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Abstract
Full Text

GEOPHYSICS
Corresponding Member of the Academy of Sciences of the USSR 1. A. KIBEL

REDUCTION OF A SYSTEM OF DIFFEREN-
TIAL EQUATIONS USED IN SHORT-RANGE
WEATHER FORECASTING TO A SYSTEM
OF ALGEBRAIC EQUATIONS

In short-range weather forecasting, solutions of a simplified system of differential
equations of hydrodynamics are used; this system can be written in the form

(1):
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Here x, y are horizontal coordinates; ( is the reduced pressure; ¢ is time; u, v are
the velocity components along the X,Y axes; w is a quantity proportional to
the vertical velocity; ® is the deviation of the geopotential from the standard
value; [ is the Coriolis parameter; I' = (20®/9( is a quantity proportional
to the deviation of temperature from the standard value; ¢ has the dimension
of velocity and is connected with the atmospheric “stability” parameter. As
boundary conditions one may take the vanishing of w at { = 1 (the Earth) and
at ¢ =0 (the upper boundary of the atmosphere).

In the coordinate plane (X,Y) let us select a rectangular domain 0 < z <
Ly, 0 <y < Ly; in this domain consider a grid of points with coordinates

1. . 1. .
xi:;?ZLl (i=0,1,2,...,p), yj:6]L2 (j=0,1,2,...,q).
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Let us also divide the atmosphere by height into h layers with boundaries at
1
(=¢(, = Ek (k=0,1,2,...,h).

Introduce the notation
F(xivij Cpst) = Fijk<t)'

We approximate the values of all the unknown functions F' by finite sums of the
form*

Fm e =3 3 S Pt (L)m (Ly)c (5)

where the F,,,, . are determined so that, at the nodes of the grid chosen by us,
sums of the type (5) give exact values. Let now

fa) =10+ 7, (f)m (6)

Let us call

Then

Writing these relations p times (i = 1,2, ...,p),

* Instead of powers of x, y, (, trigonometric or any other functions may be taken.

we obtain p equations for determining the p quantities fl, fz, e fp in terms

of f; and f,. Substituting these expressions into (6) and collecting terms, we
obtain

P
fi=Pifo+ > Pifm (7)
m=1

Here P}, P! can be computed once and for all (they depend on p)*.

Let us transform the system (1)—(4) of the equations of hydrodynamics, anal-
ogously to how this is done in (2) Namely, let us integrate both sides of (1)
partially with respect to = from 0 to . We obtain
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Oou  Ouv = Ouw
— = (D), — P+ (u?),_, —u’ 8
Now suppose—and this is the main point of our reasoning—that not only w,v,
but also their products u?,uv, ... are representable by finite sums (5). Then,
instead of (8), we can write (we omit the indices j and k):

(8u+8m}+8uwlv> :<I>O—<I>i+u%—u2

79
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Then carrying out the integration with respect to y and &, we finally obtain,
instead of equation (1), the system of equations:

du. " 1 p ) 1 q ) h
o= - E Pl (@t 1) — E ngumkvmk—i SFug w50+ 10) 4k
dt Ll m—1 L2 n=1 s=1

(10)

fori=1,2,....p—1; j=1,2,...,q—1; k=1,2,...,h (Q and S are obtained from
P by replacing p by ¢ and h, respectively). Here, for simplicity of exposition,
we have set w; i, Uk, Wik, Py equal to zero if ¢ =0, or i = p, or j =0, 0r j =g¢
(the boundaries of the region), and also when k£ = 0 (we are interested in the

initial-data problem).

In the same way, from (2) we obtain

dv, 1 &, 1 & h
= Z Pt 1 Vi — 7 Z Q%(‘I’mﬁ‘vfnk)—z S¥v;5w; 55— (1)
dt L, — L, —~

! (11)

1=1,2,...,p—1;, j=1,2,...,q—1; k=1,2,... h.
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* Thus, for p = 1 we have P} = —1, P! = 2; for p = 2, P} = —0.5, P} =
2, P} =05, P§ =1, PP =-8, Pf=4;forp=3, P =—1, Pl =35, P}
S, Pl=-% P}=4% Pl=-6, P}=3 P}=2 Pi=-1 P =2, P}=

—Z p}= g& forp=4, P =—1, Pl =2, P} =3, Pf = -2 P} =
L, pi=1%1 pPt= mzﬂ—zw_uiﬁ:—gaﬁbﬁJ?:&@:
9J§14ﬁ_wﬁ_lﬁ 8 pPl=24 P}=-5 Pl=2
The continuity equation will be brought to the form
1 ¢ i 1 ¢ J S k
E;Pmumjk+f2;@nvink+;$swi s (12)

i=1,2,..,p—1; j=1,2..,q—1 k=12 .. h—1

Equation (4) will be replaced by the relation:

dFij, 2 P F
dt + (C OJ ijk — mZ: m mjk myjk

q
_LLZ nvznkrznk Zsk ZJS lJS’ (13)
=1

i=1,2,..,p—1; j=12...gq—1; k=1,2,..,h.

We have thus obtained a system of ordinary differential equations for determin-
ing, as functions of time, the values of our unknown functions u,v,w,® at the
nodes of the chosen grid. It is easy to see that, with the notation we have
chosen, the number of equations (12)—(13) coincides with the number of the
functions themselves. Moreover, by virtue of the definition of f‘, the values of
the functions ® and I" are connected by the simple relations:

h
Lk = G <_(I)ijk + Z Sf@@ﬁ) ) (14)
s=1

i=1,2,..,p—1; j=12..,g—1; k=12 .,h

Let us now show how to reduce our system to a system of algebraic equations.

Suppose that we wish to predict the values of the meteorological quantities for
a time interval T (for example, one day) ahead. We divide T into ¢ intervals.
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Consider the time instants ¢, = 77/¢ (7 = 0,1,2,...,9) and assume that any
of the functions of interest to us can be approximated on the interval T in the
form of a polynomial of degree :

030 (7)

Then we can again write, according to (7) (f(t,) = f7):

19
fT=031"+ > 051 (15)
=1
(63, 07, are obtained from P by replacing p by 7).

Integrating (10)—(13) with respect to time, we finally obtain, taking (15) into
account:

p
21 — P’L [(I)mjk QT(I)m]k + ( )m]k 06—(“2)’9)7,]]6] +
1 q ) h
+f2 ; Q% (u;—nkvz—nk - 96“?71]@”?71]@) + ; 55 (uzjs zjs - 06 ijs zgs) +
1 9
+T ;01 < z?\jk z]k) ! ( ijk 0 z]k:) 0 (T = 17 2’ ’19)? (16)
1 &,
fl mZ:lP:" <u:njkv;wk Ogu ” ka(v)njk> +
1
h 1 ]
+ Z S;c <U;rjs Z]S 06 ijs US> + T Z 0; (U?jk - U?jk) + lij (’U’ij - egu?ﬂc> =0
s=1 A=1
(17)
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1 I 1 < .
I, Zl P (u:nij:njk - egu%jkrgjk) + i, 231 Qt (VD — 0500, Do) +
m= n=
+ZS < wijsI'js — hw us US) + (02“)) ik — 05 (*w) zyk T Z@T ( ijk 1]’6) =0
(18)

(r=1,2,...,9).

In equations (12) and (14), it is sufficient to place the mark 7 on the functions
u,v,w, P, T.

Thus, the problem of integrating system (1)—(4) has been reduced to the prob—
lem of solvmg a system of algebraic equations for determlmng ul

(I)Uk’
with u?

ijk> ijk7 ijk’

after u2 @?jk are known. Note that wi ik must be consistent

0. WO
'ij’ ijk’ ijk’
ik Vi J + by means of relation (12), which is valid for any instants of time.
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