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Abstract
Full Text
MATHEMATICS
M. F. KULIKOVA

CONSTRUCTION OF A NUMBER 𝛼 FOR
WHICH THE FRACTIONAL PARTS {𝛼𝑔𝑥}
ARE RAPIDLY UNIFORMLY DISTRIBUTED
(Presented by Academician I. M. Vinogradov, November 22, 1961)

Let 𝑔 ≥ 2 be an integer, 𝛼 a real number, 𝔐 an interval lying on the half-
segment [0, 1), mes 𝔐 its length, and 𝑁𝑃 (𝔐) the number of numbers {𝛼𝑔𝑥},
𝑥 = 1, 2, … , 𝑃 , that fall in the interval 𝔐.

N. M. Korobov (1) constructed a number 𝛼 such that, for any interval 𝔐 located
in the interval [0, 1), the estimate

𝑁𝑃 (𝔐) = 𝑃 mes 𝔐 + 𝑂(
√

𝑃),

holds, where mes 𝔐 is the length of the interval 𝔐.

A. G. Postnikov (2), using the method of trigonometric sums, constructed a
number 𝛼 such that, for any interval 𝔐 located in the interval [0, 1), the estimate

𝑁𝑃 (𝔐) = 𝑃 mes 𝔐 + 𝑂 (
√

𝑃
8√log 𝑃 log log 𝑃)

holds.

In the present note we construct a number 𝛼 such that, for any interval 𝔐
located in [0, 1), the following estimate will hold:

𝑁𝑃 (𝔐) = 𝑃 mes 𝔐 + 𝑂 (
√

𝑃
4√log 𝑃 (log log 𝑃)3/2) .

We follow N. M. Korobov’s idea of constructing numbers 𝛼 with the help of
normal periodic systems (3). Denote by 𝜌𝑛(𝑔) a normal periodic system, and by
𝜌′

𝑛(𝑔) the system obtained from 𝜌𝑛(𝑔) by discarding the last 𝑛 − 1 digits. Let

𝜑(𝑗) = [ 𝑔𝑗
√𝑗] , 𝑗 = 1, 2, … .
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Consider the number 𝛼 defined in the following way:

𝛼 = 0, 𝜌′
1(𝑔) … 𝜌′

1(𝑔)⏟⏟⏟⏟⏟
𝜑(1) times

⋯ 𝜌′𝜇(𝑔) … 𝜌′𝜇(𝑔)⏟⏟⏟⏟⏟
𝜑(𝜇) times

⋯ (1)

Theorem. Let the number 𝛼 be defined by the string (1). For any interval 𝔐
located in [0, 1), the formula

𝑁𝑃 (𝔐) = 𝑃 mes 𝔐 + 𝑂 (
√

𝑃
4√log 𝑃 (log log 𝑃)3/2)

holds.

Proof. It suffices to prove the theorem for intervals 𝔐 of the form (0, 𝑦),
0 < 𝑦 < 1. Denote by 𝑆𝜇 the number of 𝑔-ary digits of the number 𝛼 up to
the beginning of the first system 𝜌′

𝜇(𝑔). Denote by 𝑆𝜇,𝜆 the number of 𝑔-ary
digits in the number 𝛼 up to the beginning of the 𝜆-th system 𝜌′

𝜇(𝑔) in order
(obviously, 𝑆𝜇 = 𝑆𝜇,1):

𝑆𝜇,𝜆 =
𝜇−1
∑
𝑗=1

𝜑(𝑗)𝑔𝑗 + (𝜆 − 1)𝑔𝜇.

Arguing as in (2), we obtain

𝑁𝑆𝜇,𝜆
(𝔐) = 𝑦𝑆𝜇,𝜆 + 𝑂 ( 𝑔𝜇

√𝜇) .

Let us note that

𝜇 = 1
2

log 𝑃
log 𝑔 + 1

4
ln 𝑔 log 𝑃

log 𝑔 + 𝑂(1).

Let

𝑃 = 𝑆𝜇,𝜆 + 𝑃1, 0 ≤ 𝑃1 ≤ 𝑔𝜇 − 1,

𝑁𝑃 (𝔐) = 𝑌 𝑃 + 𝑁𝑃 (𝔐) − 𝑁𝑆𝜇,𝜆
(𝔐) − 𝑌 𝑃1 + 𝑂 ( 𝑔𝜇

√𝜇) .

Two cases may occur:

1) 0 ≤ 𝑃1 ≤ 𝑔𝜇
√𝜇 . Then

sovietrxiv.org/items/ru-196201.71215 Machine Translation

https://sovietrxiv.org/items/ru-196201.71215


𝑁𝑃 (𝔐) − 𝑁𝑆𝜇,𝜆
(𝔐) − 𝑌 𝑃1 = 𝑂 ( 𝑔𝜇

√𝜇) .

2) In the case 𝑔𝜇 > 𝑃1 ≥ 𝑔𝜇
√𝜇 we shall rely on the following lemma.

Lemma. Let 𝔐 be any interval of the form (0, 𝑌 ), 0 < 𝑦 < 1. Let 𝑛, 𝑙 be
natural parameters, 4𝑔𝑛 ≤ 𝑙 ≤ 𝑃1 − 1

𝑛 . 𝑁𝑃1
(𝔐) denotes the number of hits of

the fractional parts {𝜔𝑔𝑥}, 𝑥 = 1, 2, … , 𝑃1, in 𝔐. For sufficiently large 𝑃1 the
estimate

|𝑁𝑃 (𝔐) − 𝑌 𝑃 | < 𝐶 (𝑔𝑛𝑙𝑛𝑙√𝑙 𝑁 (𝑛𝑙)
𝑃1

exp [− 𝑙
18𝑔2𝑛 ] + 𝑙𝑛 + 𝑃1

𝑔𝑛 ) ,

holds, where 𝐶 is an absolute constant.

The proof of this lemma is carried out by the method proposed by I. I. Piatetski-
Shapiro (4). We shall not give the proof of this lemma.

Take as the number 𝜔 the number

𝜔 = {𝑔𝑆𝜇,𝜆𝛼}.

The 𝑔-adic expansion of the number 𝜔 has the form

𝜔 = 𝜌′𝜇(𝑔) … 𝜌′𝜇(𝑔)⏟⏟⏟⏟⏟
𝜑(𝜇)−(𝜆−1) times

𝜌′
𝜇+1(𝑔) … 𝜌′

𝜇+1(𝑔) …⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜑(𝜇+1) times

Take

𝑛 =
⎡
⎢
⎢
⎣

log √ log 𝑃1
(log log 𝑃1)3

log 𝑔
⎤
⎥
⎥
⎦

, 𝑙 = [𝜇
𝑛] + 1.

Applying the lemma, we obtain

∣𝑁𝑃 (𝔐) − 𝑁𝑆𝜇,𝜆
(𝔐) − 𝑌 𝑃1∣ ≤

≤ 𝐶 (𝑔𝜇 ( log 𝑃1
log log 𝑃1

)
2

𝑁 (𝑛𝑙)
𝑃1

𝑒−𝐶0(log log 𝑃1)2 + 𝑃1(log log 𝑃1)3/2

√log 𝑃1
) ≤
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≤ 𝐶𝑔𝜇 (( log 𝑃1
log log 𝑃1

)
2

𝑁 (𝑛𝑙)
𝑃1

𝑒−𝐶0(log log 𝑃1)2 + (log log 𝑃2)3/2

√log 𝑃1
) .

Since 𝑛𝑙 ⩾ 𝜇, and the first 𝑔𝜇 𝑔-ary digits of 𝜔 form the system ̂𝜌𝜇(𝑔), it follows
that 𝑁 (𝑛𝑙)

𝑃1
= 1. For sufficiently large 𝑃1,

( log 𝑃1
log log 𝑃1

)
2

𝑒−𝐶0(log log 𝑃1)2 < (log log 𝑃1)3/2

√log 𝑃1
.

Taking into account that 𝐶2𝜇 ⩽ log 𝑃1 ⩽ 𝐶1𝜇, where 𝐶1 and 𝐶2 are positive
constants, we obtain

𝑁𝑃 (𝔐) − 𝑁𝑆𝜇,𝜆(𝔐) − 𝑌 𝑃1 = 𝑂 (𝑔𝜇(log 𝜇)3/2
√𝜇 ) .

Thus, in both cases

𝑁𝑃 (𝔐) − 𝑌 𝑃 = 𝑂 (𝑔𝜇(log 𝜇)3/2
√𝜇 ) .

Since

𝜇 = 1
2

log 𝑃
log 𝑔 + 1

4
log log 𝑃

log 𝑔 + 𝑂(1),

we have

𝑁𝑃 (𝔐) = 𝑌 𝑃 + 𝑂 (
√

𝑃
4√log 𝑃 (log log 𝑃)3/2) .
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