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Abstract

Full Text
MATHEMATICS
S. M. NIKOLSKII

ON THE BOUNDARY PROPERTIES OF DIF-
FERENTIABLE FUNCTIONS OF SEVERAL
VARIABLES

(Presented by Academician S. L. Sobolev on 16 IV 1962)

1. In this note we consider a function ®(Z), defined in some domain G C R,
with boundary I', concerning some partial derivatives of which it is known that
they have finite norm in the sense of L,(G). The question is posed as to which
of its partial derivatives have meaningful stable limiting values on I'—boundary
functions—and in what sense they should be understood. In the case of functions
f of such classes as ngr), H;,T) , Bg), ---, when the differential properties of f are
the same in all directions, this question is at present well studied for sufficiently
good domains. For the classes W,ET“"’T”), H,(,Tl""’r”) it is also rather well studied
if the boundary IT' is a coordinate plane of one or another dimension or a part
of it. (For literature on this question, see, for example, our survey (?).) But
in the case of arbitrary domains, even with a very good boundary, the question
has been very little studied and requires investigation.

In the present and subsequent notes this question will be considered for classes

broader than W;,T) and W,ﬁrl""’”'). We shall also dwell on applications in the
theory of boundary-value problems for equations of hypoelliptic type and even
equations going beyond this type, but in a certain sense standing on the verge
of this type.

2. Let us agree to denote by
A={a, <zy,<bg; s=1,..,n} (1)
a rectangular parallelepiped with edges parallel to the coordinate axes of R,,.

We fix A and let A; = pr, A be the projection of A onto the plane z; = 0. On
A, a uniformly continuous bounded function is given

r; = P(y), Y= Ty, Tyg, Ty e Ty) €A, (2)

for which b, < ¥(y) (or ¥(y) < a;) on A,. The set A of points z = (x;,y), for
which the inequality
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a; <x; <P(y) (yeq,)

(or Y(y) < z; < b;) is satisfied, will be called an z;-domain. Thus, A is a domain
(an open connected set), it contains A and pr, A = pr, A. The part v of the
boundary of A described by equation (2) is called the z;-boundary of A.

Theorem 1. Let A be an x;-domain, A C A, pr, A =pr, A=A, and

o f
Hf“Lp(A) < 00, T < o0 (1<p<oo).
i, (A)
Then
of o f
‘81:1 <c <|f|LP(A)+ DT (1=0,1,...,7—1). (3)
dlL, (A) il

and on the x,-boundary 7 of the domain A there exist z;-limit (boundary)
functions

al

Mz@) = (%727)7 (lZO,l,...,T—l); (4)

lim _ 7[
z;29P(y) axZ
in the sense of convergence almost everywhere and in the mean in the sense of

Lp(Ai):

(@) — £ @) — &)l a) =0 (e —0).

) : (5)
L,(A)

where the constant ¢, here and below, does not depend on a number of quantities.

Moreover,

orf

T
ox}

Il a,) <c (|f”Lp(A) +

This theorem is obtained on the basis of the study of Taylor’ s formula for f in
powers of z; — z¥. Equality (4) for 7 = 1 was obtained by L. D. Kudryavtsev
(1) for the somewhat more general sets of z,;-intervals introduced by him, rather
than the sets A.

3. Let e,, = {1,...,n}; let e be any subset of it, in particular the empty one,

and if r = (rq,...,7,) is a nonnegative integer vector (r; > 0 integers),
then ¢ = (r§,...,r%) is the vector where r¢ = r, if s € e, and 7¢ = 0 if
s€e, —e.
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We introduce the norm

Wlspicr= 31 leygr (<< 00) (6)
where
ok Ok f
f““):—---i k= (k.. k 7
7 G CEN) (7)

with the indicated order of differentiation, and we introduce the (Banach) space
Si(,ﬁ(G) of functions defined on G with finite norm (6).

Let € be an x;-domain simultaneously for all ¢ = 1,...,n, or let {2 be an x;-
domain only for i = 1,...,m < n, while in the remaining directions z,,, ,,..., T,
it has a cylindrical character. The simplest set Q is A. The inequality

1PN, < lflgpiq,  (0O<p<r) (8)

is valid.

Here f#) (and ) does not depend on the order of differentiation. From (8)
and Theorem 1 it follows:

Lemma 1. If k = (ky,...,k,) < (ki ki b + Lk, k) <7y f €

»Vn »'n

S](f)(Q), then the derivative f*) has on the z,-boundary v of the domain Q an
x,;-boundary function y with norm

Il @, < elflsgiy (9)

where (), = pr, Q.

4. If a function f simultaneously belongs to SI(,’CS>(A), where k° are given
(s =1,...,N) nonnegative integer vectors, k = Ziv A K5,

N
DAL A >0,
1

then*

N
£l gm0y < €D 1 lsmoria) (10)
» (A)
1

(see (1)).
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5. By definition, a point z, of the boundary I' of a domain G is called regular if
one can specify a rectangular parallelepiped A, containing z, strictly inside it,
such that GA is an  (see item 2 above, (8)). The remaining points of T will
be called exceptional. By definition, G is a regular domain if the projection of
the set of exceptional points of its boundary onto any plane x; = 0 has (n —1)-
dimensional measure zero. In the case of a smooth boundary I', a point z, of
it at which the tangent plane is not parallel to any of the coordinate axes is
regular. If a piece o of the boundary I' in a neighborhood of z, can be written
in the form ¢(zq,...,z,,) =0 (m < n), where ¢ is a continuously differentiable
function and the tangent plane at z, is not parallel to the axes z,, ..., z,,, then

? m?

Zg is also a regular point. Domains with piecewise smooth boundary are regular.

6. Let & be a bounded set of nonnegative integer vectors, convex in the sense
that the totality of integer vectors belonging to the least convex body & con-
taining &£ coincides with &£, and let & certainly contain the vectors

&, = (r,0,...,0),...,&, = (0,...,0,7,)

(r; > 0). In addition, if k € &, then k® € E for all e C e,. Further, let

0,k',...,k" be the supporting vectors of &, forming the smallest system of
vectors such that for any k € £ there is a representation

N N
k:;)\sks, 21:)\8 <1, A, =0

(not in general unique).

Theorem 2. Let a function ® be given in a domain G D R,,, for which

D (®) = /G S ik
1

4G < co. (11)

Then for any A C G (see (1)) the norm H(I)”LP(A) < o0, and for any k € €
||‘I>(k>||Lp(A) < ca(Dg(®) + ”(I)HLP(A))' (12)

For the domain Q = GA, defined in item 4 and adjacent to a regular point T
of the boundary I, and for every k such that k < k* for some s =1,..., N, the
norm ||<I>HLP(Q> < oo and

[90];, (o) < Co(Dg(@) + [®], ). (13)

Moreover, if v =TA, is the z;-boundary of Q0 and

K= (kyy oo k) < (kyy oo by ok 4 Lok, k) < K
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for some s = 1,...,N, then f% on v has the x;-boundary function Honyyi =
ffﬂk)'(i), for which

(YO |L,J(Qi) < e(Dg(®) + H(I)”LP(Q))' (14)

Thus, every function ® with D (®) < oo has a definite set of boundary functions
1, which in any case possess local

* In obtaining this inequality T used a theorem (unpublished) of Yu. L. Bessonov,
with his consent.

stability (on 2). One can indicate minimal such sets that completely determine
the whole set. The vectors

O<'<P<<lV<k

by definition form a chain suitable for k if I differs from *! in only one compo-
nent, and this component in *! is greater by 1 than in . The vector k itself
is not included in the chain. Put into correspondence with each k° one of its
chains. For different s they may intersect, but not completely. We shall call the
skeleton & the set Se consisting of the vectors that belong to all the chains k*
(s=1,...,N). If k € S, then k may be immediately followed by several vectors
k’ belonging to S¢ (differing from & in only one component: £} = k; + 1).

The totality of boundary functions of the derivatives f*), where k € S, forms
a minimal set of boundary functions of the function ®. Here it is counted
that, if several vectors k' € S, immediately follow k, then the set includes all
z-boundary functions of f% for those j for which k; =k;+ 1

Theorem 3. If two functions ®,,®,, for which (11) holds, possess one and the
same (corresponding to a definite skeleton Sg) set of boundary functions, then
they both have coinciding boundary functions for any k for which k < k* for
some s = 1,...,N. For the remaining k < k' € & the boundary functions for

<I>(1k>, (P(Zk>, if they exist, coincide simultaneously and correspondingly.
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