Soviet-era science, translated into English

Physics

Yu. A. RYLOV
1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.74136

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196201.74136

Abstract
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ON THE RELATIVE LOCALIZATION OF THE
GRAVITATIONAL FIELD

(Presented by Academician N. N. Bogolyubov on 6 II 1962)

According to Einstein’s theory of gravitation, gravitational forces manifest them-
selves in the curvature, and only in the curvature, of space-time; therefore, if
we consider a region of space-time that is small compared with the radius of
curvature, we may neglect gravitation and regard the region as flat. This is
precisely what is expressed by the equivalence principle, which asserts that, by
a suitable consideration, the gravitational field can be eliminated at any indi-
vidual point of space-time. This is otherwise interpreted as the impossibility of
localizing the gravitational field. Thus, from the standpoint of the equivalence
principle it is meaningless to ask whether there is a gravitational field at a given
point regardless of anything else. However, the question of the magnitude of the
gravitational field at a point z relative to the field at a point " has a definite
meaning. Let, for example, the gravitational field at the point =’ be zero. This
condition determines the gravitational field at the point z, although not com-
pletely. It turns out that it is possible to indicate such an invariant procedure
that the condition that the gravitational field vanish at the point 2’ completely
determines the gravitational field at the point x.

Such a description of the gravitational field will necessarily be two-point, but
it makes it possible, in a certain sense, to localize the gravitational field at all
points relative to an arbitrary point 2’ (which we shall call the reference point),
where there is no field. A valuable property of such localization is that it does
not contradict the equivalence principle.

Let there be in space-time (which we denote by V) some coordinate system K.
Let 2’ be an arbitrary point of V,. Consider the four-dimensional Euclidean
space E,,, tangent to V, at the point 2’. Map V, onto E,, in such a way that
the geodesics passing through 2’ in V, are mapped into straight lines in E,, the
angles between geodesics at the point 2’ remain unchanged under the mapping,
and the intervals from an arbitrary point M in V, and its image M* in E_, to
the point ', measured along the geodesics respectively in V, and E,/, are equal.
Such a mapping is one-to-one in the region where the geodesics issuing from z’
do not intersect. Under this mapping the coordinate system K in V, is mapped
into a coordinate system K, in E_,. Now the coordinates z® number both
the points of the space V, and the points of the space E,/. Let g, (z), 7§, (),
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and G, (z,2), r'g, (H) be the metric tensor and the Christoffel symbols,
respectively, in V} in the coordinate system K, and in E_, in the coordinate
system K,,. In general, we shall denote two-point quantities by capital letters,
and one-point quantities by lowercase letters. The tensor

@5y =75, — ', (1)

will describe the gravitational field at the point z relative to the point z’. The
condition Qg,y = 0 is the necessary and sufficient condition for the Euclidean
character of the space V,. The quantity Qgﬂ{, in contrast to the Christoffel
symbols, is -

is a tensor; furthermore,

[@5,]=0. (2)

Here and below the square brackets mean that = 2’ has been set. Condition
(2) is an invariant formulation of the equivalence principle. Indeed, it is always
possible to make the gravitational field @3, vanish at an arbitrary point z; for
this it is sufficient to choose the reference point z’ = .

Thus, the compatibility of the equivalence principle with the idea of passing
from a Riemannian space to a Euclidean one is achieved here by introducing a
continuum of Euclidean spaces E,,, depending on the coordinates of the refer-
ence point.

Since in what follows we shall have to operate with two-point quantities, in par-
ticular with two-point tensors (briefly, bitensors), we agree that indices without
primes refer to the point x, while indices with primes refer to the point z’. Fur-
ther, when this does not lead to misunderstandings, we shall omit the argument,
bearing in mind that the presence or absence of a prime on indices indicates the
argument; for example: ¢*'# is ¢g*'# (), V5, s ’yg‘,y(x). Ordinary derivatives
will be denoted by the symbol 0, or by a comma before the corresponding index;
covariant derivatives with the Christoffel symbols Y5 OF 'ng/a/ by the sign V,
or by a vertical stroke before the corresponding index. Covariant derivatives
in the tangent space E,, with the Christoffel symbol I'z ~will be denoted by

the symbol ’6, or by two vertical strokes before the corresponding index. The
presence or absence of a prime on the index of a derivative indicates that the
derivative is taken respectively with respect to x’ or to z.

Let us write the action in the form
S(a') = /L@vw/)x/fgd“x; (3)
Q

L(e,2') = Lp(@) + 5L, (2,2), (4)
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where L,, is the Lagrangian of matter, » is Einstein’ s gravitational constant,
and L/ is the Lagrangian of the gravitational field, taken in the form

Ly = Ly(z,2") = ¢"?(Q%,Q%, — Q%5Q2), (5)

where ng is given by (1), and also by the expression

1
Qf, = 59" (9sp1y + Isv15 — Ioyl0)- (6)

From (3), with the aid of the variational principle, we obtain the equations
of motion of matter and Einstein’ s equations of gravitation; here the essential
point is that (SFE‘7 reduces to the variation caused by coordinate transformations,
since I'g is the Christoffel symbol for flat space.

Let us pass in (3) to integration over flat space. For this purpose we write (3)
in the form

S(z') = /Q LA-1/~D, diz, 7)

DZL’ = det ||Gaﬁ||7 A= Dmgil(‘r%

where L and A are scalars. From the invariance of (7) with respect—

but, by virtue of Noether’ s theorem, for displacements E,, we obtain
% = 0; (8)

oL 1 0L,
AOY — U3 — m =+ 5 L 9
Z au o 18T By S8 T 5y g 9ol ©)

where u; are the variables describing matter. ©¢ is the energy-momentum
tensor of the system relative to the point z’. In contrast to the expressions
obtained by other authors (27°), this is a true tensor, which, in the case of flat
space, goes over into the ordinary canonical energy-momentum tensor. Let us
introduce the tensor of parallel displacement Pg,. In E

0’G
, e 077
Pj =G"Gy,=—G o (10)

where G = G(z,2’) is Synge’ s world function (). Pg/ has the following prop-
erties:
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Pya =0, [P3] = 3 (11)

Carrying the lower index in (9) by means of Pg/, we obtain

where

05 = P;05. (13)

Integrating (12) over an arbitrary region € of the space E,, we obtain, by
Gauss’ s theorem,

B
/Qama (V=D,0%)d* = }é@a,« /=D, dS, = éA@g,Fg as,, (14)

where ¥ is the hypersurface bounding the 4-volume €2, and dS,, is an element of
this hypersurface. If ©F, vanishes at spatial infinity, then, as follows from (14),
the quantity

Pﬁ/ = Pﬁ’(x/> = /Z (")g/ \V4 _Dm dsa? (15)

where ¥*° is an infinite spacelike hypersurface, does not depend on ¥ and is
a vector at the point z’. In the case of flat space-time and Galilean coordi-
nates in it, Pg goes over into the ordinary 4-momentum. This gives grounds
for interpreting Pg as the energy-momentum vector for matter and the gravi-
tational field relative to the point x’. For the gravitational part of the energy-
momentum tensor, after straightforward calculations we obtain

A@a _7i 8Lg g 7504[/ —
aB 2x \ 09,50 YolB T8 g

1
= _ﬂ {gpa (gwgaé - guégw) (QUV5Q5#P + QuopQspp + QapﬁQﬁiw) - 6gL9} )
(16)

where Q,5, = gaéng. The energy-momentum tensor (16) is a true tensor and,
in a coordinate system that is Galilean in E,_,, is numerically equal to Einstein’
s pseudotensor.
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For a static centrally symmetric field in a coordinate system where the line
element has the form

ds? = evdt® — r2(d¥? + sin® 9dp?) — erdr?, (17)

v=v(r), A = A(r), and the speed of light ¢ = 1, the energy-momentum vector
(15), calculated with respect to the point 2 =0 (¢ =0, " = 0), has the form

4 o0
Py =FE= e e’(0) = mer0) = 471'6"(0)/ tor?dr, (18)
X 0

where a = x J(;oo tdr? dr is the gravitational radius of the system, tJ is the time
component of the energy-momentum tensor of the matter entering the right-
hand side of Einstein’ s equations. The spatial components Py are equal to
zero (P, = 0). For the case in which « is much smaller than the radius of the
region occupied by matter, this result agrees with Mgller’ s result (%), differing

from the latter only in that Py is a vector.

Thus, even relative localization of the gravitational field places the gravitational
field on an equal footing with other fields, making it possible to introduce con-
served relative quantities: energy, momentum, and angular momentum. The
latter is readily obtained by means of Noether’ s theorem from the invariance
of (7) with respect to rotations FE .

In conclusion, I consider it my duty to express my gratitude to Prof. Ya. P.
Terletskii for his attention and interest in my work, and to A. N. Gordeev for
valuable discussions.
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