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Abstract
Full Text
MATHEMATICS

A. P. PRUDNIKOV

ON FUNCTIONS SATISFYING THE DIFFER-
ENTIAL EQUATION 𝑥2𝑦‴ + 3𝑥𝑦″ + 𝑦′ + 𝑥2𝑦 = 0
(Presented by Academician A. A. Dorodnitsyn on 19 XII 1961)

In the present note, by an operational method we solve the linear ordinary
differential equation with variable coefficients

𝑥2𝑦‴ + 3𝑥𝑦″ + 𝑦′ + 𝑥2𝑦 = 0. (1)

After the change of variable by the formula 𝑥 = 3 3√𝑡, equation (1) is reduced to
the form

𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡 𝑦 + 𝑦 = 0. (2)

This equation is of importance in constructing an operational calculus for the
operator

𝑇 = 𝑑
𝑑𝑡 𝑡 𝑑

𝑑𝑡 𝑡 𝑑
𝑑𝑡

(1).
To obtain three linearly independent solutions of the latter equation by the
operational method, it is expedient to consider the equation

𝑡3𝑦‴ + 3𝑡2𝑦″ + 𝑡𝑦′ + 𝑡𝑦 = 0, (3)

which is obtained from (2) by multiplying by 𝑡.
Let

𝜑(𝑝) = ∫
∞

0
𝑒−𝑝𝑡𝑦(𝑡) 𝑑𝑡.

Then equation (3) is reduced to the operational equation

𝑝3𝜑‴ + 6𝑝2𝜑″ + (7𝑝 + 1)𝜑′ + 𝜑 = 0. (4)
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After the change of variable by the formula 𝑧 = 1
𝑝 , equation (4) becomes

𝑧3𝜑‴ + 𝑧(𝑧 + 1)𝜑′ − 𝜑 = 0. (5)

Equation (5) is a special case of an equation depending on a parameter 𝜈:

𝑧3𝜑‴ + [𝑧(𝑧 + 1) − (𝜈
2 )

2
𝑧] 𝜑′ − [1 − (𝜈

2 )] 𝜑 = 0, (6)

when this parameter is equal to zero. If the parameter 𝜈 is not an integer, then
the functions

𝜑1(𝑧, 𝜈) = 𝑧𝐽𝜈(2√𝑧); (7)

𝜑2(𝑧, 𝜈) = 𝑧𝑌𝜈(2√𝑧); (8)

𝜑3(𝑧, 𝜈) = 𝑧Π𝜈(2√𝑧), (9)

where

𝐽𝜈(𝑧) =
∞

∑
𝑚=0

(−1)𝑚(𝑧/2)𝜈+2𝑚

𝑚!Γ(𝜈 + 𝑚 + 1) , 𝑌𝜈(𝑧) = cos(𝜋𝜈)𝐽𝜈(𝑧) − 𝐽−𝜈(𝑧)
sin(𝜋𝜈)

are Bessel functions,

Π𝜈(𝑧) = cos (𝜋𝜈
2 )

∞
∑
𝑚=0

(−1)𝑚(𝑧/2)2𝑚

Γ(𝑚 + 1 + 𝜈/2)Γ(𝑚 + 1 − 𝜈/2)

is a Poisson function, form a fundamental system of solutions of equation (6).
For 𝜈 = 0 this no longer holds, since as 𝜈 → 0 the Poisson function Π𝜈(𝑧)
degenerates into the Bessel function 𝐽𝜈(𝑧), and the triple of solutions (7), (8),
(9) of equation (6) degenerates into a pair of linearly independent solutions of
equation (5)

𝜑1(𝑧) = lim
𝜈→0

𝜑1(𝑧, 𝜈) = lim
𝜈→0

𝜑3(𝑧, 𝜈) = 𝑧𝐽0(2√𝑧); (10)

𝜑2(𝑧) = lim
𝜈→0

𝜑2(𝑧, 𝜈) = 𝑧𝑌0(2√𝑧). (11)

To find the third linearly independent solution of equation (5), let us consider
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lim
𝜈→0

𝜑1(𝑧, 𝜈) − 𝜑3(𝑧, 𝜈)
𝜈 = 1

2𝜑2(𝑧).

We find

lim
𝜈→0

𝑑
𝑑𝜈 {𝜑1(𝑧, 𝜈) − 𝜑3(𝑧, 𝜈)} − 1

2𝜑2(𝑧)
𝜈 = 𝜋2

4 𝜑1(𝑧) + 𝜑3(𝑧),

where

𝜑3(𝑧) = 1
4

∞
∑
𝑚=0

(−1)𝑚𝑧𝑚+1

(𝑚!)2 {ln2 𝑧 − 4𝜓(𝑚 + 1) ln 𝑧 + 4𝜓2(𝑚 + 1) − 2𝜓′(𝑚 + 1)},

𝜓(𝑚 + 1) = 𝑑
𝑑𝑚 ln Γ(𝑚 + 1).

The function 𝜑3(𝑧) satisfies equation (5) and is linearly independent of 𝜑1(𝑧) and
𝜑2(𝑧). After passing from the images 𝜑1 ( 1

𝑝 ), 𝜑2 ( 1
𝑝 ), 𝜑3 ( 1

𝑝 ) to the originals,
we obtain, respectively, three linearly independent solutions of equation (3):

𝑦1(𝑡) =
∞

∑
𝑚=0

(−1)𝑚

(𝑚!)3 𝑡𝑚 = 𝐽 (2)
0,0(3 3√𝑡),

𝑦2(𝑡) = 𝐽 (2)
0,0(3 3√𝑡) ln 𝑡 − 3

∞
∑
𝑚=0

(−1)𝑚

(𝑚!)3 𝑡𝑚𝜓(𝑚 + 1),

𝑦3(𝑡) = 1
4

∞
∑
𝑚=0

(−1)𝑚

(𝑚!)3 𝑡𝑚{ln2 𝑡 − 6𝜓(𝑚 + 1) ln 𝑡 + 9𝜓2(𝑚 + 1) − 3𝜓′(𝑚 + 1)}.
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