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Abstract
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MATHEMATICS
Corresponding Member of the Academy of Sciences of the USSR I. M.
GELFAND, M. I. GRAEV

CONSTRUCTION OF IRREDUCIBLE REPRESENTA-
TIONS OF SIMPLE ALGEBRAIC GROUPS OVER A FI-
NITE FIELD
1. As is known (5,6,1), the irreducible unitary representations of any complex
simple Lie group 𝐺 can be obtained by the following construction. One takes
the homogeneous space 𝑋 = 𝐺/𝑍 of right cosets of the group 𝐺 by its maximal
nilpotent subgroup 𝑍. In the space of functions 𝑓(𝑥) on 𝑋 one considers the
representation 𝑇 (𝑔)𝑓(𝑥) = 𝑓(𝑥𝑔). Decomposing 𝑇 (𝑔) into irreducible represen-
tations, we obtain all irreducible representations of the “principal series”(i.e.,
those contained in the regular representation of the group 𝐺). In passing to
simple algebraic groups over other fields, such a construction no longer gives all,
but only a small part, of the irreducible representations.

In the present note a construction and classification are given of the irreducible
representations of the simple algebraic groups of Dickson—Chevalley over a fi-
nite field (3,4). By Chevalley’s construction, each of these groups is determined
by specifying a simple Lie algebra over the field of complex numbers and a finite
field 𝐾. In particular, to the classical simple Lie algebras there correspond the
following infinite series of simple groups: a) the factor group of the group of
unimodular matrices of order 𝑛 (with entries in 𝐾) by its center; b) the commu-
tant of the orthogonal projective group (with entries in 𝐾); c) the factor group
by the center of the symplectic group (with entries in 𝐾).

2. The construction and classification of all irreducible representations of the
Dickson—Chevalley groups are based on the following two basic theorems.

Theorem 1. Let 𝐺 be a Dickson—Chevalley group, and 𝑍 its maximal nilpotent
subgroup. Consider all possible characters 𝜒(𝜉), i.e., one-dimensional represen-
tations of the subgroup 𝑍. To each character 𝜒 we associate the representation
of the group 𝐺 induced by it. (This representation is realized in the space of
functions 𝑓(𝑔) on 𝐺 such that 𝑓(𝜉𝑔) = 𝜒(𝜉)𝑓(𝑔) for every 𝜉 ∈ 𝑍. The operator
of the representation has the form 𝑇𝜒(𝑔0)𝑓(𝑔) = 𝑓(𝑔𝑔0).) It is asserted that
every irreducible representation of the group 𝐺 is contained in at least one of
the representations 𝑇𝜒(𝑔).
Equivalent formulation of Theorem 1. In any representation 𝑇 (𝑔) of the
group 𝐺 there exists a vector that is proper for all operators 𝑇 (𝜉), 𝜉 ∈ 𝑍.
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We now introduce on the set of characters 𝜒(𝜉) a partial ordering: we shall say
that 𝜒1 < 𝜒2 if, on every root subgroup in 𝑍 where 𝜒2(𝜉) ≡ 1, we also have
𝜒1(𝜉) ≡ 1. Maximal characters 𝜒 will be called characters of general position.

Theorem 2. Let 𝜒 be a character of general position. Then every irreducible
representation of the group 𝐺 is contained in the representation 𝑇𝜒(𝑔) with
multiplicity not greater than 1.

Equivalent formulation of Theorem 2. If 𝜒 is a character of general position,
then in any irreducible representation 𝑇 (𝑔) of the group 𝐺 there is no more than
one proper vector with respect to the operators 𝑇 (𝜉), 𝜉 ∈ 𝑍, with proper value
𝜒(𝜉).
Theorems 1 and 2 replace Cartan’s theory of highest weights, which is not
applicable to the groups under consideration*.

For simplicity we shall give the proof of Theorems 1 and 2 only for the group
𝐺𝑛 of unimodular matrices of order 𝑛 over the field 𝐾. The maximal nilpotent
subgroup 𝑍 of the group 𝐺𝑛 consists of triangular matrices ‖𝜁𝑖𝑗‖, where 𝜁𝑖𝑖 =
1, 𝜁𝑖𝑗 = 0 for 𝑖 > 𝑗.
Proof of Theorem 1. It suffices to prove the theorem for representations
of the subgroup 𝐺′

𝑛 ⊂ 𝐺𝑛 of matrices ‖𝑔𝑖𝑗‖ for which 𝑔11 = 1, 𝑔𝑖1 = 0 for
𝑖 > 1. We shall carry out the proof by induction on 𝑛, assuming the theorem
already proved for 𝑛 − 1. (For 𝑛 = 2 the theorem is obvious.) Let 𝑇 (𝑔) be a
representation of 𝐺′

𝑛 acting in some space 𝐻. Consider in 𝐺′
𝑛 the subgroup 𝑍′

𝑛
of matrices ‖𝜁𝑖𝑗‖ for which 𝜁𝑖𝑗 = 0 when 𝑖 > 1, 𝑖 ≠ 𝑗, 𝜁𝑖𝑖 = 1. This subgroup
is commutative, and therefore 𝐻 decomposes into vectors that are eigenvectors
with respect to the operators 𝑇 (𝜁′), 𝜁′ ∈ 𝑍′

𝑛, with eigenvalues

𝜒(𝜁′) = 𝜒1(𝜁12) ⋯ 𝜒𝑛−1(𝜁1𝑛)

(𝜒𝑖 are additive characters on 𝐾). The characters 𝜒 may be regarded as points
of an (𝑛 − 1)-dimensional linear space over 𝐾. The subgroup 𝑍′

𝑛 is a normal
divisor in 𝐺′

𝑛, and therefore the operators 𝑇 (𝑔), 𝑔 ∈ 𝐺′
𝑛, carry these eigenvectors

again into eigenvectors; thus the elements 𝑔 ∈ 𝐺′
𝑛 define transformations on the

set of characters 𝜒(𝜁′). It is easy to see that by these transformations any
𝜒(𝜁′) can be carried into some 𝜒0(𝜁′) independent of 𝜁13, … , 𝜁1𝑛. Let 𝐻𝜒0

be
the subspace of vectors with eigenvalue 𝜒0(𝜁′). This subspace is invariant with
respect to the operators 𝑇 (𝑔′), where 𝑔′ runs through the subgroup 𝐺″

𝑛 ≃ 𝐺′
𝑛−1

of matrices from 𝐺′
𝑛 for which 𝑔1𝑖 = 0 when 𝑖 > 1, 𝑔22 = 1, 𝑔𝑗2 = 0 when 𝑗 > 2.

Consequently, by the induction hypothesis, in 𝐻𝜒0
there exists a vector which

is an eigenvector for all 𝑇 (𝜉), 𝜉 ∈ 𝑍 ∩ 𝐺″
𝑛. Obviously, this vector will also be an

eigenvector for all operators 𝑇 (𝜉), 𝜉 ∈ 𝑍. Theorem 1 is proved. For the other
classes of Dickson–Chevalley groups the proof is carried out differently.

Proof of Theorem 2. We need to prove that the ring 𝑅𝜒 of operators com-
muting with the operators 𝑇𝜒(𝑔), where 𝜒 is a character in general position, is
commutative (this is an equivalent formulation of Theorem 2). The ring 𝑅𝜒
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is isomorphic to the ring of all functions 𝑓(𝑔) on the group satisfying, for all
𝜁1, 𝜁2 ∈ 𝑍, the relation

𝑓(𝜁1𝑔𝜁2) = 𝜒(𝜁1)𝑓(𝑔)𝜒(𝜁2),

with convolution as multiplication. Any matrix from 𝐺𝑛 can be represented in
the form 𝑔 = 𝜁1𝛿𝑠𝜁2, where 𝜁1, 𝜁2 ∈ 𝑍, 𝛿 is a diagonal matrix (i.e. a matrix from
the Cartan subgroup), and 𝑠 is a permutation matrix (i.e. an element of the
Weyl group). Therefore it is sufficient to specify functions 𝑓 ∈ 𝑅𝜒 only on the
matrices 𝛿𝑠. Without loss of generality one may assume that the character in
general position 𝜒 has the form

𝜒(𝜁) = 𝜒1(𝜁12 + ⋯ + 𝜁𝑛−1,𝑛),

where 𝜒1 is an additive character on 𝐾. Let 𝔐 be the set of matrices 𝛿𝑠 on
which the functions 𝑓 ∈ 𝑅𝜒 can take values different from 0. It is easy to
verify that the matrices 𝛿𝑠 ∈ 𝔐 satisfy the condition (𝛿𝑠)𝜃 = 𝛿𝑠, where 𝜃 is an
involutive antiautomorphism of the group 𝐺𝑛 preserving 𝑍**. Take as a basis
in 𝑅𝜒 the functions 𝑓𝛿𝑠 (where 𝛿𝑠 ∈ 𝔐) defined by the following conditions:
𝑓𝛿𝑠(𝑔) = 1 when 𝑔 = 𝛿𝑠, and 𝑓𝛿𝑠(𝛿1𝑠1) = 0 when 𝛿1𝑠1 ≠ 𝛿𝑠. It can be shown
that the convolution 𝑓(𝑔) = 𝑓𝛿1𝑠1

∘ 𝑓𝛿2𝑠2
of two such functions is expressed by

the following formula:

𝑓(𝛿𝑠) = 𝑁
𝑁𝑠1

𝑁𝑠2

∑ 𝜒(𝜁)𝜒(𝜁1)𝜒(𝜁2),

* In the case of the classical complex Lie groups, the integral-form theory of
Cartan’s highest weights is the construction of Gelfand and Naimark (1). This
construction is a special case of the construction given in the present note, for
𝜒 ≡ 1.
** This antiautomorphism has the form 𝑔𝜃 = 𝑠0𝑔′𝑠0, where the prime denotes
transposition, and 𝑠0 is the permutation matrix whose ones stand on the sec-
ondary diagonal.

where the sum is taken over all possible triples of matrices 𝜁, 𝜁1, 𝜁2 from 𝑍,
connected with one another by the relation 𝛿𝑠 = 𝜁1𝛿1𝑠1𝜁𝛿2𝑠2𝜁2; 𝑁 is the order of
the subgroup 𝑍, 𝑁𝑠𝑖

is the order of the subgroup 𝑠𝑖𝑍𝑠−1
𝑖 ∩𝑍. The commutativity

of the ring 𝑅𝜒, i.e., the fact that 𝑓𝛿1𝑠1
∘𝑓𝛿2𝑠2

= 𝑓𝛿2𝑠2
∘𝑓𝛿1𝑠1

, follows directly from
this formula. For this it suffices to observe that, by virtue of the condition
imposed on the matrices 𝛿𝑠 ∈ 𝔐, the equality 𝛿𝑠 = 𝜁1𝛿1𝑠1𝜁𝛿2𝑠2𝜁2 is equivalent
to the equality 𝛿𝑠 = 𝜁0

2𝛿2𝑠2𝜁0𝛿1𝑠1𝜁0
1 ; and, by the assumption made about the

character 𝜒, we have 𝜒(𝜁0) = 𝜒(𝜁) for any 𝜁 ∈ 𝑍. For the other Dickson–
Chevalley groups the proof of Theorem 2 is carried out analogously.

3. An irreducible representation of a Dickson–Chevalley group 𝐺 will be
called principal if it contains a proper vector of general position with
respect to the subgroup 𝑍; a representation will be called degenerate
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if it has no such vector. It can be shown that the number of principal
representations is expressed as a polynomial of degree 𝑙 in the order 𝑘
of the ground field (𝑙 is the dimension of the Cartan subgroup); whereas
the number of degenerate representations is expressed by a polynomial
of lower degree. In this sense the principal representations are almost
all irreducible representations of the group 𝐺.* In order to construct the
principal representations of the group 𝐺, we must decompose the repre-
sentation 𝑇𝜒(𝑔), corresponding to the character 𝜒 of general position, into
irreducible representations. Since the ring 𝑅𝜒 of operators commuting
with 𝑇𝜒(𝑔) is commutative, the problem reduces to finding in the ring 𝑅𝜒
such functions 𝜑 that 𝜑 ∘ 𝜓 = 𝑐𝜓𝜑 for every 𝜓 ∈ 𝑅𝜒. It can be shown that
these functions 𝜑 are determined from the functional relation

𝜑(𝛿1𝑠1)𝜑(𝛿2𝑠2) = 𝜆 ∑ 𝜒(𝜁−1)𝜒(𝜁−1
1 )𝜒(𝜁−1

2 )𝜑(𝛿𝑠),

where the sum is taken over all matrices 𝛿𝑠 ∈ 𝔐, and over 𝜁, 𝜁1, 𝜁2 ∈ 𝑍, con-
nected with one another by the relation 𝛿𝑠 = 𝜁1𝛿1𝑠1𝜁𝛿2𝑠2𝜁2. The solutions of
this equation—the functions 𝜑(𝛿𝑠)—we shall call Bessel functions associated with
the group 𝐺. For the group of unimodular matrices of the second order these
functions have been found explicitly in (2).

4. The irreducible representations of the group 𝐺 split into series. We assign
two representations to the same series if, for each 𝜒(𝜁), 𝜁 ∈ 𝑍, in these
representations there corresponds the same number of linearly independent
proper vectors (or, in other words, if these representations occur in the
same 𝑇𝜒(𝑔) and with the same multiplicity). As an example, we indicate
the series of irreducible representations of the group 𝐺3 of unimodular
matrices of the third order (in the case when the number 𝑘 − 1 is not
divisible by 3).

The group 𝐺3 has three series of principal representations“of general position”
: 1) 1

6 (𝑘 − 2)(𝑘 − 3) representations of dimension (𝑘 + 1)(𝑘2 + 𝑘 + 1); they occur
in all 𝑇𝜒(𝑔), and in 𝑇𝜒(𝑔), 𝜒 ≡ 1, they occur with multiplicity 6, while in 𝑇𝜒(𝑔),
𝜒 ≠ 1, 𝜒0 (𝜒0 is a character of general position), with multiplicity 3; 2) 1

2 𝑘(𝑘−1)
representations of dimension 𝑘3 − 1; they occur only in 𝑇𝜒(𝑔), 𝜒 ≠ 1, each with
multiplicity 1; 3) 1

3 𝑘(𝑘 + 1) representations of dimension (𝑘 − 1)(𝑘2 − 1); they
occur only in 𝑇𝜒0

(𝑔).
There are also two “special”series of principal representations: 4) 𝑘 − 2 repre-
sentations of dimension 𝑘(𝑘2 + 𝑘 + 1), and 5) one representation of dimension
𝑘3. Finally, there are three series of degenerate representations: 6) 𝑘 − 2 repre-
sentations of dimension 𝑘2 + 𝑘 + 1; 7) one representation of dimension 𝑘2 + 𝑘,
and 8) one unit representation (cf. (7), where the characters of the irreducible
representations of the group 𝐺3 are computed).
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* We note that the dimension of a principal representation is always a polynomial
in 𝑘 of degree 𝑁 (𝑁 is the dimension of the subgroup 𝑍); the dimension of any
degenerate representation is expressed by a polynomial in 𝑘 of lower degree.

In the case of the group of unimodular matrices of order 𝑛, each series of basic
representations of“general position”is specified by a partition 𝑛 = 𝑛1 + ⋯ + 𝑛𝑟
of the number 𝑛 into a sum of positive integers. It can be shown that the
dimensions of the representations in this series are equal to

(𝑘 − 1)(𝑘2 − 1) … (𝑘𝑛 − 1)
(𝑘𝑛1 − 1) … (𝑘𝑛𝑟 − 1)

(cf. (8)).
Received
22 VIII 1962
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