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Abstract
Full Text

THEORY OF ELASTICITY
S. E. BIRMAN

ON A PROBLEM OF THE THEORY OF ELAS-
TICITY FOR AN INFINITE STRIP IN DIS-
PLACEMENTS
(Presented by Academician V. I. Smirnov, 20 III 1962)

In our papers 1−3 it was shown that, by applying the concept of“conjugate-on-
the-contour functions,”one can obtain a very effective general solution of the
problem for an infinite strip in stresses. In connection with the publication of
an article 4* on this same subject, we shall show here that the method we used
for solving the problem in stresses gives an analogous solution of the problem
in displacements as well.

Consider the infinite strip (−𝑎 ≤ 𝑦 ≤ 𝑎; −∞ < 𝑥 < ∞). We write the well-
known equations of G. V. Kolosov in the following form:

2𝜇(𝑢 − 𝑖𝑣) = 2𝑘 − 1
2 Φ(𝑧) − 1

2Φ(𝑧) + 𝑖𝑦Φ′(𝑧) − 𝑎Ψ(𝑧);
𝑋𝑥 + 𝑌𝑦 = 2𝑅Φ′(𝑧); 𝑌𝑦 − 𝑋𝑥 + 2𝑖𝑋𝑦 = 2𝑎Ψ′(𝑧) − 2𝑖𝑦Φ″(𝑧),

(1)

where 𝑧 = 𝑥 + 𝑖𝑦; 𝑘 = 2(1 − 𝜎) for plane strain; 𝑘 = 2
1 + 𝜎 for plane stress; 𝜎

is Poisson’s ratio. It is required to find Φ(𝑧) and Ψ(𝑧) satisfying the boundary
conditions.

By functions conjugate on the contour we mean two functions of the complex
variable 𝑃(𝑧) and 𝑄(𝑧), taking real values on the real axis, such that on the
contour of the strip

𝑃(𝑥 + 𝑖𝑎) = 𝑟(𝑥) + 𝑖𝑝(𝑥),
𝑄(𝑥 + 𝑖𝑎) = 𝑞(𝑥) + 𝑖𝑟(𝑥). (2)

Let us consider four cases of the deformed state of the strip.

1. Put

Φ(𝑧) = 𝑃(𝑧); Ψ(𝑧) = 𝑄′(𝑧) − 𝑘
𝑎𝑃(𝑧); (3)
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then, in accordance with (1) and (2), on the contour of the strip (𝑦 = ±𝑎) we
shall have

2𝜇𝑢 = (2𝑘 − 1)𝑟(𝑥) − 𝑎𝑞′(𝑥) − 𝑎𝑝′(𝑥), 𝑣 = 0. (4)

2. Let

Φ(𝑧) = 𝑄(𝑧); Ψ(𝑧) = −𝑃 ′(𝑧) + 𝑘 − 1
𝑎 𝑄(𝑧); (5)

then for 𝑦 = ±𝑎

𝑢 = 0; 2𝜇𝑣 = ±[(2𝑘 − 1)𝑟(𝑥) − 𝑎𝑞′(𝑥) − 𝑎𝑝′(𝑥)]. (6)

3. If

Φ(𝑧) = −𝑖𝑄(𝑧); Ψ(𝑧) = 𝑖𝑃 ′(𝑧) + 𝑖𝑘
𝑎 𝑄(𝑧), (7)

* We note, incidentally, that for the existence of a general solution of the problem
for an infinite strip in stresses it is sufficient that only one statics condition be
satisfied:

∫
+∞

−∞
𝑁(𝑡) 𝑑𝑡 = 0,

where 𝑁(𝑥) are the normal components of the stresses on the contour of the
strip (see 3). The fulfillment of the other two statics conditions, as required in
article 4, is superfluous.

then on the contour

2𝜇𝑢 = ± [(2𝑘 − 1)𝑟(𝑥) + 𝑎𝑞′(𝑥) + 𝑎𝑝′(𝑥)] ; 𝑣 = 0. (8)

4. If, however,

Φ(𝑧) = 𝑖𝑃(𝑧); Ψ(𝑧) = 𝑖𝑄′(𝑧) + 𝑖(𝑘 − 1)
𝑎 𝑃(𝑧), (9)

then on the contour

𝑢 = 0; 2𝜇𝑣 = (2𝑘 − 1)𝑟(𝑥) + 𝑎𝑞′(𝑥) + 𝑎𝑝′(𝑥). (10)

Thus, for symmetric deformation of the strip (cases 1 and 2), the problem
reduces to finding two conjugate contour functions satisfying the condition
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(2𝑘 − 1)𝑟(𝑥) − 𝑎𝑞′(𝑥) − 𝑎𝑝′(𝑥) = 2𝜇𝑓(𝑥), (11)

while for antisymmetric deformation of the strip (cases 3 and 4), satisfying the
condition

(2𝑘 − 1)𝑟(𝑥) + 𝑎𝑞′(𝑥) + 𝑎𝑝′(𝑥) = 2𝜇𝑓(𝑥), (12)

where 𝑓(𝑥) is the prescribed displacement on the contour of the strip.

In paper (1), by applying the Schwarz integral for an infinite strip, we found
that*

𝑃 ′(𝑧) + 𝑖𝑄′(𝑧) = 𝑖𝑚
4𝑎 ∫

+∞

−∞

𝑟(𝑡) 𝑑𝑡
ch2 𝑚

2 (𝑡 − 𝑧 + 𝑖𝑎)
, 𝑚 = 𝜋

2𝑎, (13)

and then from (2) and (13) it follows that

𝑎𝑝′(𝑥) + 𝑎𝑞′(𝑥) = 𝑚
4 ∫

+∞

−∞

𝑟(𝑡) 𝑑𝑡
ch2 𝑚

2 (𝑡 − 𝑥)
. (14)

Thus, (11) can be rewritten in the form of the following integral equation

(2𝑘 − 1)𝑟(𝑥) − 𝑚
4 ∫

+∞

−∞

𝑟(𝑡) 𝑑𝑡
ch2 𝑚

2 (𝑡 − 𝑥)
= 2𝜇𝑓(𝑥). (15)

Hence, assuming that 𝑓(𝑥) is absolutely integrable and satisfies the Dirichlet
conditions, we obtain

𝑟(𝑥) = 𝜇
𝜋 ∫

+∞

−∞

sh 2𝑎𝜉 𝑑𝜉
(2𝑘 − 1) sh 2𝑎𝜉 − 2𝑎𝜉 ∫

+∞

−∞
𝑓(𝑡) cos 𝜉(𝑡 − 𝑥) 𝑑𝑡. (16)

Substituting (16) into (13), we find (up to a constant) that

𝑃 (𝑧) + 𝑖𝑄(𝑧) = −2𝑖𝜇
𝜋 ∫

+∞

−∞

𝑑𝜉
(2𝑘 − 1) sh 2𝑎𝜉 − 2𝑎𝜉 ∫

+∞

−∞
𝑓(𝑡) sin 𝜉(𝑡 − 𝑧 + 𝑖𝑎) 𝑑𝑡

(17)

for symmetric deformation of the strip.

In exactly the same way, from (12), (14), and (13), we find that
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𝑃(𝑧) + 𝑖𝑄(𝑧) = −2𝑖𝜇
𝜋 ∫

+∞

−∞

𝑑𝜉
(2𝑘 − 1) sh 2𝑎𝜉 + 2𝑎𝜉 ∫

+∞

−∞
𝑓(𝑡) sin 𝜉(𝑡 − 𝑧 + 𝑖𝑎) 𝑑𝑡

(18)

for antisymmetric deformation of the strip.

* The combined notation 𝑃(𝑧) + 𝑖𝑄(𝑧) greatly simplifies the subsequent calcula-
tions. Since these functions are real on the real axis, their separation is carried
out in the usual way.

If, however, 𝑓(𝑥) is represented by a Fourier series

𝑓(𝑥) = 1
2𝐴0 +

∞
∑
𝑛=1

(𝐴𝑛 cos 𝛾𝑥 + 𝐵𝑛 sin 𝛾𝑥), 𝛾 = 𝑛𝜋
𝑙 ,

then, by a method analogous to that described, we obtain

𝑃(𝑧) + 𝑖𝑄(𝑧) = 𝐴0𝜇
2𝑎(𝑘 − 1)(𝑎 + 𝑖𝑧) + 4𝑖𝜇

∞
∑
𝑛=1

𝐴𝑛 sin 𝛾(𝑧 − 𝑖𝑎) − 𝐵𝑛 cos 𝛾(𝑧 − 𝑖𝑎)
(2𝑘 − 1) sh 2𝑎𝛾 − 2𝑎𝛾

(19)

for symmetric deformation of the strip, and

𝑃(𝑧) + 𝑖𝑄(𝑧) = 𝐴0𝜇
2𝑎𝑘 (𝑎 + 𝑖𝑧) + 4𝑖𝜇

∞
∑
𝑛=1

𝐴𝑛 sin 𝛾(𝑧 − 𝑖𝑎) − 𝐵𝑛 cos 𝛾(𝑧 − 𝑖𝑎)
(2𝑘 − 1) sh 2𝑎𝛾 + 2𝑎𝛾 (20)

for antisymmetric deformation of the strip.

Moreover, without dwelling here on the proof, we note that, on the basis of
the results obtained above, the solution of the problem in polynomials can be
represented in the following form.

For symmetric deformation of the strip (𝑓(𝑥) is a polynomial),

𝑃(𝑧) + 𝑖𝑄(𝑧) = 2𝑖𝜇
𝑘 − 1 [𝑏−1ℎ−1 ∫

𝑧−𝑖𝑎

0
𝑓(𝑡) 𝑑𝑡 + 𝑏1ℎ𝑓 ′(𝑧 − 𝑖𝑎)+

+𝑏3ℎ3𝑓 (3)(𝑧 − 𝑖𝑎) + 𝑏5ℎ5𝑓 (5)(𝑧 − 𝑖𝑎) + …] , (21)

where ℎ = 2𝑎; 𝑏−1, 𝑏1, 𝑏3, … are the coefficients of the expansion of

1
(2𝑘 − 1) sh𝑥 − 𝑥
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in powers of 𝑥,

[𝑏−1 = 1, 𝑏1 = 𝛼
6 , 𝑏3 = 𝛼

12 (𝛼
3 − 1

10) , 𝑏5 = 𝛼
72 (𝛼2

3 − 𝛼
5 + 1

70) , … ; 𝛼 = 2𝑘 − 1
2(𝑘 − 1)] .

For antisymmetric deformation of the strip,

𝑃(𝑧) + 𝑖𝑄(𝑧) = 2𝑖𝜇
𝑘 [𝑐−1ℎ−1 ∫

𝑧−𝑖𝑎

0
𝑓(𝑡) 𝑑𝑡 + 𝑐1ℎ𝑓 ′(𝑧 − 𝑖𝑎) + 𝑐3𝑓 (3)(𝑧 − 𝑖𝑎)+

+𝑐5ℎ5𝑓 (5)(𝑧 − 𝑖𝑎) + …] , (22)

where 𝑐−1, 𝑐1, 𝑐3, … are the coefficients of the expansion of

1
(2𝑘 − 1) sh𝑥 + 𝑥

in a power series,

[𝑐−1 = 1, 𝑐1 = 𝛽
6 , 𝑐3 = 𝛽

12 (𝛽
3 − 1

10) , 𝑐5 = 𝛽
72 (𝛽2

3 − 𝛽
5 + 1

70) , … ; 𝛽 = 2𝑘 − 1
2𝑘 ] .
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