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1°. We shall denote square matrices by capital Latin letters, column vectors
by lowercase Latin letters, and numbers by Greek letters. An asterisk denotes
Hermitian conjugation, so that ab* is a matrix, b*a = (a, b) is the scalar product.
The notation H > 0 means that H is a Hermitian positive-definite matrix. I is
the identity matrix.

Consider the following problems:

(I,). Given A, a,b; the eigenvalues of A lie in the left half-plane. For H = H*
define

G=—(A"H+HA), g=—(Ha+b). (1)

It is required to specify conditions under which the quadratic inequality with
respect to the matrix H = H*

G—gg*>0 (2)

has a solution.

(I,). Given B,c # 0,d # 0; the eigenvalues of B lie in the left half-plane. It is
required to specify conditions under which there exists X = X*, satisfying the
relations

-Y=B*X+XB <0, Xc+d=0. (3)

The index v in both problems denotes the order of the corresponding vectors
and matrices. By simple transformations one can reduce problem (I,,) to (I, ;)
and conversely (see below, paragraphs 7°, 8°).

In applications the data of the problems (I,,), (IT,) depend on parameters, which
must be chosen so that the corresponding problem has a solution. In this connec-
tion, rational solutions of the problems (I,,), (II,) are desirable, i.e. such solutions
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that can be reduced to checking a finite number of conditions §, > 0, n, =0,
where ¢, 7, are polynomials with respect to the data of the problems (i.e. with
respect to the real and imaginary parts of the elements A, a,b, B, ¢, d).

For the sake of generality and convenience of the solution, we assume the ele-
ments of the vectors and matrices to be complex, although in applications they
are real.

2°. The problems (I,), (II,) lead to problems of finding, in a certain sense,
optimal conditions for stability in the large of nonlinear differential equations
with one nonlinearity of class (4) (175), to problems with a fixed nonlinearity
of the type considered in (%), and some others. The Lurie method (1?) gives
rational sufficient conditions for the solvability of problem (I,). For v > 2 these
conditions are also necessary (°); it can be shown that for v > 2 these conditions
do not coincide with the necessary ones*. Let us note the effective sufficient
conditions of Lefschetz (7), which may be regarded as sufficient conditions for
the solvability of problem (I,). In the work (¥) V. M. Popov derived a partial
condition for stability in the large of systems with a nonlinearity of class (A),
encompassing all conditions that can be

* Thus, the problem formulated in (°), p. 129, has a negative solution.

obtained by means of a Lyapunov function of the form “quadratic form plus
an integral of the nonlinearity.” Theorem 1 (see below), with a small addition,
gives a new proof of this Popov condition together with an answer to the inverse
problem posed in (®), p. 972. Namely, when Popov’ s frequency condition (®) is
satisfied, the system has a Lyapunov function of the indicated form.

3°. Introduce the following notation:
A, =A—iwl, a, = A ta, b, = A b,
v;(w) =14 2Re(a,,b), B, =B —iwl, c, = B.lc, (4)
¢r(w) = Re(cy, d), x = —(c,d), B = Re(Bc,d).

We shall call the functions ¢;(w), ¢p(w) the characteristics of problems (I,),
(IL,)), respectively.

Theorem 1. In order that inequality (2) have a solution H = H*, it is necessary
and sufficient that ¢;(w) > 0 for —oo < w < +00.

Theorem 2. In order that there exist a matrix X = X* satisfying relations
(3), it is necessary and sufficient that: 1) x be real; 2) 8 # 0; 3) ¢p(w) > 0 for
—00 < w < +00.

Theorem 3. In order that there exist a matrix X = X* satisfying relations (3)
and the inequality Y > eI with a given £ > 0, it is necessary that: 1) x be real;
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2) g = 2Infp(w)/|c,[? > 0; 3) e < gy, and it is sufficient that conditions 1),
2) and 3’ € < g, be fulfilled.

Obviously, Theorems 1, 2 and 3 give rational solutions™.

4°. Necessity of the conditions of Theorems 1-3. We have

ArH+ HA, = —G, (Ga,,a,) = —2Re(Ha,a,) =2Re(b,a,) + 2Re(,

w? W

where ¢ = (g,a,,). From (2) and the first relation (1) we successively derive

(Gag,a,) > [C1% prlw) > 1+ ¢
The necessity of the conditions of Theorems 2 and 3 follows from the relations
x = (Xc,c), B=(Ye,c), 20p(w) = (Ye,,c,) > ele,[*.

5°. Sufficiency of the conditions of Theorem 3 follows from the sufficiency
in Theorem 2 (for matrices of fixed order v). Setting X = X, + ¢H,,, where
B*H, + H,B = —I, we obtain that problem (II,) has the required solution if
there exists X, = X{; satisfying the conditions

B*X,+ X,B=-Y, <0, Xyc+d,=0,

where d, = eHyc + d. From conditions 1), 2), 3’ of Theorem 3 it follows that
conditions 1), 2), 3) of Theorem 2 are fulfilled and, consequently, that X, exists.

6°. We shall write {A} = p if the matrix A has p eigenvalues in the left half-
plane and has no purely imaginary or zero eigenvalues.

Lemma 1. Consider a matrix of order v + 1
= A P
B (2 1) )

Let Rea # 0 and let e be the vector with v 4+ 1 components 0, ...,0,1. Put

~

X1w) = (A—iw)™'p,g) —a,  xulw) =—((B—iwl) e e).

Then the conditions: a;) Rex;(w) > 0 for —oo < w < +00, by) {A} = p are
equivalent to the conditions: ay) Re yy(w) > 0 for —oo < w < +00, by) {B} =
w1

Proof. Solving the equation

(B — iwl) (Z) —e,
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we find

£=xu = (x;+iw) "

Therefore a,) follows from a,). From a,), b;) and the relation

* Another, less convenient, rational solution of problems (I,), (I,) was reported
by the author at V. V. Nemytskii’ s seminar at Moscow State University in the
spring of 1961.

** Note that the necessity of the condition ¢;(w) > 0 is proved essentially in
(3,°). The necessary condition (3.2) (°) for complex A, a,b, in the notation
adopted here, has the form I'> = 1 + 2Re(b, A~*a) > 0. Since problem (I,) is
not changed when A is replaced by A, we have hence ¢;(w) > 0.

X11 = —det(A — iwl)/ det(B — iwl)
we conclude that B has no purely imaginary eigenvalues. For |w| — oo we have
Rex;; = —Rea/w? — [1 +O(w 1)),

i.e. Rea < 0, and
|+OO

A Arg x;(w)

= —Tm.

Therefore " .
A Argdet(B — iwI)LOO =n[lv+1)—(p+1)],
ie. {E} = p+ 1. The converse assertion is proved analogously.

7°. The sufficiency in Theorem 1 follows from the sufficiency in Theorem 2.
Consider problem (II,,) for

A a
B(b* _1/2>, c=e, d= —e.

Applying Lemma 1, we find that the conditions of Theorem 2 are satisfied.
Therefore there exists a solution of problem (II,, ;)

(1)

It is easy to verify that the matrix H is a solution of problem (I,).

8°. Proof of sufficiency in Theorem 2. For v = 1 the assertion of Theorem
2 is verified directly. Suppose that sufficiency has been proved for matrices of
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order v. Consider problem (II,, ;) under the assumption that the conditions of
Theorem 2 are satisfied. From the formula

Q
7x = lim 11 (W) dw
Q—+o0 _Q

it follows that xy > 0. Therefore the matrix S, whose last column is equal to
¢, and whose first v columns are any basis in the subspace orthogonal to d, is
nonsingular. Multiplying the first relation (3) on the left by S*, on the right by
S, and the second on the left by S*, we pass to the equivalent problem

—Y=BX+XB<0, Xe = ye, (6)
where B = S~1BS. Since
B

= E[l +O(w™H] as |w| = oo,

P11(w)

we have 3 > 0. Representing B in the form (5), we find that
Rea = —3/x <0, Re x11(w) = @11 (w)/x > 0.
By Lemma 1 we have Re x;(w) > 0, {A} = v. The second relation (6) means

that X has the form
~ H 0
(1)

From the first relation (6) it follows that the required matrix H is a solution of

problem (I,,), where
a=p/VB,  b=xa/VP.

The characteristic of this problem is

or(w) = %Re X1(@) > 0.

Consider the first case, when
Re(A  a,b) <0
for some w. Then there exists 7 such that
Info;(w) = ¢(7).
Consider the auxiliary problem
Y, =A4"X, + X;A <0, X,a, +b.—6Hya, =0, (7)
where H is the solution of the equation

A*Hy+ HyA = —1I,
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4 > 0, and a,,b, are determined from (4). By the induction hypothesis and

T YT

item 4° we may apply Theorem 3. The value
Xaux = (A;2a” b) + 5(H0a'r7 ar)

is real, since ¢}(7) = 0. The characteristic of the auxiliary problem is trans-
formed to the form

[p1(w) — o1 (7)]

d
-~ 24zt 2,
Paux (T—OJ)2 +2| w a’T‘

Therefore ¢4 > §/2, and by Theorem 3 there exists a matrix X; = H such that
4]
Y, > -1
1”3

We shall show that the matrix H is a solution of problem (I,) provided that the
number § > 0 is chosen sufficiently small. After some calculations we obtain,
using the second relation (7),

(G™'g,9) = —2Re(a,, b) + 0*(G™h, h) < 1—@(7) + 30J?,
where h = AZHya... For
0 <6 <(r)/3]h?

we obtain
(G lg,9) <1,

which, under the condition G = —Y; > 0, is equivalent to (2). For the first case
the proof is complete.

In the second case, when Re(a,,b) > 0, the auxiliary problem has the form
~Y, = A*X, + X;A <0, Xja+b—8Hya =0, where 0 < § < |Hyal?/3. All the
arguments are only simplified. The number »,,, = —(a,b) — §(Hya,a) is real,
since as |w| — oo, from the condition Re(a,,b) = —Im(a,b)/w + O(w™2) > 0
it follows that Im(a,b) = 0. The characteristic of the auxiliary problem has

J
the form ¢, = Re(a,,b) + §‘a‘“|2’ ie. €y = §/2. By Theorem 3 there exists
J
X, = Xj such that ¥} > gl. For H = X, we have G = =Y} > 0, —g =
SHya, (G~1g,g) < 1. Theorem 2 is proved.
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