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MATHEMATICS
Yu. L. Rodin

CAUCHY-TYPE INTEGRALS AND BOUNDARY-
VALUE PROBLEMS FOR GENERALIZED
ANALYTIC FUNCTIONS ON CLOSED RIE-
MANN SURFACES
(Presented by Academician I. N. Vekua on 22 IX 1961)

On a closed Riemann surface 𝑅 of genus 𝑝 > 2, consider the differential equation

̄𝑈𝑧 = 𝐵(𝑧)𝑈. (1)

Here 𝐵(𝑧) is a covariant with respect to ̄𝑧, continuous on 𝑅 everywhere except
for at most a finite number of points and lines of discontinuity.

In a finite (2) domain 𝑇 , equation (1) is reduced to the integral equation (1,5)

𝑈(𝑧) + 1
𝜋 ∬

𝑇
𝐵(𝑡)𝑈(𝑡)𝐴(𝑡, 𝑧) 𝑑𝑇 = Φ(𝑧), (2)

where Φ(𝑧) is a function analytic in 𝑇 . 𝐴(𝑡, 𝑧) is the Cauchy kernel described
in (7), with its singularities removed to 𝑅 − 𝑇 *. In contrast to the planar case,
equation (2) generally has eigenfunctions (7). However, for any coefficient one
can choose a kernel 𝐴(𝑡, 𝑧) such that equation (2) will have no eigenfunctions
**. In this case the number of poles with respect to 𝑧 (the set 𝛿 of these points
we call the characteristic divisor) turns out, generally speaking, to be greater
than 𝑝. Choose arbitrarily in 𝑅 − 𝑇 𝑝 − 1 points 𝑃 [𝑡𝑖] (𝑖 = 1, 2, … , 𝑝 − 1) and
construct Abelian covariants of the first kind 𝑍′

𝑗(𝑡) (𝑗 = 1, 2, … , 𝑝 − 1) such that

𝑍′
𝑗(𝑡𝑖) = 𝛿𝑖 (𝑖, 𝑗 = 1, 2, … , 𝑝 − 1).

Introduce the new kernel
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𝐴(𝑡, 𝑧) = 𝐴(𝑡, 𝑧) −
𝑝−1
∑
𝑗=1

𝑍′
𝑗(𝑡)𝐴(𝑡𝑖, 𝑧), (3)

which has the property that 𝐴(𝑡𝑖, 𝑧) = 0 (𝑖 = 1, 2, … , 𝑝 − 1). The covariants
𝑍′

𝑗(𝑡) can moreover be chosen so that the equation

𝑈(𝑧) + 1
𝜋 ∬

𝑇
𝐵(𝑡)𝑈(𝑡)𝐴(𝑡, 𝑧) 𝑑𝑇 = 0 (4)

has no eigenfunctions. In what follows we consider only the kernel (3), and
denote it simply by 𝐴(𝑡, 𝑧). We call the equation

𝑉𝑧 + 𝐵(𝑧) 𝑉 = 0 (5)

conjugate to (1).

* The properties of the kernel 𝐴(𝑡, 𝑧) have been studied in greater detail in joint
work of S. Ya. Gusman and the author, in which, in particular, a kernel with
a characteristic divisor of arbitrary order, ord(𝛿) ≥ 𝑝, was constructed. In this
case the necessary and sufficient condition dim(𝑊 − 𝛿) = 0 must be satisfied
(unpublished).

** Work by S. Ya. Gusman is devoted to this question (unpublished).

for covariants. Solutions of equation (1) (or (5)) that are regular up to poles
are called belonging to equation (1) (respectively (5)). Functions belonging to
equation (1) and regular everywhere on 𝑅 we call generalized constants. We
denote their number by 𝑘0. As will be shown in our next paper, 0 ≤ 𝑘0 ≤ 2.
Covariants belonging to equation (5) and regular everywhere on 𝑅, we shall call
generalized covariants of the first kind. We denote their number by 𝑘1.

Following I. N. Vekua (1), in the domain 𝑇 Cauchy kernels are constructed
satisfying the systems

Ω1(𝑡, 𝑧) + 1
𝜋 ∬

𝑇
𝐵(𝜏) Ω2(𝑡, 𝜏) 𝐴(𝜏, 𝑧) 𝑑𝑇 = 𝐴(𝑡, 𝑧),

Ω2(𝑡, 𝑧) + 1
𝜋 ∬

𝑇
𝐵(𝜏) Ω1(𝑡, 𝜏) 𝐴(𝜏, 𝑧) 𝑑𝑇 = 0;

⎫}}
⎬}}⎭

(6)

Ω1(𝑡, 𝑧) + 1
𝜋 ∬

𝑇
𝐵(𝜏) Ω2(𝜏, 𝑧) 𝐴(𝑡, 𝜏) 𝑑𝑇 = 𝐴(𝑡, 𝑧),

Ω2(𝑡, 𝑧) + 1
𝜋 ∬

𝑇
𝐵(𝜏) Ω1(𝜏, 𝑧) 𝐴(𝑡, 𝜏) 𝑑𝑇 = 0.

⎫}}
⎬}}⎭
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There are integral Cauchy formulas for equations (1) and (5). The corresponding
integrals of Cauchy type have the form

𝑈(𝑧) = 1
2𝜋𝑖 ∫

Γ
𝜑(𝑡)Ω1(𝑡, 𝑧) 𝑑𝑡 − 𝜑(𝑡) Ω1(𝜏, 𝑧) 𝑑 ̄𝑡; (7)

𝑉 (𝑧) = − 1
2𝜋𝑖 ∫

Γ
𝜔(𝜏)Ω1(𝑧, 𝜏) 𝑑𝜏 − 𝜔(𝜏) Ω2(𝑧, 𝜏) 𝑑𝜏, (8)

where in the second integral the density is taken to be covariant.

Under the usual assumptions concerning the contour and the densities, the
formulas of Yu. V. Sokhotskii hold.

With the aid of equations (6), the latter are analytically continued to the domain
𝑅−𝑇 . Therefore the integral (7) is a function analytic in 𝑇 −, with characteristic
divisor 𝛿 of the kernel 𝐴(𝑡, 𝑧). The integral (8) is a covariant analytic in 𝑅 − 𝑇
with a pole at the point 𝑃0 (see (8)) and zeros at the selected points 𝑃𝑖 (𝑖 =
1, … , 𝑝 − 1).
Let the contour Γ bound on 𝑅 a connected domain 𝑇 +, and let 𝑇 − be its
complement on 𝑅.* In the domains 𝑇 ± we construct kernels Ω1,2(𝑡, 𝑧), whose
singularities we place in 𝑇 ±.

Consider the boundary-value problem: to determine solutions 𝑈±, regular in
𝑇 ±, of equation (1), satisfying the boundary condition

𝑈+(𝑡) − 𝑈−(𝑡) = 𝑔(𝑡) on Γ, (9)

where 𝑔(𝑡) is an 𝐻-continuous function.

Theorem 1. For the solvability of problem (9) it is necessary and sufficient
that

Im∫
Γ

𝑔(𝑡)𝑉 0
𝑗 (𝑡) 𝑑𝑡 = 0 (𝑗 = 1, 2, … , 𝑘1), (10)

where 𝑉 0
𝑗 (𝑗 = 1, 2, … , 𝑘1) is a basis of generalized covariants of the first kind

belonging to equation (5).

* The assumptions concerning the smoothness and homological properties of Γ
and 𝑇 + are the same as in (7).

The necessity of condition (10) is obvious. To prove sufficiency, we seek a
solution in the form
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𝑈±(𝑧) = 1
2𝜋𝑖 ∫

Γ
𝜑(𝜏)Ω±

1 (𝜏, 𝑧) 𝑑𝜏 − 𝜑(𝜏) Ω±
2 (𝜏, 𝑧) 𝑑 ̄𝜏 . (11)

We arrive at the Fredholm equation

𝜑(𝑡) + 1
2𝜋𝑖 ∫

Γ
𝜑(𝜏) [Ω+

1 (𝜏, 𝑡) − Ω−
1 (𝜏, 𝑡)] 𝑑𝜏 − 𝜑(𝜏) [Ω+

2 (𝜏, 𝑡) − Ω−
2 (𝜏, 𝑡)] 𝑑 ̄𝜏 = 𝑔(𝑡).

(12)

Introduce the scalar product*

(𝜑, 𝜓) = Re∫
Γ

𝜑(𝜏)𝜓(𝜏) 𝑑𝑠𝜏 , (13)

where 𝑑𝑠𝜏 is the element of length of the contour in an arbitrary metric. The
equation adjoint to (12) in the metric (13) will be the covariant equation

𝜔(𝑡) + 1
2𝜋𝑖 ∫

Γ
𝜔(𝜏) [Ω+

1 (𝑡, 𝜏) − Ω−
1 (𝑡, 𝜏)] 𝑑𝜏 + 𝜔(𝜏) [Ω+

2 (𝑡, 𝜏) − Ω−
2 (𝑡, 𝜏)] 𝑑 ̄𝜏 = 0.

(14)

The solutions of equation (14) are the covariants 𝑖𝑉 0
𝑗 (𝑡) (𝑗 = 1, 2, … , 𝑘1), and

only these; whence the assertion of the theorem follows.

Consider the Riemann problem

𝑈+(𝑡) = 𝐺(𝑡)𝑈−(𝑡) + 𝑔(𝑡) on Γ (15)

for equation (1). We call the adjoint problem

𝑉 +(𝑡) = 1
𝐺(𝑡)𝑉 −(𝑡) (16)

for equation (5).

From the reasoning given in the proof of Theorem 1, it follows that the solution
of problem (15) is representable in the form

𝑈±(𝑧) = 1
2𝜋𝑖 ∫

Γ
𝜑(𝜏)Ω±

1 (𝜏, 𝑧) 𝑑𝜏 − 𝜑(𝜏) Ω±
2 (𝜏, 𝑧) 𝑑 ̄𝜏 +

𝑘″
0

∑
𝑗=1

𝑥𝑗𝑈0
𝑗 (𝑧), (17)

where 𝑈0
𝑗 (𝑧) (𝑗 = 1, … , 𝑘″

0 ) is a basis of the space of those generalized constants
which are not representable in the form (11) (0 ≤ 𝑘″

0 ≤ 2). We arrive at the
singular equation
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1 + 𝐺(𝑡)
2 𝜑(𝑡)+ 1

2𝜋𝑖 ∫
Γ

𝜑(𝜏) [Ω+
1 (𝜏, 𝑡) − 𝐺(𝑡)Ω−

1 (𝜏, 𝑡)] 𝑑𝜏−𝜑(𝜏) [Ω+
2 (𝜏, 𝑡) − 𝐺(𝑡)Ω−

2 (𝜏, 𝑡)] 𝑑 ̄𝜏 = 𝑔(𝑡)+
𝑘″

0

∑
𝑗=1

𝑥𝑗 [𝐺(𝑡)−1]𝑈0
𝑗 (𝑡)

(18)

of index 𝜒 = indΓ 𝐺. The equation adjoint to (18) in the metric (13) will be

1 + 𝐺(𝑡)
2 𝜔(𝑡)+ 1

2𝜋𝑖 ∫
Γ

𝜔(𝜏) [Ω+
1 (𝑡, 𝜏) − 𝐺(𝜏)Ω−

1 (𝑡, 𝜏)] 𝑑𝜏+𝜔(𝜏) [Ω+
2 (𝑡, 𝜏) − 𝐺(𝜏) Ω−

2 (𝑡, 𝜏)] 𝑑 ̄𝜏 = 0.
(19)

The solutions of this equation are the covariants 𝑖𝑉 +
𝑗 (𝑡) (𝑗 = 1, 2, … , 𝑙′), where

𝑉 +
𝑗 (𝑡) are solutions of the adjoint problem (16), and only these.

* The idea of introducing the metric (13) was borrowed by us from B. V. Bo-
yarskii (3).
Let 𝜂(𝑡) be a solution of the homogeneous equation (18) to which, by formulas
(17), there corresponds the zero solution of problem (15) (𝑔(𝑡) ≡ 0). Then it
will also be a solution of the homogeneous equation (12). The number of such
functions is equal to 𝑘1 − 𝑘′

0, where 𝑘′
0 is the number of generalized constants

representable in the form (11), 𝑘′
0 + 𝑘″

0 = 𝑘0. Therefore the number 𝑙 of solu-
tions of the homogeneous problem (15) and the number ̃𝑙 of solutions of the
homogeneous equation (18) are related by

𝑙 = ̃𝑙 − (𝑘1 − 𝑘′
0) + 𝑘″

0 = ̃𝑙 − 𝑘1 + 𝑘0.
It can be shown that 𝑘1 − 𝑘0 = 2𝑝 − 2. Taking into account that the number 𝑙′
of solutions of problem (16) and the number ̃𝑙′ of solutions of equation (19) are
related by 𝑙′ = ̃𝑙′, and ̃𝑙 − ̃𝑙′ = 2𝜘, we obtain the following result:

Theorem 2. The difference between the number of solutions 𝑙 of the homoge-
neous problem (15) and 𝑙′ of the homogeneous problem (16) is equal to

𝑙 − 𝑙′ = 2𝜘 − 2𝑝 + 2.
In particular, for 𝜘 ≥ 𝑝 the problem is always solvable.

Theorem 3. For the solvability of the nonhomogeneous problem (15), it is
necessary and sufficient that

Im∫
Γ

𝑔(𝑡)𝑉 +
𝑗 (𝑡) 𝑑𝑡 = 0 (𝑗 = 1, 2, … , 𝑙′), (20)

where 𝑉 +
𝑗 (𝑗 = 1, 2, … , 𝑙′) is a basis of the space of solutions of problem (16).

The Hilbert boundary-value problem

Re[(𝑎 − 𝑖𝑏)𝑈(𝑡)] = 𝑐(𝑡) (21)
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on a surface 𝑇 of genus ℎ with 𝑚 + 1 boundary contours, by the method of
paper (6), is reduced to the Riemann problem

𝑈+(𝑡) = −𝑎(𝑡) + 𝑖𝑏(𝑡)
𝑎(𝑡) − 𝑖𝑏(𝑡) 𝑈−(𝑡) + 2𝑐(𝑡)

𝑎(𝑡) − 𝑖𝑏(𝑡) (22)

on the surface 𝑅—the double of 𝑇 ; moreover the coefficient of equation (1) for
the domain 𝑇 is determined by the formula

𝐵(𝑧) = 𝐵( ̃𝑧),

where 𝑃 [𝑧] ∈ ̃𝑇 and ̃𝑧 is a local parameter of the point symmetric to 𝑃 . The
problem conjugate to (21) is called the covariant problem

Re[(𝑎 + 𝑖𝑏)𝑉 (𝑡)] = 0 (23)

for the conjugate equation.

Theorem 4. The difference between the number of solutions 𝑙 of the homoge-
neous problem (21) and 𝑙′ of problem (23) is equal to

𝑙 − 𝑙′ = 4𝜘 − 4ℎ − 2𝑚 + 𝑧,

where 𝜘 = ind(𝑎 + 𝑖𝑏). For the solvability of the nonhomogeneous problem (21),
it is necessary and sufficient that

∫
Γ

𝑐(𝑡)[𝑎(𝑡) + 𝑖𝑏(𝑡)]𝑉𝑗(𝑡) 𝑑𝑡 = 0 (𝑗 = 1, … , 𝑙′),

where 𝑉𝑗(𝑡) is a complete system of solutions of the conjugate problem. For
ℎ = 0, the known results of I. N. Vekua (1) follow from this.

Perm Polytechnic Institute
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* The nonsolvability of the problem for 𝜘 < 0 follows from the argument princi-
ple.
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Note: Figure translations are in progress. See original paper for figures.
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