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Abstract
Full Text

MATHEMATICS
M. S. BRODSKII

ON THE UNICELLULARITY OF REAL
VOLTERRA OPERATORS
(Presented by Academician V. I. Smirnov, 1 VI 1962)

Let an involution 𝑆 be given in a separable Hilbert space ℌ. A subspace ℌ0 ⊂ ℌ
invariant with respect to 𝑆 is called 𝑆-real. If 𝐴 is a certain bounded linear
operator in ℌ and 𝐴𝑆 = 𝑆𝐴, then the operator 𝐴 is called 𝑆-real.

Let the 𝑆-real operator 𝐴 be a Volterra operator, i.e. completely continuous
and having no spectral points distinct from zero. It is called unicellular (1) if
the set of all its invariant subspaces is ordered by inclusion, and 𝑆-unicellular
if the set of its 𝑆-real invariant subspaces is ordered by inclusion. In the finite-
dimensional case the notions of unicellularity and 𝑆-unicellularity are equivalent.

In the present article an analytic criterion for 𝑆-unicellularity is established for
𝑆-real Volterra operators. From it, in particular, it follows that in an infinite-
dimensional space there exist non-unicellular 𝑆-real Volterra operators which,
however, are 𝑆-unicellular.

1. Let a bounded linear operator 𝐴 be given in the space ℌ, with completely
continuous imaginary component

𝐴 − 𝐴∗

2𝑖 .

There exists a completely continuous linear mapping 𝑅 of some Hilbert space
ℌ𝑊 into the space ℌ, and an operator 𝐽 (𝐽 = 𝐽 ∗, 𝐽2 = 𝐸) acting in ℌ𝑊 , such
that

𝐴 − 𝐴∗

2𝑖 = 𝑅𝐽𝑅∗

and the set of vectors of the form 𝐴𝑛𝑅𝑓 (𝑛 = 0, 1, … ; 𝑓 ∈ ℌ𝑊 ) is complete in
ℌ. The operator-function

𝑊(𝜆) = 𝐸 − 2𝑖𝑅∗(𝐴 − 𝜆𝐸)−1𝑅𝐽 (1)
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is called the characteristic (2−4) function of the operator 𝐴. The characteristic
function (1) will be called 𝑇 -real if in the space ℌ𝑊 there exists an involution
𝑇 for which 𝑇 𝑊(𝜆̄)𝑇 = 𝑊(𝜆) and 𝑇 𝐽𝑇 = −𝐽 . It is easy to show that every
𝑆-real operator 𝐴 has such a 𝑇 -real characteristic function 𝑊(𝜆), and that the
involutions 𝑆 and 𝑇 are connected by the relation 𝑆𝑅 = 𝑅𝑇 . The converse
assertion is also true:

Theorem 1. If the operator 𝐴 has a 𝑇 -real characteristic function (1), then in
the space ℌ there exists an involution 𝑆 such that 𝐴𝑆 = 𝑆𝐴 and 𝑆𝑅 = 𝑅𝑇 .

Proof. From the definition of the characteristic function it follows that

𝑊 ∗(𝜇)𝐽𝑊(𝜆) − 𝐽 = 4 𝜆 − ̄𝜇
2 𝐽𝑅∗(𝐴∗ − ̄𝜇𝐸)−1(𝐴 − 𝜆𝐸)−1𝑅𝐽.

Consequently,

𝑇 𝑅∗(𝐴∗ − ̄𝜇𝐸)−1(𝐴 − 𝜆𝐸)−1𝑅𝑇 = 𝑅∗(𝐴∗ − ̄𝜇𝐸)−1(𝐴 − 𝜆̄𝐸)−1𝑅,

(𝐴𝑛𝑅𝑇 𝑓 , 𝐴𝑚𝑅𝑇 𝑔) = (𝐴𝑛𝑅𝑓 , 𝐴𝑚𝑅𝑔) (𝑛, 𝑚 = 0, 1, … ; 𝑓, 𝑔 ∈ ℌ𝑊 ).

Define the required involution 𝑆 on the dense set of vectors in ℌ by setting

𝑆 (
𝑛

∑
𝑘=0

𝐴𝑘𝑅𝑔𝑘) =
𝑛

∑
𝑘=0

𝐴𝑘𝑅𝑇 𝑔𝑘 (𝑛 = 0, 1, … ; 𝑔𝑘 ∈ ℌ𝑊 ).

2. Consider an 𝑆-real operator 𝐴 and its 𝑇 -real characteristic function (1),
satisfying the condition 𝑆𝑅 = 𝑅𝑇 . To each subspace ℌ0 ⊂ ℌ invariant
with respect to 𝐴 there corresponds the operator-function

𝑊0(𝜆) = 𝐸 − 2𝑖𝑅∗
0(𝐴0 − 𝜆𝐸)−1𝑅0𝐽 (𝑅0 = 𝑃0𝑅), (2)

where 𝑃0 is the projection operator onto ℌ0 and 𝐴0𝑓 = 𝑃0𝐴𝑓 (𝑓 ∈ ℌ0). The
function 𝑊0(𝜆) is characteristic for the operator 𝐴0 and is called the projection
of the function 𝑊(𝜆) onto the subspace ℌ0.

Theorem 2. For an invariant subspace ℌ0 with respect to 𝐴 to be 𝑆-real, it is
necessary and sufficient that the projection (2) satisfy the condition

𝑇 𝑊0(𝜆̄)𝑇 = 𝑊0(𝜆).
3. The characteristic function 𝑊(𝜆) of a Volterra operator has the following

properties:
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1) 𝑊(𝜆) − 𝐸 is an entire function of 1
𝜆 , taking completely continuous values

and satisfying the condition 𝑊(∞) = 𝐸;

2)

𝑊 ∗(𝜆)𝐽𝑊(𝜆) − 𝐽 ≥ 0 (Im𝜆 > 0), 𝑊 ∗(𝜆)𝐽𝑊(𝜆) − 𝐽 = 0 (Im𝜆 = 0).

Denote by Ω𝐽 the set of all operator-functions possessing properties 1) and 2).
If

𝑊1(𝜆) = 𝑊2(𝜆)𝑊3(𝜆) (𝑊𝑘(𝜆) ∈ Ω𝐽),

then we shall say that 𝑊2(𝜆) is a left divisor of the function 𝑊1(𝜆), and that
the function 𝑊2(𝜆) precedes the function 𝑊1(𝜆).
Consider an 𝑆-real Volterra operator 𝐴 and its 𝑇 -real characteristic function
𝑊(𝜆). If 𝑆𝑅 = 𝑅𝑇 , then every projection of the function 𝑊(𝜆) onto an 𝑆-real
invariant subspace of the operator 𝐴 is a 𝑇 -real left divisor of the function 𝑊(𝜆).
The converse assertion is false in general.

Theorem 3. Let 𝐴 be a Volterra 𝑆-real operator, let 𝑊(𝜆) be its 𝑇 -real
characteristic operator-function, and let 𝑆𝑅 = 𝑅𝑇 . For the operator 𝐴 to be
𝑆-unicellular, it is necessary and sufficient that the set of all left 𝑇 -real divisors
of the function 𝑊(𝜆) be ordered.

4. Consider an 𝑆-real simple (1) Volterra operator 𝐴 with a finite-dimensional
imaginary component. Since the spectrum of this component is symmetric
with respect to the origin, in the space

𝐴 − 𝐴∗

2𝑖 ℌ

there exists an orthonormal basis

{𝑒+
1 , … , 𝑒+

𝑛 , 𝑒−
1 , … , 𝑒−

𝑛}

such that

𝑆𝑒+
𝛼 = 𝑒−

𝛼, 𝐴 − 𝐴∗

2𝑖 𝑒+
𝛼 = 𝜔𝛼𝑒+

𝛼 (𝜔𝛼 > 0), 𝐴 − 𝐴∗

2𝑖 𝑒−
𝛼 = −𝜔𝛼𝑒−

𝛼.

In an arbitrary 2𝑛-dimensional unitary space ℌ𝑊 , choose an orthonormal basis
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{ℎ(1)
1 , … , ℎ(1)

𝑛 , ℎ(2)
1 , … , ℎ(2)

𝑛 }

and define linear operators 𝐽 and 𝑅 by setting

𝐽ℎ(1)
𝛼 = ℎ(1)

𝛼 , 𝐽ℎ(2)
𝛼 = −ℎ(2)

𝛼 , 𝑅ℎ(1)
𝛼 = 𝜔1/2

𝛼 𝑒+
𝛼, 𝑅ℎ(2)

𝛼 = 𝜔1/2
𝛼 𝑒−

𝛼.

In addition, define an involution 𝑇 in the space ℌ𝑊 , specifying it by the equal-
ities 𝑇 ℎ(1)

𝛼 = ℎ(2)
𝛼 . Then 𝑆𝑅 = 𝑅𝑇 , and

𝑊(𝜆) = 𝐸 − 2𝑖𝑅∗(𝐴 − 𝜆𝐸)−1𝑅𝐽

is a 𝑇 -real characteristic operator-function of the operator 𝐴. Consider the
matrix

𝑉 (𝜆) = ∥𝑣11(𝜆) 𝑣12(𝜆)
𝑣21(𝜆) 𝑣22(𝜆)∥ (𝑣𝑖𝑗(𝜆) = ∥(𝑊(𝜆)ℎ(𝑖)

𝛼 , ℎ(𝑗)
𝛽 )∥

𝑛

𝛼,𝛽=1
) . (3)

The condition 𝑇 𝑊(𝜆̄)𝑇 = 𝑊(𝜆) is equivalent to the condition

𝑣11(𝜆) = 𝑣22(𝜆̄), 𝑣12(𝜆) = 𝑣21(𝜆̄). (4)

By virtue of Theorem 3, the operator 𝐴 is then and only then 𝑆-unicellular when
the set of all right divisors of the matrix function 𝑉 (𝜆) satisfying conditions of
the form (4) is ordered.

5. In the space 𝔏(2)
2 [0, 1], whose elements are vector functions 𝑓(𝑥) =

‖𝑓1(𝑥) 𝑓2(𝑥)‖ (0 ≤ 𝑥 ≤ 1) and in which the scalar product is defined by
the equality

(𝑓(𝑥), 𝑔(𝑥)) = ∫
1

0
𝑓(𝑡)𝑔∗(𝑡) 𝑑𝑡,

let us define a simple Volterra operator*

𝐴(‖𝑓1(𝑥) 𝑓2(𝑥)‖) = ∫
1

𝑥
‖𝑓1(𝑡) 𝑓2(𝑡)‖ ∥0 −1

1 0 ∥ 𝑑𝑡. (5)

It is obvious that the operator 𝐴 commutes with the involution

𝑆(‖𝑓1(𝑥) 𝑓2(𝑥)‖) = ‖𝑓1(𝑥) 𝑓2(𝑥)‖.

It is not unicellular, since the sets of vectors of the form

‖𝑓1(𝑥) 𝑖𝑓1(𝑥)‖ and ‖𝑓1(𝑥) − 𝑖𝑓1(𝑥)‖
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are invariant, mutually orthogonal subspaces with respect to 𝐴. A direct calcu-
lation shows that the imaginary component of the operator 𝐴 is two-dimensional
and that the matrix (3) has the form

𝑉 (𝜆) = ∥𝑒
𝑖/𝜆 0
0 𝑒−𝑖/𝜆∥ .

Let
𝑉 (𝜆) = 𝑉1(𝜆)𝑉2(𝜆),

where
𝑉2(𝜆) = ∥𝑎(𝜆) 𝑏(𝜆)

𝑏(𝜆̄) 𝑎(𝜆̄)∥

is a right divisor of the matrix 𝑉 (𝜆) satisfying conditions (4). From the equalities

𝑉𝑘(𝜆)𝐽𝑉 ∗
𝑘 (𝜆) − 𝐽 ≥ 0 (𝐽 = ∥1 0

0 −1∥ , Im𝜆 ≥ 0, 𝑘 = 1, 2)

it follows easily that

𝑎(𝜆)𝑎(𝜆̄) − 𝑏(𝜆)𝑏(𝜆̄) ≡ 1, 𝑎(𝜆) = 1 + 𝑖𝜇
𝜆 + ⋯ (𝜇 > 0) (6)

and that the function 𝑎(𝜆) has no zeros. Consequently,

𝑎(𝜆) = 𝑒𝑔(𝜆),
where 𝑔(𝜆) is an entire function of 1/𝜆. Moreover, by virtue of the multiplicative
representation

𝑉2(𝜆) = ∫
1

0
𝑒 𝑡

𝜆 𝑑𝐸(𝑡)𝐽 (2)

there is the estimate
|𝑒𝑔(𝜆)| ≤ 𝑒𝜎/𝜆 (𝜎 > 0),

and therefore
𝑔(𝜆) = 𝛼 + 𝛽/𝜆.

Using formulas (6), we obtain:

𝛼 = 0, 𝛽 = 𝑖𝜇, 𝑎(𝜆) = 𝑒𝑖𝜇/𝜆, 𝑏(𝜆) = 0.
Thus,

𝑉2(𝜆) = ∥𝑒
𝑖𝜇/𝜆 0
0 𝑒−𝑖𝜇/𝜆∥ (0 < 𝜇 < 1).

This proves the orderedness of the set of all right divisors of the matrix function
𝑉 (𝜆) satisfying conditions (4), i.e., the 𝑆-unicellularity of the operator (5) is
proved.
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