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Abstract
Full Text

Yu. L. Daletskii

ASYMPTOTIC METHOD FOR CERTAIN DIF-
FERENTIAL EQUATIONS WITH OSCILLAT-
ING COEFFICIENTS
(Presented by Academician N. N. Bogolyubov, 15 XI 1961)

MATHEMATICS
1. We shall consider differential equations of the form

𝑑𝜓
𝑑𝑡 = 𝐻(𝑡)𝜓(𝑡), 𝜓(0) = 𝜓0, (1)

where 𝐻(𝑡), for each 𝑡, is an operator in the Hilbert space ℌ, and 𝜓(𝑡) is a
function with values in ℌ.

Suppose that 𝐻(𝑡) depends in a special way on a small parameter 𝜀, namely,
has the form

𝐻(𝑡, 𝜀) = 𝐻0 +
∞

∑
𝑘=1

∞
∑

𝑚=−∞
𝜀𝑘𝐻𝑘𝑚(𝜏)𝑒𝑖𝑚𝜔𝑡 (𝜏 = 𝜀𝑡). (2)

Here it is assumed that the series (2) converges asymptotically, and, for simplic-
ity, it is assumed that for each 𝑘 only a finite number of the operators 𝐻𝑘𝑚(𝜏)
are different from zero. All these operators are assumed to be differentiable
sufficiently many times with respect to 𝜏 .

Below we shall indicate a method for constructing asymptotic approximations
to the solution of equation (1). The proposed process depends essentially on
the relation of the number 𝜔 to the spectrum Λ of the operator 𝐻0.

In the case when the expansion (2) contains no oscillating terms, 𝐻𝑘𝑚(𝜏) = 0
(𝑚 ≠ 0), the proposed method is well studied. In the finite-dimensional case
it was considered by Birkhoff, Tryjitzinsky, and others (see 1), and later in the
works of V. S. Pugachev, I. Z. Shtokalo, S. F. Feshchenko 2−4. It was extended
to equations in an infinite-dimensional space by S. G. Krein and the author 5−7.

2. Let us first consider formally the algebraic side of the process. Suppose that
the spectrum Λ of the operator 𝐻0 decomposes into closed nonintersecting parts

Λ = Λ0 + Λ1 + ⋯ + Λ𝑝,
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where only one of them, Λ0, may contain an infinitely distant point.

Denote by

𝑃𝑘 = − 1
2𝜋𝑖 ∮

Γ𝑘

(𝐻0 − 𝜇𝐼)−1 𝑑𝜇 (𝑘 = 1, 2, … , 𝑝),

𝑃0 = 𝐼 −
𝑝

∑
𝑘=1

𝑃𝑘

the operators projecting onto invariant subspaces ℌ𝑘 of the operator 𝐻0, in each
of which the spectrum of the operator 𝐻0 coincides with the corresponding set
Λ𝑘. Here Γ𝑘 is a simple smooth closed contour surrounding Λ𝑘 and separating
it from the remaining part of the spectrum.

The operator 𝑈(𝑡, 𝜀), expressing the solution of equation (1) in terms of its
initial value,

𝜓(𝑡, 𝜀) = 𝑈(𝑡, 𝜀)𝜓0,
will be sought in the form

𝑈(𝑡, 𝜀) =
𝑝

∑
𝑠=0

𝑈𝑠(𝜏, 𝑡, 𝜀)𝑌𝑠(𝑡, 𝜀), (3)

where the operators 𝑌𝑠 act in the subspaces 𝔖𝑠: 𝑌𝑠 = 𝑃𝑠𝑌𝑠 = 𝑌𝑠𝑃𝑠 and satisfy
in them the differential equations

𝑑𝑌𝑠
𝑑𝑡 = Ω𝑠(𝜏, 𝜀)𝑌𝑠 (𝑠 = 0, 1, … , 𝑝). (4)

It is assumed that the coefficients from (3) and (4) are representable in the form

Ω𝑠(𝜏, 𝜀) = 𝐻0𝑃𝑠 +
∞

∑
𝑟=1

𝜀𝑟Ω𝑠𝑟(𝜏); 𝑈𝑠(𝜏, 𝑡, 𝜀) =
∞

∑
𝑟=0

𝜀𝑟
∞

∑
𝑚=−∞

𝑒𝑖𝑚𝜔𝑡𝑈𝑚
𝑠𝑟(𝜏). (5)

It is necessary to determine the operators 𝑈𝑚
𝑠𝑟 and Ω𝑠𝑟 in such a way that, at

least formally, the operator 𝑈(𝑡, 𝜀) satisfy the equation

𝑑𝑈(𝑡, 𝜀)
𝑑𝑡 = 𝐻(𝑡, 𝜀)𝑈(𝑡, 𝜀), 𝑈(0, 𝜀) = 𝐼. (6)

In order to do this, substitute (3) into (6) and, using relations (2), (4), (5),
equate the coefficients at the various expressions of the form 𝜀𝑟𝑌𝑠𝑒𝑖𝑚𝜔𝑡. This
yields the recurrent system of relations
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{
𝑟

∑
𝑟1=0

𝑈𝑚
𝑠𝑟−𝑟1

(𝜏)Ω𝑠𝑟1
(𝜏) + 𝑖𝑚𝜔𝑈𝑚

𝑠𝑟(𝜏) + 𝑈𝑚′
𝑠𝑟−1(𝜏)} 𝑃𝑠

=
∞

∑
𝑚1=−∞

𝑟
∑
𝑟1=0

𝐻𝑚1𝑟−𝑟1(𝜏)𝑈𝑚−𝑚1𝑠𝑟1 (𝜏)𝑃𝑠

(𝑟 = 0, 1, … ; 𝑠 = 0, 1, … , 𝑝; −∞ < 𝑚 < ∞). (7)

Moreover, the operator 𝑈(𝑡, 𝜀) must satisfy the condition 𝑈(0, 𝜀) = 𝐼 . For 𝜀 = 0
it is sufficient for this that the relations

𝑌𝑠(0, 0) = 𝑃𝑠, 𝑈𝑚
𝑠0(0) = 𝑃𝑠𝛿𝑚0 (8)

hold.

For 𝑟 = 0, from (7) the equality follows

(𝐻0 − 𝑖𝑚𝜔)𝑈𝑚
𝑠0𝑃𝑠 − 𝑈𝑚

𝑠0𝐻0𝑃𝑠, (9)

which is satisfied identically if one sets 𝑚 = 0, 𝑈0
𝑠0 = 𝑃𝑠. For 𝑚 ≠ 0 we multiply

(9) on the left by 𝑃𝜎:

(𝐻0 − 𝑖𝑚𝜔)𝑃𝜎𝑈𝑚
𝑠0𝑃𝑠 − 𝑃𝜎𝑈𝑚

𝑠0𝑃𝑠𝐻0 = 0. (10)

If the condition

Λ𝜎 − 𝑖𝑚𝜔 ∩ Λ𝑠 = 0, (11)

is fulfilled, then it follows from (10) that 𝑃𝜎𝑈𝑚
𝑠0𝑃𝑠 = 0. If condition (11), for

some 𝑚 and 𝜎 = 𝜎(𝑚, 𝑠), is violated, then such an equality would already lead
to a contradiction.

Below we shall consider only the case when condition (11) can be violated
only for parts of the spectrum of the operator 𝐻0 consisting of a single point,
assuming thereby that the corresponding invariant subspaces of 𝐻0 are its
eigenspaces. In other words, 𝜎 = 𝜎(𝑚, 𝑠) is possible only under the condi-
tion Λ𝜎 = 𝜆𝜎, Λ𝑠 = 𝜆𝑠; 𝐻0𝑃𝜎 = 𝜆𝜎𝑃𝜎; 𝐻0𝑃𝑠 = 𝜆𝑠𝑃𝑠. In this case it turns
out that 𝜆𝜎 − 𝑖𝑚𝜔 = 𝜆𝑠, and (10) becomes an identity, while the operator
𝑃𝜎(𝑚,𝑠)𝑈𝑚

𝑠0(𝜏)𝑃𝑠 remains undetermined.

For 𝑟 = 1 relation (7), multiplying it on the left by 𝑃𝜎, can be written in the
form

(𝐻0 − 𝑖𝑚𝜔)𝑃𝜎𝑈𝑚
𝑠1𝑃𝑠 − 𝑃𝜎𝑈𝑚

𝑠1𝑃𝑠𝐻0 =
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= 𝑃𝜎𝑈𝑚
𝑠0Ω𝑠1𝑃𝑠 + 𝑃𝜎𝑈𝑚′

𝑠0 𝑃𝑠 − ∑
𝑚1

𝑃𝜎𝐻𝑚1
1 𝑈𝑚−𝑚1

𝑠0 𝑃𝑠. (12)

For 𝑚 = 0 and 𝜎 = 𝑠 we use 𝑃𝑠𝑈0
𝑠1𝑃𝑠 = 0 and obtain the equality

Ω𝑠1(𝜏) = 𝑃𝑠Ω𝑠1(𝜏)𝑃𝑠 = ∑
𝑚1

𝑃𝑠𝐻𝑚1
1 (𝜏)𝑈−𝑚1

𝑠0 (𝜏)𝑃𝑠 =

= 𝑃𝑠𝐻0
1 (𝜏)𝑃𝑠 + ∑

𝑚1≠0
𝑃𝑠𝐻𝑚1

1 𝑈−𝑚1
𝑠0 𝑃𝑠, (13)

where in the last sum there enter only the terms of zero order with respect to 𝜀
that have remained undetermined.

For 𝑚 = 0 and 𝜎 ≠ 𝑠 one obtains the equation

𝐻0𝑃𝜎(𝑃𝜎𝑈0
𝑠1𝑃𝑠) − (𝑃𝜎𝑈0

𝑠1𝑃𝑠)𝐻0𝑃𝑠 = − ∑
𝑚1

𝑃𝜎𝐻𝑚1
1 𝑈−𝑚1

𝑠0 𝑃𝑠, (14)

from which the operator 𝑃𝜎𝑈0
𝑠1𝑃𝑠 can be found, for a known right-hand side,

as indicated below. An equation of the same type will also be obtained in the
case when 𝑚 ≠ 0, 𝜎 = 𝜎(𝑚, 𝑠). If, however, 𝜎 = 𝜎(𝑚, 𝑠), then, as above, the
left-hand side of (12) under the assumptions we have adopted vanishes and the
relation

𝑃𝜎𝑈𝑚
𝑠0(𝜏)𝑃𝑠Ω𝑠1(𝜏) + 𝑃𝜎𝑈𝑚′

𝑠0 (𝜏)𝑃𝑠 − ∑
𝑚1

𝑃𝜎𝐻𝑚1
1 (𝜏)𝑈𝑚−𝑚1

𝑠0 (𝜏)𝑃𝑠 = 0

is obtained, which together with (13) gives an equation for the operator 𝑋𝑚
𝜎𝑠 =

𝑃𝜎𝑈𝑚
𝑠0𝑃𝑠.

For fixed 𝑠 and all 𝑚 and 𝜎(𝑚, 𝑠), these equations constitute a system of Riccati-
type equations with respect to the as yet undetermined zero-order terms (in
particular, under certain conditions, a single equation). These equations must
be solved under the conditions 𝑋𝑚

𝜎𝑠(0) = 0, which follow from (8). Generally
speaking, it then turns out that 𝑋𝑚

𝜎𝑠(𝜏) ≠ 0 for 𝜏 ≠ 0, and thus among the
terms of zero order with respect to 𝜀 there are nonzero oscillating terms.

Equations of type (14), in the case when the operators 𝐻0𝑃𝑠 and 𝐻0𝑃𝜎 are
bounded, were considered in (6). From the formula given there it follows that

𝑃𝜎𝑈𝑚
𝑠1(𝜏)𝑃𝑠 = 1

4𝜋2 ∮
Γ𝜎

∮
Γ𝑠

(𝐻0 − 𝑖𝑚𝜔 − 𝜆) ∑𝑚1
𝑃𝜎𝐻𝑚1

1 𝑈𝑚−𝑚1
𝑠0 𝑃𝑠(𝐻0 − 𝜇)−1 𝑑𝜆 𝑑𝜇

𝜆 − 𝜇 − 𝑖𝜔 .

(15)
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If one of the sets Λ𝜎, Λ𝑠 contains the point at infinity, then, as indicated in
(7), the equation must be reduced to a convenient form by a fractional-linear
transformation.

Thus, all first-order terms with respect to 𝜀 will be determined, except for the
operators 𝑃𝜎𝑈𝑚

𝑠1𝑃𝑠 for 𝜎 = 𝜎(𝑚, 𝑠), which are determined at the next step of
the calculations.

All calculations at the second and subsequent steps are carried out in an entirely
analogous way, and even more simply, since the differential equation for the
operators 𝑃𝜎(𝑚,𝑠)𝑈𝑚

𝑠𝑟𝑃𝑠 for 𝑟 ≥ 1 turns out to be linear, and not a Riccati
equation.

3. Let us consider the second-order equation

𝑑2𝜓
𝑑𝑡2 + 𝐴(𝑡, 𝜀)𝑑𝜓

𝑑𝑡 + 𝐵(𝑡, 𝜀)𝜓 = 0. (16)

By means of the usual device it can be reduced to a system of first-order equa-
tions

𝑑𝜓
𝑑𝑡 = 𝜓1; 𝑑𝜓1

𝑑𝑡 = −𝐵𝜓 − 𝐴𝜓1

or, in other words, to a single equation of the form (1) in the space ℌ⊕ℌ. Thus,
the method described above can be applied to equation (16). An interesting
example of such equations is furnished by equations of the form

𝑑2𝜓
𝑑𝑡2 + 𝜀 [𝐴0(𝜏) + 𝐴1(𝜏) cos 𝜔𝑡] 𝑑𝜓

𝑑𝑡 + {𝐵0 + 𝜀[𝐵10(𝜏) + 𝐵11(𝜏) cos 𝜔𝑡]}𝜓 = 0.

In the one-dimensional case, for 𝐴0 = 𝐴1 = 𝐵10 = 0, 𝐵11 = const, this equation
becomes Mathieu’s equation. If 𝜔 = 2√𝐵0, then condition (11) is precisely
violated.

4. The justification of the asymptotic convergence of the process under con-
sideration does not differ from that given in (6,7). It is necessary to assume
that the operators 𝐻0, 𝐻𝑘𝑚(𝜏) satisfy the conditions ensuring the exis-
tence and well-posedness of solutions of the differential equations (4). For
example, the operator 𝐻0 must satisfy the well-known Hille–Yosida condi-
tions, and the operators 𝐻𝑘𝑚 must be bounded. In this case the space ℌ
may also be a Banach space.

If the operator 𝐻0 is self-adjoint and positive definite, then one can consider
the more general case, studied in (9), when the operators 𝐻𝑘𝑚 have fractional
order relative to 𝐻0.

If any of the above conditions are fulfilled, then, defining the operators
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𝑈𝑚
𝑠𝑟(𝜏), Ω𝑠𝑟(𝜏) (𝑟 ≤ 𝑘), Ω(𝑘)

𝑠 = 𝐻0𝑃𝑠 +
𝑘

∑
𝑟=1

Ω𝑠𝑟(𝜏)𝜀𝑟

and finding the operators 𝑌 𝑘
𝑠 from the equations

𝑑𝑌 (𝑘)
𝑠

𝑑𝑡 = Ω(𝑘)
𝑠 (𝜏, 𝜀)𝑌 (𝑘)

𝑠 ,

we construct the operator

𝑉 (𝑘)(𝑡, 𝜀) =
𝑝

∑
𝑠=0

∑
𝑚

𝑘
∑
𝑟=0

𝜀𝑟𝑈𝑚
𝑠𝑟(𝜏)𝑒𝑖𝑚𝜔𝑡𝑌 (𝑘)

𝑠 (𝑡, 𝜀).

It can then be shown that the operators 𝑉 (𝑘)(𝑡, 𝜀) give asymptotic approxima-
tions to the operator 𝑈(𝑡, 𝜀) on the interval 0 ≤ 𝜏 = 𝜀𝑡 ≤ 𝑙.
Kyiv Polytechnic Institute

Received
14 XI 1961
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