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Various Types of Convergence of Cubature and
Quadrature Formulas

The error functional of a cubature formula

(L,f) = / Fd9 =3 Cup(XM) 1)

can be studied in various topologies.

S. M. Nikol’ skii (1), the author (?), and others considered the question of the
maximum of (I, ) on the unit sphere of the Banach space B:

max (1.f) = d(). (2)

From this point of view, the convergence of cubature formulas depending on
the number N reduces to the study of the convergence of the numbers d(l<N ))
for the corresponding functionals (Z(N ), f). Another, equally common, approach
to the convergence of cubature and quadrature formulas is convergence with
respect to order of proximity. In the present note we shall dwell on this latter
point of view.

In formula (1), instead of a numerical function f, we may consider an abstract
function with values in some Banach space X or topological space 7

f(z)e X or f(z)erT. (3)

The function f itself, mapping R,, into X or 7, will then be an element of some
Banach space B or, in the more general case, of a topological space T":

f(R,—=X)eB or f(R,—T1)eT. (4)

The error functional (I, f) is thereby transformed into an error operator, map-
ping B or T into X or 7, since both [ fdQ and S CLf(2™) will be elements
of X or 7. The convergence of cubature formulas to zero will be characterized
by the tendency to zero of the operators (V).
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As X it is convenient to consider the space of countable vectors:

a€ X, a=(a1,09, . Gy,-..) (5)

with some Banach norm, for example I, or m.

An abstract function f with values in X or 7 will in this case take values

f:<f1’f27"'7 7],"")' (6)

Convergence with respect to order of proximity is the convergence of IV) to
zero, defined by the condition:

1. Whatever k may be, there exists an N (k) such that

(1N F) = (0,0,...,0, frits frros ) (7)

For operators bounded in norm,

1, )l < KI£]5-

convergence by order of closeness is a special case of weak convergence.

In the linear space of countable vectors, instead of a norm we introduce a topol-
ogy by defining neighborhoods of zero B, as vectors of the form

(0,0,0,...,0,0,. 1,049, ---) (8)

with the corresponding topology f.

Ba = (0707 "'107fa+17 a+2» ) (9)

In this sense convergence by order of closeness will be uniform convergence. To
each prescribed neighborhood B, one can assign such an N that

(™M), f)eB, for N> N(a). (10)

Let us consider two examples.

Example 1. Let f(z,y) be an analytic function of two variables (z,y), expand-
able in a power series in a neighborhood of zero:

f(x,y) = ag + a1z + agy + agx® + ayyxy + agey® + ... (11)
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We shall regard the function f as a vector-valued function (ay, a;qz +
a01Y, GooT% + ap17y + agey?,...), whose components are the homogeneous
polynomials of which the expansion (11) consists.

The convergence of V) to zero by order of closeness means that the formulas
(IN) | £) = 0, for sufficiently large N, will be valid for polynomials of arbitrarily
high degree. Introduce the transformation:

(X,Y) = f(hX,RhY).

The set of functions of the unit ball in X that lie in a closer neighborhood
of zero B, for sufficiently small h, will be in a closer neighborhood of zero
[/l < AR in the sense of the topology X. One may say that a neighborhood
in B is stratified into a countable set of neighborhoods in T'.

Example 2. Let the function f(¥¢, ) be given on the unit sphere of three-
dimensional space and belong there to W2<2), i.e., for example:

vz = [fap2as + ( /I de)z- (12)

Expand f in a series in spherical harmonics:

f= iYn(& ) (13)

n=0

and we shall define f as an abstract function with values

f(YO’ Yl(ﬂvcp)v 1/2(19a§0)7) (14)

Convergence by order of closeness in this case will mean that, for sufficiently
large N, (IN), f) will vanish for an arbitrarily large number of spherical har-
monics.

The neighborhoods of zero B, for the values on the sphere of a certain analytic
function of three variables f(z,y, z), under the substitution

fh(XaY7Z) = f(th hY7hZ)a
are again stratified into e-neighborhoods in the topology B, with the peculiarity
that some f may accidentally fall into a closer neighborhood of zero than Ah®.

Received
29 V 1962

sovietrxiv.org/items/ru-196201.79871 Machine Translation


https://sovietrxiv.org/items/ru-196201.79871

CITED LITERATURE

1'S. M. Nikol’ skii, Quadrature Formulas, Moscow, 1958. 2 S. L. Sobolev, DAN,
137, No. 3, 527 (1961).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.79871 Machine Translation


https://sovietrxiv.org/items/ru-196201.79871

	Abstract
	Full Text
	Mathematics
	Various Types of Convergence of Cubature and Quadrature Formulas
	CITED LITERATURE


