
of Γ.

Condition (1) is satisfied for Radon curves, Lyapunov surfaces, and Carleman
surfaces. However, there exist smooth surfaces for which inequality (1) is not
satisfied. From a known theorem of area theory (5) it follows easily that a
surface Γ satisfying condition (1) has finite Lebesgue area. The finiteness of the
area of the surface Γ is used essentially in the proofs.

In order to transfer to the irregular case the concept of the solid angle 𝜔(𝑃 , ℰ)
under which a Borel set ℰ ⊂ Γ is seen from the point 𝑃 , we use, as applied
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to 𝜋𝑃 (Γ), the following expressions introduced by A. V. Pogorelov (4) for the
positive, negative, and total variation of a continuous mapping through the
multiplicity function:

𝑣+
𝑃 (ℰ) = ∫

𝑆𝑃

𝑛+
ℰ (𝑌 ) 𝑑𝑌 , 𝑣−

𝑃 (ℰ) = ∫
𝑆𝑃

𝑛−
ℰ (𝑌 ) 𝑑𝑌 , 𝑣𝑃 (ℰ) = 𝑣+

𝑃 (ℰ)−𝑣−
𝑃 (ℰ),

where 𝑛+
ℰ (𝑌 ), 𝑛−

ℰ (𝑌 ) are the numbers of preimages in ℰ of the point 𝑌 ∈ 𝑆𝑃 ,
whose topological index (ind) with respect to 𝜋𝑃 (Γ) is equal to +1 and −1,
respectively. (Here we assume that 𝑆𝑃 and Γ are oriented in the same way.)

Let, by definition, 𝜔(𝑃 , ℰ) = 𝑣𝑃 (ℰ) for 𝑃 ∈ ℰ. For 𝑃 ∈ ℰ put

𝜔(𝑃 , ℰ) = 𝜔(𝑃 , ℰ ∖ 𝑃) + 𝜔(𝑃 , 𝑃 ),
where

𝜔(𝑃 , 𝑃 ) = 2𝜋 − 𝜔(𝑃 , Γ ∖ 𝑃).

We note the following properties of the solid angle 𝜔(𝑃 , ℰ).
1. The function 𝜔(𝑃 , ℰ) is completely additive on the ring of Borel sets. This

property follows directly from the complete additivity of 𝑣𝑃 (ℰ), proved by
A. V. Pogorelov, and from the definition of 𝜔(𝑃 , ℰ).

2. The equalities hold

𝜔(𝑃 , Γ) =
⎧{
⎨{⎩

4𝜋, if 𝑃 ∈ Ω,
2𝜋, if 𝑃 ∈ Γ,
0, if 𝑃 ∈ 𝐶Ω.

A point 𝑋 ∈ Γ is called regular with respect to 𝜋𝑃 (Γ) if there exists a neigh-
borhood ℰ ⊂ Γ of the point 𝑋 such that the ray 𝑃𝑋 has no common points
with ℰ ∖ 𝑋. We divide the regular points 𝑋 ∈ Γ into three classes Γ+, Γ−, Γ0,
depending on whether the ray 𝑃𝑋 at the point 𝑋 passes from Ω into 𝐶Ω, from
𝐶Ω into Ω, or remains in Ω or 𝐶Ω.

The proof of property 2 is easily obtained by using the results of paper (4) and
the following simple assertion.

Lemma 1. Let 𝑋 be a regular point. If 𝑋 ∈ Γ+, then ind 𝑋 ⩾ 1; if 𝑋 ∈ Γ−,
then ind 𝑋 ⩽ −1. If ind 𝑋 = ±1, then 𝑋 ∈ Γ+ or 𝑋 ∈ Γ−, respectively. The
equality ind 𝑋 = 0 is necessary and sufficient for 𝑋 ∈ Γ0.

3. The estimate is established

|𝜔(𝑃1, ℰ) − 𝜔(𝑃2, ℰ)| ⩽ 𝐾𝑠(ℰ)
𝑑3 |𝑃1𝑃2|, (2)

where 𝑑 is the smaller of the distances from 𝑃1 and 𝑃2 to ℰ; 𝐾 is an
absolute constant, and 𝑠(ℰ) is the area of the set ℰ.
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4. The inequality holds

∣
∣
∣
∣

sup
⋃ ℰ𝑖=Γ

ℰ𝑖∩ℰ𝑗=∅

∑
𝑖

|𝜔(𝑃 , ℰ𝑖)|
∣
∣
∣
∣
⩽ 𝑣0

𝑃 + 2𝜋.

By the double-layer potential with continuous density 𝑓(𝑋) we shall mean the
function

𝑊(𝑃) = 1
2𝜋 ∫

Γ
𝑓(𝑋) 𝜔(𝑃 , 𝑑𝑋).

It can be shown that the potential 𝑊(𝑃) is harmonic for 𝑃 ∉ Γ. In the proof
one uses the fact that the mean-value theorem is valid for the potential 𝑊(𝑃).
The limiting values of 𝑊(𝑃) as 𝑃 → 𝑆, 𝑆 ∈ Γ, from inside or from outside exist
and are equal, respectively, to

𝑊 (𝑖)(𝑆) = 𝑓(𝑆) + 1
2𝜋 ∫

Γ
𝑓(𝑋) 𝜔(𝑆, 𝑑𝑋),

𝑊 (𝑒)(𝑆) = −𝑓(𝑆) + 1
2𝜋 ∫

Γ
𝑓(𝑋) 𝜔(𝑆, 𝑑𝑋).

Just as in the work of I. Radon (3), the exterior and interior Dirichlet problems
reduce to the functional equations

𝑊 (𝑖) = 𝑓 + 𝑇 𝑓, 𝑊 (𝑒) = −𝑓 + 𝑇 𝑓,

where the operator

(𝑇 𝑓)𝑆 = 1
2𝜋 ∫

Γ
𝑓(𝑋) 𝜔(𝑆, 𝑑𝑋)

acts in the space 𝐶(Γ);

‖𝑇 ‖ = 1
2𝜋 sup

𝑆∈Γ
∫

Γ
|𝜔(𝑆, 𝑑𝑋)| ⩽ 𝑀

2𝜋 + 1.

By repeating Radon’s arguments for the operator 𝑇 , it is proved that the
Fredholm radius of the operator 𝑇 is equal to

2𝜋 inf
𝑆∈Γ

1
|𝜔(𝑆, 𝑆)| .
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