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Abstract
Full Text
MATHEMATICS

A. A. FRIDMAN

DEGREES OF UNSOLVABILITY OF THE
IDENTITY PROBLEM IN FINITELY PRE-
SENTED GROUPS
(Presented by Academician P. S. Novikov on 14 VI 1962)

In the present work we shall consider the reducibility (with respect to solvability)
of algorithmic problems (a.p.) by means of unrestricted Post tables (1). If an
a.p. 𝐴1 is reducible (in the sense indicated above) to an a.p. 𝐴2, and the a.p.
𝐴2 is reducible to the a.p. 𝐴1, then one says that these problems have one and
the same degree of unsolvability. It is known that there exist different degrees
of unsolvability of algorithmic problems (1).

P. S. Novikov constructed the first example of a finitely presented group with
an unsolvable word identity problem (2). We use another proof of the existence
of a finitely presented group with an unsolvable word identity problem, given
by Boone in (3).

At the Fourth Mathematical Congress A. I. Mal’tsev posed the question: what
degrees of unsolvability can the identity problem have in finitely presented
groups. My attention to this problem was drawn by S. I. Adian. He conjectured
that, using Boone’s construction (3), one can construct a finitely presented group
having any prescribed degree of unsolvability of the identity problem. This con-
jecture has been confirmed. The main result of the work is Theorem 1, which
answers the question posed by A. I. Mal’tsev.

Theorem 1. For every degree of unsolvability 𝛼 one can specify a finitely
presented group 𝔅𝛼 in which the word identity problem has degree of unsolvability
𝛼.

An analogous result for associative systems was previously obtained by G. S.
Tseitin *.

The proof of Theorem 1 and of the other assertions of this note is omitted on
account of their length.

The first part of the work contains a result concerning Turing machines. Let
𝔐1 be a Turing machine with alphabet of external memory (tape): 𝑠0, 𝑠1, … , 𝑠𝑛
(where 𝑠0 is the blank symbol) and alphabet of internal states 𝑒0, 𝑒1, … , 𝑒𝑚 (𝑒1
is the initial state, 𝑒0 the final state).
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Consider on the tape the minimal neighborhood 𝐸 of the scanned cell outside
which the tape is blank. Suppose that in the cells of this neighborhood there
are written, from left to right, the symbols

𝑠𝑖1
𝑠𝑖2

… 𝑠𝑖𝑟
(𝑟 ⩾ 1) (1)

(𝑟 is the number of cells of the neighborhood 𝐸, including the scanned one),
that the machine 𝔐1 is in the internal state 𝑒𝛼 (0 ⩽ 𝛼 ⩽ 𝑚), and that the 𝜌-th
cell of the neighborhood 𝐸 is being scanned.

To this complete state ** of the machine 𝔐1 we associate the word

ℎ𝑠𝑖1
𝑠𝑖2

… 𝑠𝑖𝜌−1
𝑒𝛼𝑠𝑖𝜌

… 𝑠𝑖𝑟
ℎ (2)

* This result was reported on 3 XII 1961 at the seminar on constructive mathe-
matical logic at Moscow State University.

** The complete state of the machine 𝔐1 at each given moment is determined
by specifying: the neighborhood 𝐸, the word (1), the internal state, and the
scanned cell.

(where ℎ is a symbol not belonging to the alphabet of the machine), called the
Post word corresponding to the given complete state. The complete state of
the machine at any given moment is uniquely determined by the corresponding
Post word, and from the Post word the complete state of the machine 𝔐1 is
uniquely recovered.

Theorem 2. Let 𝛼 be the degree of unsolvability of an enumerable set 𝑀 of
natural numbers. One can construct a Turing machine 𝔐2 for which the algo-
rithmic problem: given an arbitrary complete state 𝑄, to recognize whether 𝔐2
will pass from 𝑄 to the internal final state 𝑞0 or not, has degree of unsolvability
𝛼.

According to (4) there exists a Turing machine 𝔐1−1 computing the function
𝑓(𝑚) = 1, whose domain of definition is 𝑀 . Let the external-memory alphabet
of the machine 𝔐1−1 be 𝑠0, 𝑠1, and the alphabet of internal states be 𝑒0, 𝑒1, … , 𝑒𝑛.
The machine 𝔐2 is constructed from 𝔐1−1 as follows. The external-memory
alphabet of the machine 𝔐2 consists of the alphabet of the machine 𝔐1−1:
𝑠0, 𝑠1; 𝑒0, 𝑒1, … , 𝑒𝑛, and the auxiliary symbols ̄𝑠0, ̄𝑠1, ̄𝑒0, ̄𝑒1, … , ̄𝑒𝑛, ℎ, 𝐻. In the
alphabet of internal states of 𝔐2: 𝑞0, 𝑞1, 𝑞2, … , 𝑞𝑘, three types of states are
distinguished: printing, checking, and final.

Definition. A deductive chain of Post words (d.c.P.w.) is a word

ℎ𝑄̄0ℎ𝑄̄1ℎ … ℎ𝑄̄𝑚ℎ, (3)

satisfying two conditions:
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1. ℎ𝑄̄0ℎ is the initial Post word of the machine 𝔐1−1, i.e. the Post word cor-
responding to the recording of a natural number in the standard position
(4).

2. ℎ𝑄̄𝑖ℎ (where 𝑖 = 1, 2, … , 𝑚) is a Post word immediately following the Post
word ℎ𝑄̄𝑖−1ℎ (i.e. the complete state 𝑄𝑖 of the machine 𝔐1−1 is obtained
from the complete state 𝑄𝑖−1 in one step of the operation of the machine
𝔐1−1).

The number 𝑚 will be called the rank of the d.c.P.w. (3).

Suppose that on the tape there is printed a d.c.P.w. of rank 𝑝, framed by two
letters 𝐻; 𝔐2 is in a printing state and scans the right-hand letter 𝐻. Then we
shall say that the machine 𝔐2 is in a canonical state of rank 𝑝.
The commands of the machine 𝔐2 are constructed so that, if 𝔐2 is in a canonical
state, then 𝔐2 erases the 𝐻 located in the scanned cell, extends the d.c.P.w.
of rank 𝑝 to a d.c.P.w. of rank 𝑝 + 1, writes the letter 𝐻 on the right, and
passes into one of the checking states—into the state of searching for the nearest
letter 𝐻 on the left. Having found it, 𝔐2 passes into a checking state: whether
the word enclosed between the two letters 𝐻 is a deductive chain of Post words.
Having checked this, 𝔐2, in the case of a positive answer, passes into a canonical
state of rank 𝑝 + 1. Then the entire described cycle of operation is repeated.
It is clear that, in further operation, 𝔐2 will successively pass into canonical
states of ever higher rank with one and the same first Post word in the d.c.P.w.
If the check gives a negative answer, then 𝔐2 stops.

For every complete state 𝑃 one can specify such an 𝑙(𝑃 ) that, if 𝔐2 began
operation from the complete state 𝑃 and after 𝑙(𝑃 ) steps of operation has not
stopped and has not passed into a canonical state, then 𝔐2 will not pass from
the complete state 𝑃 into the internal state 𝑞0. If 𝔐2 began operation from a
canonical state 𝐾, then 𝔐2 will arrive at the final state 𝑞0 if and only if the
function 𝑓(𝑛) is defined for the argument 𝑛0 represented in the first Post word
of the d.c.P.w. of the canonical state 𝐾.

Let 𝔐3 be an arbitrary Turing machine with external-memory alphabet
𝑠0, 𝑠1, … , 𝑠𝑚1

, internal-state alphabet 𝑞0, 𝑞1, … , 𝑞𝑘, and with some commands
(we do not write them out). Using the construction

Boone’s (3): from 𝔐3 one can construct the following associative sys-
tem 𝔄. The alphabet of the system 𝔄 is obtained from the alphabet 𝔐3:
𝑠0, 𝑠1, … , 𝑠𝑚1

; 𝑞0, 𝑞1, … , 𝑞𝑘, by adding the letters 𝑠𝑚1+1, 𝑞𝑘+1, 𝑞.
The defining relations of the system 𝔄 are divided into two classes (A) and (B):
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(A)

⎧{{
⎨{{⎩

𝑞0𝑠𝑗 = 𝑞0,
𝑞0𝑠𝑚1+1 = 𝑞𝑘+1,

𝑠𝑗𝑞𝑘+1 = 𝑞𝑘+1,
𝑠𝑚1+1𝑞𝑘+1 = 𝑞,

where 𝑗 = 0, 1, … , 𝑚1.

The class (B) contains the relations:

𝑠𝑚𝑞𝑖𝑠𝑗 = 𝑞𝑖′𝑠𝑚𝑠𝑗,
𝑠𝑚1+1𝑞𝑖𝑠𝑗 = 𝑠𝑚1+1𝑞𝑖′𝑠0𝑠𝑗′

} if among the commands of the machine 𝔐3 there is
the command 𝑞𝑖𝑠𝑗 ⇒ 𝑞𝑖′𝑠𝑗′𝐿, 𝑗′ ≠ 0,

where 𝑚 = 0, 1, … , 𝑚1;

𝑠𝑚𝑞𝑖𝑠𝑗𝑠𝑡 = 𝑞𝑖′𝑠𝑚𝑠0𝑠𝑡,
𝑠𝑚1+1𝑞𝑖𝑠𝑗𝑠𝑡 = 𝑠𝑚1+1𝑞𝑖′𝑠0𝑠0𝑠𝑡,

𝑠𝑚𝑞𝑖𝑠𝑗𝑠𝑚1+1 = 𝑞𝑖′𝑠𝑚𝑠𝑚1+1,
𝑠𝑚1+1𝑞𝑖𝑠𝑗𝑠𝑚1+1 = 𝑠𝑚1+1𝑞𝑖′𝑠0𝑠𝑚1+1

⎫}}
⎬}}⎭

if among the commands of the machine 𝔐3 there is
the command

𝑞𝑖𝑠𝑗 ⇒ 𝑞𝑖′𝑠𝑗′𝐿, 𝑗′ = 0,

where 𝑡, 𝑚 = 0, 1, … , 𝑚1;

𝑞𝑖𝑠𝑗 = 𝑞𝑖′𝑠𝑗′ , if among the commands of the machine 𝔐3 there is the command 𝑞𝑖𝑠𝑗 ⇒ 𝑞𝑖′𝑠𝑗′𝐶,

𝑞𝑖𝑠𝑗𝑠𝑚 = 𝑠𝑗𝑞𝑖′𝑠𝑚,
𝑞𝑖𝑠𝑗𝑠𝑚1+1 = 𝑠𝑗𝑞𝑖′𝑠0𝑠𝑚1+1

} if among the commands of the machine 𝔐3 there is
the command 𝑞𝑖𝑠𝑗 ⇒ 𝑞𝑖′𝑠𝑗′𝑅, 𝑗′ ≠ 0,

where 𝑚 = 0, 1, … , 𝑚1;

𝑠𝑡𝑞𝑖𝑠𝑗𝑠𝑚 = 𝑠𝑡𝑠0𝑞𝑖′𝑠𝑚,
𝑠𝑚1+1𝑞𝑖𝑠𝑗𝑠𝑚 = 𝑠𝑚1+1𝑞𝑖′𝑠𝑚,

𝑠𝑚1+1𝑞𝑖𝑠𝑗𝑠𝑚1+1 = 𝑠𝑚1+1𝑞𝑖′𝑠0𝑠𝑚1+1,
𝑠𝑚𝑞𝑖𝑠𝑗𝑠𝑚1+1 = 𝑠𝑚𝑠0𝑞𝑖′𝑠0𝑠𝑚1+1

⎫}}
⎬}}⎭

if among the commands of the machine 𝔐3 there is
the command

𝑞𝑖𝑠𝑗 ⇒ 𝑞𝑖′𝑠𝑗′𝑅, 𝑗′ = 0,

where 𝑡, 𝑚 = 0, 1, … , 𝑚1
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(i.e., to each command of the machine 𝔐3 there corresponds in 𝔄 a group of
defining relations).

Lemma 1. Suppose the recognition problem: whether 𝔐3, from an arbitrary
complete state 𝑄, will pass into the internal final state 𝑞0, has degree of unsolv-
ability 𝛼. Then the identity problem for the fixed word 𝑞 in 𝔄 has degree of
unsolvability 𝛼.

Definition. A word 𝑍 of the system 𝔄 is called normal if

𝑍 ⊃ 𝑍1𝑞𝜉𝑍2 (𝜉 ⊃ Λ, 0, 1, … , 𝑘 + 1),

where 𝑍1, 𝑍2 are words not containing the letters 𝑞𝜉 (𝜉 ⊃ Λ, 0, 1, … , 𝑘 + 1).

Number the defining relations of the system 𝔄 and write them briefly as

Σ𝑖 = Γ𝑖, 𝑖 = 1, 2, … , 𝜆. (4)

It is easy to see that Σ𝑖, Γ𝑖 are normal words. Construct, from 𝔄 according to
(1), the Boone group 𝔅.

The positive alphabet of the group is

{ 𝑠0, 𝑠1, … , 𝑠𝑚1+1; 𝑞0, 𝑞1, … , 𝑞
𝑡, 𝑘, 𝑥, 𝑦; 𝑟1, 𝑟2, … , 𝑟𝜆; 𝑙1, 𝑙2, … , 𝑙𝜆

}

Defining relations*

Σ𝑖 = 𝑙𝑖Γ𝑖𝑟𝑖, (𝐼)
𝑠𝑗𝑙𝑖 = 𝑦𝑙𝑖𝑦𝑠𝑗, (𝐼𝐼) 𝑟𝑖𝑠𝑗 = 𝑠𝑗𝑥𝑟𝑖𝑥, (𝐼𝐼𝑎)
𝑠𝑗𝑦 = 𝑦2𝑠𝑗, (𝐼𝐼𝐼) 𝑥𝑠𝑗 = 𝑠𝑗𝑥2, (𝐼𝐼𝐼𝑎)

𝑙𝑖𝑡 = 𝑡𝑙𝑖, (𝐼𝑉 ) 𝑟𝑖𝑘 = 𝑘𝑟𝑖, (𝐼𝑉 𝑎)
𝑦𝑡 = 𝑡𝑦, (𝑉 ) 𝑥𝑘 = 𝑘𝑥, (𝑉 𝑎)

𝑞−1𝑡𝑞𝑘 = 𝑘𝑞−1𝑡𝑞, (𝑉 𝐼)

where 𝑖 = 1, 2, … , 𝜆; 𝑗 = 0, 1, … , 𝑚1 + 1.
In (4) the following theorem is proved.

Theorem 3. Let Σ be an arbitrary normal word. In order that Σ = 𝑞 in 𝔄, it
is necessary and sufficient that

𝑡Σ𝑘Σ−1𝑡−1Σ𝑘−1Σ−1 = 1 in 𝔅.

Using Theorem 3, one can show that Lemma 2 holds.
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Lemma 2. The identity problem for the fixed word 𝑞 in 𝔄 is reducible to the
identity problem in the group 𝔅.

Denote by 𝐺 the group obtained from 𝔅 by deleting relation (VI).

Theorem 4. In the group 𝐺 the identity problem for words is decidable.

* Definition. Let 𝑍 = 𝑍1𝑘𝜎𝑍2𝑘−𝜎𝑍3 be a word of the group 𝔅 (where 𝜎 = ±1,
and 𝑍2 contains no letters 𝑘𝜎). We shall say that in the word 𝑍 the distinguished
letters 𝑘𝜎 and 𝑘−𝜎 cancel each other in the group 𝔅, if there exists a word
𝑍4, containing no letters 𝑘𝜎, and such that

𝑍1𝑘𝜎𝑍2𝑘−𝜎𝑍3 = 𝑍1𝑍4𝑍3 in 𝔅.

Lemma 3. In order that 𝑍 = 1 in 𝔅, it is necessary that all letters 𝑘𝜎 of the
word 𝑍 cancel each other in the group 𝔅.

Let us call problem A the problem of finding an algorithm which determines,
for each pair of adjacent mutually inverse letters 𝑘𝜎 and 𝑘−𝜎 (𝜎 = ±1) of any
word 𝑍, whether they cancel each other in 𝔅 or not.

Lemma 4. The identity problem for words in 𝔅 and problem A have one and
the same degree of unsolvability.

Theorem 5. Problem A is reducible, by means of unrestricted Post tables, to
the identity problem for the fixed word 𝑞 in the system 𝔄.

From Lemmas 1, 4 and Theorems 4, 5, Theorem 1 follows.

In conclusion I express my gratitude to S. I. Adian for his advice and attention
to the work.

Received
2 VI 1962
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* We omit the trivial relations of the group 𝔅.
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