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Abstract
Full Text

V. A. Gaukman

Symmetric Almost Symplectic Affine Connec-
tions on Hermitian Manifolds

(Presented by Academician P. S. Novikov, 14 IV 1962)

Let MM be a 2n-dimensional Hermitian manifold (1), i.e., on 9 there are given a
tensor F; and a positive definite symmetric tensor g,;, satisfying the conditions:
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The tensor a;; = —nglj is skew-symmetric and

a’lml zll jm = aij' (1)

The quantities
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(6aij/8$k + day,/0x" + aaki/axj) = 3 0(ijk)s

T.. —
k 3

)
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where parentheses denote cyclic summation and a;;;, = da;;/92*, define a tensor
whose vanishing means that the space is Kéhler.

In the present note we shall find a symmetric affine connection invariantly
associated with the tensors F}, g;;, satisfying the conditions indicated above.

We note that on Hermitian manifolds various canonical affine connections have
already been constructed (see, for example, (1'2)); however, all of them except
the Frolicher connection (?) are not symmetric. The Frélicher connection is
almost complex, i.e., F’ ; x = 0 (the comma here and below denotes covariant dif-
ferentiation). We set ourselves the goal of finding a symmetric affine connection
that is not almost complex, but instead belongs to the class of so-called almost
symplectic connections (?).

It is not difficult to show that the condition a;; , = 0 implies T}; , = 0. However,
V. G. Lemlein () showed that there exists a pencil of symmetric affine connec-
tions satisfying the condition a;; , = T;;;. The components of these connections
have the form:

i Loy

jk = 3@ (aljk — Qg+ %jk) ) (2)
where a”alj = (5;», and 7, is an arbitrary geometric object symmetric in each
pair of indices, whose transformation law for its components under a change of
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local coordinates can be obtained from the equality v, = —al@-l"ék). Lemlein
called these connections almost symplectic.

Let us require that the desired connection be almost symplectic. Our problem
is now reduced to the choice of the components of the object ;.

To facilitate the further calculations it is useful to note that on a Hermitian
manifold there exist so-called adapted systems of coordinates, in which the
components of the tensor F j are constant (1). Passing to an adapted coordinate
system, differentiation of equality (1) now gives

Filemalmk = Q- (3)
Consider the tensor F j’ - It has two pure (1)-components (see (4)):

Al :_<F]l’Fll;k+FliF;,l)7 Bl :Fjl'(Fli,l_Fli,k)'

It can be verified that the identity

1
T. -

k= QF(liFJ”Bkm)matl

holds, from which it follows that the vanishing of the tensor B;k entails the
vanishing of the tensor 7.

We now require that, for the desired connection, the equality

Al =0. (4)

hold. This gives:

Yijk — F(liF}n%)lm =0. (5)

For what follows we shall need the notion of a conjugate affine connection (4).
Let F;k be a symmetric affine connection. By the conjugate affine connection
fék we shall mean the connection in which parallel transport from a point x;
to a point x, along a curve L is carried out in the following way: the vector

is first subjected to the automorphism F(z;) = (F}(z;)), then transported
from x, to x4 along L parallel with respect to the connection F;k, and finally
subjected to the inverse automorphism F~!(zy) = —F(z5). The components of

this connection have the form l:;k = F;k + Fjl Fl’ X

We now require that the equality

9ij.k = YGijlk> (6)
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hold, where g;;;, is the covariant derivative of the tensor g;; in the connection
f‘;k We obtain

1
Vijk — Filem’Yklm = S(agj; + ag; — FilFJmaklm - FilF]makml)a

2
whence it follows:
3 FLFm = 1FlFm 1FlFm 7
Yigk — L5 Ye)im B RGE ak)zm—§ @5 Akymi- (7)
From (5) and (7) we have
1 L 'm
Yijk = *iF(iFj Ap)im - (8)

We must now verify that the connection (8) indeed satisfies conditions (4) and
(6). First note that the identity

Tijk = F(li ]mTk)lnm 9)

holds; for its proof it is sufficient to use equality (3). By direct computation we
obtain

I ! 1 !
6a, F; = Fja — Faj + Fiag; — Fiag,.

Hence

a; Fj ; +a;F} = 0. (10)

Further:

9ijk = Fil,kalj + Fz‘lalj,k' (11)

Interchanging ¢ and j and adding, we obtain
Lo l
9ij e = i(Fz‘ T + FiTyp)- (12)
From (11) we have

i i i mit
Fj,k_a gjl,k_Fja Lines

sovietrxiv.org/items/ru-196201.76953 Machine Translation


https://sovietrxiv.org/items/ru-196201.76953

whence

) 1 ,.
F;k = iall(FlmTjkm - ijlem)'

Now a computation gives

1 1
U l m
ayAj, = 5 Like = SFGET Thyim
which, by virtue of (9), proves (4). To prove (6), note that

9ijk — Gijlk = —(auFJl‘,k + aleil,k) =0

by virtue of (10). Thus, it has been proved that the connection (8) satisfies
conditions (4) and (6).

Using the method of prolongation and envelopments of geometric objects of G. F.
Laptev ), extended by A. M. Vasil’ ev (9 to the case of infinite transformation
groups, one can show that the expressions (2), in which

1 m 1 1 m i 1 m l
— §F(z aj‘le)m + iF(] aqumk) + iF(Z a;, F s (13)

1 L m
ik = —5FLF}a it mp)

j )m

where [, = OF}/ 0z%, and there is no cyclic summation over the underlined
indices, define the components of an object of affine connection. For an adapted
coordinate system F;k = 0, and therefore expression (13) coincides with (8).
Thus formula (13) makes it possible to compute the components of our connec-
tion for an arbitrary coordinate system. Hence the following has been proved.

Theorem 1. On a Hermitian manifold there exists, and moreover uniquely, a
symmetric affine connection satisfying the conditions:

1) ajjr = Tijp; 2) Aék =0; 3) 9ij1 = G- The components of this connection
are determined by formulas (2) and (13).

In 4 the so-called normal connections were considered, i.e. connections for which
B, = Bﬁl = 0. Such connections play a role in the study of families of geodesic
lines. For our connection B; = —%almTilm. The vanishing of this vector means
(3) that the volume

\/det Ja | det | X |

is invariant. But

det [la;;|| = det |lg; F}[| = det |lg;;] x det [ | = +det ] g;;].

1,
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Consequently, we have proved:

Theorem 2. In order that the almost symplectic connection (13) be nor-
mal, it is necessary and sufficient that the space have the invariant volume

\/det gl det [XE .

— m
Denote By = a;, Yy, where

R;kl = 8I‘§Z/8xk — 6F§k/8wl + I‘;}I‘fnk — F}’,‘CI‘fm

is the curvature tensor of the connection (13). From the general properties of
the curvature tensor there follow the relations

Bijkl = _Bijud (I)

For almost symplectic connections one additionally has (3

B+ Bjik + Biij + Biiji = 0. (I1I)

For our connection (13) we have, in addition,

Bijkl - FerlgBirsl - FjrﬂsBirk(s - FgﬂsBijrs - FiTF;Brskl

(IV)
- FiTF}fBrjsl - FiT‘FlSBrjks + FiTF;FIfquBTqu = 0;
By — FLEF Biyyrs) — FLET Bjjrs) — FER Bijrs) W)

= —2F, F3Ty,, — 2 F3 T,

rs?

AF7"Bipg + 4F" By jige + F" Bjgim) + E5 Blirim) — Fi" Bjiem) — Fj" Blitkm)

(VD)

(IV) follows from the relation A;k = 0. (V) is obtained by covariant differenti-

ation of the identity 7}, = F(liijTk)lm with the use of the relation (see

(3)) k1 = —%B(i‘jk)l. To obtain (VI), one must, with the aid of (12),
compute Vkvlgij — Vlegij and use the Ricci identity.
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If one symmetrizes the connections of the works (12), then one obtains symmet-
ric affine connections defined on a Hermitian manifold. The connection (2), (13)
can coincide with one of these connections only in the Kéhler case. However,
there is a deep connection between the connection constructed by us and the
connections of the works (1?). Let us introduce the notion of an associated
almost symplectic connection: let F;k be an arbitrary affine connection. Then
the quantities v, ;;, = —%al(iFék) — %alﬁf‘kj) define an object symmetric in any
pair of indices, whose substitution into (2) determines some symmetric almost
symplectic affine connection. It is called the connection associated with the
connection F;k It turns out that the following holds:

Theorem 3. The connection (2), (13) is an almost symplectic affine connection
associated with the Riemannian connection jzk corresponding to the tensor
9;;» as well as with any of the connections of the works (2).

Let us also note that our connection is expressed in the following way through

the components of the Riemannian connection {]Zk}

i — i +1 il +1 il
ik =\ jk 3a Aj/k 30 Aik/ 5

where a;;/, is the covariant derivative of the tensor a;; in the Riemannian con-

J
. 7
nection {jk}'

In conclusion, let us note that if the manifold 91 is regarded as almost Hermitian,
i.e., if one does not assume that the tensor

th, = = (FjOF[/0x' — FjOF] [0x* — FLOF;/9x' + FLOF [927)

A~ =

is zero, then the quantities (2), (13) still define an affine connection; however,
relations (4) and (6) now take the form:

. 9 2
Al =2th + ga’maﬂtink + galma,dtﬁm.;

o q.. :7é Lt l
gz],k g’L]/k 3 il jk+g]l ik ) *

The vector B; = B!, has the same form as before: B, = —L1a!™T, and

i 2
therefore Theorem 2 holds also for almost Hermitian manifolds.

lm>
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