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Abstract
Full Text
MATHEMATICS

S. M. NIKOLSKII

ON THE BOUNDARY PROPERTIES OF DIF-
FERENTIABLE FUNCTIONS OF SEVERAL
VARIABLES
(Presented by Academician S. L. Sobolev on 16 IV 1962)

1. In this note we consider a function Φ( ̄𝑥), defined in some domain 𝐺 ⊂ 𝑅𝑛
with boundary Γ, concerning some partial derivatives of which it is known that
they have finite norm in the sense of 𝐿𝑝(𝐺). The question is posed as to which
of its partial derivatives have meaningful stable limiting values on Γ—boundary
functions—and in what sense they should be understood. In the case of functions
𝑓 of such classes as 𝑊 (𝑟)

𝑝 , 𝐻(𝑟)
𝑝 , 𝐵(𝑟)

𝑝 , ⋯, when the differential properties of 𝑓 are
the same in all directions, this question is at present well studied for sufficiently
good domains. For the classes 𝑊 (𝑟1,…,𝑟𝑛)

𝑝 , 𝐻(𝑟1,…,𝑟𝑛)
𝑝 it is also rather well studied

if the boundary Γ is a coordinate plane of one or another dimension or a part
of it. (For literature on this question, see, for example, our survey (2).) But
in the case of arbitrary domains, even with a very good boundary, the question
has been very little studied and requires investigation.

In the present and subsequent notes this question will be considered for classes
broader than 𝑊 (𝑟)

𝑝 and 𝑊 (𝑟1,…,𝑟𝑛)
𝑝 . We shall also dwell on applications in the

theory of boundary-value problems for equations of hypoelliptic type and even
equations going beyond this type, but in a certain sense standing on the verge
of this type.

2. Let us agree to denote by

Δ = {𝑎𝑠 < 𝑥𝑠 < 𝑏𝑠; 𝑠 = 1, … , 𝑛} (1)

a rectangular parallelepiped with edges parallel to the coordinate axes of 𝑅𝑛.
We fix Δ and let Δ𝑖 = pr𝑖 Δ be the projection of Δ onto the plane 𝑥𝑖 = 0. On
Δ𝑖 a uniformly continuous bounded function is given

𝑥𝑖 = 𝜓( ̄𝑦), ̄𝑦 = (𝑥1, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑛) ∈ Δ𝑖, (2)

for which 𝑏𝑖 < 𝜓( ̄𝑦) (or 𝜓( ̄𝑦) < 𝑎𝑖) on Δ𝑖. The set Λ of points ̄𝑥 = (𝑥𝑖, ̄𝑦), for
which the inequality
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𝑎𝑖 < 𝑥𝑖 < 𝜓( ̄𝑦) ( ̄𝑦 ∈ Δ𝑖)

(or 𝜓( ̄𝑦) < 𝑥𝑖 < 𝑏𝑖) is satisfied, will be called an 𝑥𝑖-domain. Thus, Λ is a domain
(an open connected set), it contains Δ and pr𝑖 Δ = pr𝑖 Λ. The part 𝛾 of the
boundary of Λ described by equation (2) is called the 𝑥𝑖-boundary of Λ.
Theorem 1. Let Λ be an 𝑥𝑖-domain, Δ ⊂ Λ, pr𝑖 Δ = pr𝑖 Λ = Δ𝑖, and

‖𝑓‖𝐿𝑝(Δ) < ∞, ∥𝜕𝑟𝑓
𝜕𝑥𝑟

𝑖
∥

𝐿𝑝(Λ)
< ∞ (1 ≤ 𝑝 ≤ ∞).

Then

∥𝜕𝑙𝑓
𝜕𝑥𝑙

𝑖
∥

𝐿𝑝(Λ)
≤ 𝑐 ⎛⎜

⎝
‖𝑓‖𝐿𝑝(Δ) + ∥𝜕𝑟𝑓

𝜕𝑥𝑟
𝑖
∥

𝐿𝑝(Λ)
⎞⎟
⎠

(𝑙 = 0, 1, … , 𝑟 − 1). (3)

and on the 𝑥𝑖-boundary 𝛾 of the domain Λ there exist 𝑥𝑖-limit (boundary)
functions

𝜇𝑙( ̄𝑦) = lim
𝑥𝑖→𝜓( ̄𝑦)

𝜕𝑙𝑓
𝜕𝑥𝑙

𝑖
(𝑥𝑖, ̄𝑦), (𝑙 = 0, 1, … , 𝑟 − 1); (4)

in the sense of convergence almost everywhere and in the mean in the sense of
𝐿𝑝(Δ𝑖):

‖𝜇𝑙( ̄𝑦) − 𝑓 (𝑙)
𝑥𝑖 (𝜓( ̄𝑦) − 𝜀, ̄𝑦)‖𝐿𝑝(Δ𝑖) → 0 (𝜀 → 0).

Moreover,

‖𝜇𝑙‖𝐿𝑝(Δ𝑖) ≤ 𝑐 ⎛⎜
⎝

‖𝑓‖𝐿𝑝(Δ) + ∥𝜕𝑟𝑓
𝜕𝑥𝑟

𝑖
∥

𝐿𝑝(Δ)
⎞⎟
⎠

, (5)

where the constant 𝑐, here and below, does not depend on a number of quantities.

This theorem is obtained on the basis of the study of Taylor’s formula for 𝑓 in
powers of 𝑥𝑖 − 𝑥0

𝑖 . Equality (4) for 𝑟 = 1 was obtained by L. D. Kudryavtsev
(1) for the somewhat more general sets of 𝑥𝑖-intervals introduced by him, rather
than the sets Λ.

3. Let 𝑒𝑛 = {1, … , 𝑛}; let 𝑒 be any subset of it, in particular the empty one,
and if 𝑟 = (𝑟1, … , 𝑟𝑛) is a nonnegative integer vector (𝑟𝑖 ≥ 0 integers),
then 𝑟𝑒 = (𝑟𝑒

1, … , 𝑟𝑒
𝑛) is the vector where 𝑟𝑒

𝑠 = 𝑟𝑠 if 𝑠 ∈ 𝑒, and 𝑟𝑒
𝑠 = 0 if

𝑠 ∈ 𝑒𝑛 − 𝑒.
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We introduce the norm

‖𝑓‖𝑆(𝑟)
𝑝 (𝐺) = ∑

𝑒⊂𝑒𝑛

‖𝑓 (𝑟𝑒)‖𝐿𝑝(𝑔), (1 ≤ 𝑝 ≤ ∞), (6)

where

𝑓 (𝑘) = 𝜕𝑘1

𝜕𝑥𝑘1
1

⋯ 𝜕𝑘𝑛𝑓
𝜕𝑥𝑘𝑛𝑛

(𝑘 = (𝑘1, … , 𝑘𝑛)) (7)

with the indicated order of differentiation, and we introduce the (Banach) space
𝑆(𝑟)

𝑝 (𝐺) of functions defined on 𝐺 with finite norm (6).

Let Ω be an 𝑥𝑖-domain simultaneously for all 𝑖 = 1, … , 𝑛, or let Ω be an 𝑥𝑖-
domain only for 𝑖 = 1, … , 𝑚 < 𝑛, while in the remaining directions 𝑥𝑚+1, … , 𝑥𝑛
it has a cylindrical character. The simplest set Ω is Δ. The inequality

‖𝑓 ( ⃗𝜌)‖𝐿𝑝(Ω) ≤ 𝑐‖𝑓‖𝑆(𝑟)
𝑝 (Ω) (0 ≤ ⃗𝜌 ≤ 𝑟) (8)

is valid.

Here 𝑓 ( ⃗𝜌) (and 𝑓 (𝑟)) does not depend on the order of differentiation. From (8)
and Theorem 1 it follows:

Lemma 1. If 𝑘 = (𝑘1, … , 𝑘𝑛) < (𝑘1, … , 𝑘𝑖−1, 𝑘𝑖 + 1, 𝑘𝑖+1, … , 𝑘𝑛) ≤ 𝑟, 𝑓 ∈
𝑆(𝑟)

𝑝 (Ω), then the derivative 𝑓 (𝑘) has on the 𝑥𝑖-boundary 𝛾 of the domain Ω an
𝑥𝑖-boundary function 𝜇 with norm

‖𝜇‖𝐿𝑝(Ω)𝑖
≤ 𝑐‖𝑓‖𝑆(𝑟)

𝑝 (Ω), (9)

where Ω𝑖 = pr𝑖 Ω.

4. If a function 𝑓 simultaneously belongs to 𝑆(𝑘𝑠)
𝑝 (Δ), where 𝑘𝑠 are given

(𝑠 = 1, … , 𝑁) nonnegative integer vectors, 𝑘 = ∑𝑁
1 𝜆𝑠𝑘𝑠,

𝑁
∑

1
𝜆𝑠 ⩽ 1, 𝜆𝑠 ⩾ 0,

then*

‖𝑓‖𝑆(k)
𝑝 (Δ) ⩽ 𝑐

𝑁
∑

1
‖𝑓‖𝑆(k𝑠)(Δ) (10)

(see (1)).
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5. By definition, a point ̄𝑥0 of the boundary Γ of a domain 𝐺 is called regular if
one can specify a rectangular parallelepiped Δ0, containing ̄𝑥0 strictly inside it,
such that 𝐺Δ0 is an Ω (see item 2 above, (8)). The remaining points of Γ will
be called exceptional. By definition, 𝐺 is a regular domain if the projection of
the set of exceptional points of its boundary onto any plane 𝑥𝑖 = 0 has (𝑛 − 1)-
dimensional measure zero. In the case of a smooth boundary Γ, a point ̄𝑥0 of
it at which the tangent plane is not parallel to any of the coordinate axes is
regular. If a piece 𝜎 of the boundary Γ in a neighborhood of ̄𝑥0 can be written
in the form 𝜓(𝑥1, … , 𝑥𝑚) = 0 (𝑚 < 𝑛), where 𝜓 is a continuously differentiable
function and the tangent plane at ̄𝑥0 is not parallel to the axes 𝑥1, … , 𝑥𝑚, then

̄𝑥0 is also a regular point. Domains with piecewise smooth boundary are regular.

6. Let ℰ be a bounded set of nonnegative integer vectors, convex in the sense
that the totality of integer vectors belonging to the least convex body ℰ con-
taining ℰ coincides with ℰ, and let ℰ certainly contain the vectors

𝜔⃗1 = (𝑟1, 0, … , 0), … , 𝜔⃗𝑛 = (0, … , 0, 𝑟𝑛)

(𝑟𝑗 > 0). In addition, if k ∈ ℰ, then k𝑒 ∈ 𝐸 for all 𝑒 ⊂ 𝑒𝑛. Further, let
0, k1, … , k𝑁 be the supporting vectors of ℰ, forming the smallest system of
vectors such that for any k ∈ ℰ there is a representation

k =
𝑁

∑
1

𝜆𝑠k𝑠,
𝑁

∑
1

𝜆𝑠 ⩽ 1, 𝜆𝑠 ⩾ 0

(not in general unique).

Theorem 2. Let a function Φ be given in a domain 𝐺 ⊃ 𝑅𝑛, for which

𝐷𝐺(Φ) = ∫
𝐺

𝑁
∑

1
|Φ(k𝑠)|𝑞 𝑑𝐺 < ∞. (11)

Then for any Δ ⊂ 𝐺 (see (1)) the norm ‖Φ‖𝐿𝑝(Δ) < ∞, and for any k ∈ ℰ

‖Φ(k)‖𝐿𝑝(Δ) ⩽ 𝑐Δ(𝐷𝐺(Φ) + ‖Φ‖𝐿𝑝(Δ)). (12)

For the domain Ω = 𝐺Δ0, defined in item 4 and adjacent to a regular point ̄𝑥0
of the boundary Γ, and for every k such that k ⩽ k𝑠 for some 𝑠 = 1, … , 𝑁 , the
norm ‖Φ‖𝐿𝑝(Ω) < ∞ and

‖Φ(k)‖𝐿𝑝(Ω) ⩽ 𝐶Ω(𝐷𝐺(Φ) + ‖Φ‖𝐿𝑝
). (13)

Moreover, if 𝛾 = ΓΔ0 is the 𝑥𝑖-boundary of Ω and

k = (𝑘1, … , 𝑘𝑛) < (𝑘1, … , 𝑘𝑖−1, 𝑘𝑖 + 1, 𝑘𝑖+1, … , 𝑘𝑛) ⩽ k𝑠
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for some 𝑠 = 1, … , 𝑁 , then 𝑓 (k) on 𝛾 has the 𝑥𝑖-boundary function 𝜇𝑘,𝛾,𝑖 =
𝑓 (k)|(𝑖)

Γ , for which

‖𝜇𝑘,𝛾,𝑖‖𝐿𝑝(Ω𝑖) ⩽ 𝑐(𝐷𝐺(Φ) + ‖Φ‖𝐿𝑝(Ω)). (14)

Thus, every function Φ with 𝐷𝐺(Φ) < ∞ has a definite set of boundary functions
𝜇, which in any case possess local

* In obtaining this inequality I used a theorem (unpublished) of Yu. L. Bessonov,
with his consent.

stability (on Ω). One can indicate minimal such sets that completely determine
the whole set. The vectors

0 < 𝑙1 < 𝑙2 < ⋯ < 𝑙𝜈 < 𝑘

by definition form a chain suitable for 𝑘 if 𝑙𝑗 differs from 𝑙𝑗+1 in only one compo-
nent, and this component in 𝑙𝑗+1 is greater by 1 than in 𝑙𝑗. The vector 𝑘 itself
is not included in the chain. Put into correspondence with each 𝑘𝑠 one of its
chains. For different 𝑠 they may intersect, but not completely. We shall call the
skeleton ℰ the set 𝑆ℰ consisting of the vectors that belong to all the chains 𝑘𝑠

(𝑠 = 1, … , 𝑁). If 𝑘 ∈ 𝑆ℰ, then 𝑘 may be immediately followed by several vectors
𝑘′ belonging to 𝑆ℰ (differing from 𝑘 in only one component: 𝑘′

𝑗 = 𝑘𝑗 + 1).
The totality of boundary functions of the derivatives 𝑓 (𝑘), where 𝑘 ∈ 𝑆ℰ, forms
a minimal set of boundary functions of the function Φ. Here it is counted
that, if several vectors 𝑘′ ∈ 𝑆ℰ immediately follow 𝑘, then the set includes all
𝑥𝑗-boundary functions of 𝑓 (𝑘) for those 𝑗 for which 𝑘′

𝑗 = 𝑘𝑗 + 1.
Theorem 3. If two functions Φ1, Φ2, for which (11) holds, possess one and the
same (corresponding to a definite skeleton 𝑆ℰ) set of boundary functions, then
they both have coinciding boundary functions for any 𝑘 for which 𝑘 < 𝑘𝑠 for
some 𝑠 = 1, … , 𝑁 . For the remaining 𝑘 < 𝑘′ ∈ ℰ the boundary functions for
Φ(𝑘)

1 , Φ(𝑘)
2 , if they exist, coincide simultaneously and correspondingly.
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