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Abstract

Full Text
MATHEMATICS
L. E. EVTUSHIK

ON ONE CONSTRUCTION OF INVARIANT
FORMS AND STRUCTURAL EQUATIONS OF
INFINITE GROUPS

(Presented by Academician P. S. Aleksandrov on 31 III 1962)
Let

8kwi = h;c(Xl7l.l’1.a1>7 ceey aklu.kpxi = h?ﬁ...k (Xl7xl7$al7 ’xap)
(i,k,1=1,..,n) (1)

be an involutive system of differential equations of order p, determining an
infinite group of transformations

7 = i (X*), (2)
Here 8k1"'ksxi are the partial derivatives of the variables 2’ with respect to
X* and x®, ..., 2% are parametric derivatives from the first to the p-th order,
respectively.

In solving the problem of constructing invariant forms of infinite groups, E.
Cartan (1) reduces equations (1) to a Pfaffian system and gradually transforms
it into a system written by means of invariant forms. However, one can avoid the
calculations and arguments that are often repeated in this procedure if one first
constructs the invariant forms of the group of all analytic transformations. Such
a construction is needed in itself, since this group underlies various geometric
theories.

Let now
. . . ) 1 .
YVi=al(XF) =o'+ 2l X\ + .. + ax;ﬂlu',ﬁpxkl e X 4 (3)

be the totality of all transformations analytic at the point X* = 0. The
space of the variables (xi,x};,...,x};:lmkp) is the representation space of
the group of all analytic transformations, showing how the derivatives
02" /OXF ..., 0Px" JOXF1 . 0X"» transform under transformations z* and with
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XF* preserved. We shall for the time being regard Y* as arbitrary constants,
and z*, 2}, ... ,x}ﬁ . as functions of a sufficiently large number of parameters.
ok

Differentiating (3) under this assumption, we find
. . . 1 .
dXx’ :wz+w}€Xk+...+ZT!w}€lmkpX’fl X (4)
where by w', wj, ..., wj , the following differential forms are denoted:

_ Figk *i ok si
= xpdx (zyap = 67),

%1..% =] (dmilu.kp - xlm{kl...kawkmaﬂmkp}) )
and the braces denote the sum over all possible permutations of pairs of indices
taken one from different groups (k; ...k,) and (k,.;...k,), with subsequent
summation over « = 1,...,p. Formula (4) shows that the forms (5) remain
invariant when X% is preserved and under all analytic transformations over
Y? = a'(X*) and the transformations induced by them-offsetof

formations (z°, z%, ... ,xfcl & ). The structural equations of the invariant forms
W', Wi, .. 7“’21..41% are easily obtained by exterior differentiation of (4)
Du' = [wrwi],  Duwj = [wiwi] + [wiwiy],

Dwil...kp = [wlfkl...kawliaﬂmkp}l] + [wlwlilu.kpl]'

It is necessary to note the following property of the forms (5): the invariant
forms w*, wi, ... ,wfﬂl . take the values
ke

i _ gy i _ i _
w'=dX", w,=0,.., Why .k, =0
if and only if
i _ qi(xk i i i _ i
zt = a'(X7), T}, = Opa', ., Tyoky — O, .k, 0"

Passing now to the group with defining equations (1), put in the forms

whowt LWl
1 Wy e Wy ke,
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i — i A e a
Thy ok, = kl...kp(X ,ah,x L ).
Denoting by w®1, ..., w1 the forms, linearly independent among wi , ... ’wil...kp,lv
we obtain
i (1 e l 1
Wi = kalw 1+Ckl(w —dX )7
(7)
% — (i Q- i e} 4 i l
wkl‘“kpfl - Ckl--~kp—1ap—1w At Ckln-kp,lalw vt Ckll..kp71l<w —dX )a

where all coefficients are invariants of our group.

It can be shown that the defining equations (1) are equivalent to the system of
Pfaffian equations

W =dX?, w*r =0,..., w1 = (.
On this basis one can prove the main assertion: the group with defining

equations (1) can be defined as the group of transformations of the variables
xt 2, ..., x%1 (X* = 0) leaving invariant the forms

whw* L wYt,

Taking into account equations (6) and (7), we obtain the structural equations
for the invariant forms w?, w1, ..., w1

. 1 . )
Duw* = §C’Zd [wrw!] + C}W1 [wFwar],

1 @ (e
Dw*r = 3 A B, [wArwB] 4 Chra, [wFw2], (8)
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1 o
o, g p-1 A, 4, ,B,_ Cp-17, Kk,
D1 = §CAP,1BP,1[W P=1(yp 1]+Ck% [wrwr],

where the indices A,, B, run through the group of indices i, ay, ..., a,. It also
follows from equations (6) and (7) that some of the coefficients of equations (8)
are known in advance to be zero. Thus,

aT J—
Cﬁs')/t =0 fors+t>r—+1.
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