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Abstract
Full Text

S. P. Novikov

ON THE DIFFEOMORPHISM OF SIMPLY
CONNECTED MANIFOLDS

(Presented by Academician P. S. Aleksandrov, 27 XI 1961)

The object of our investigation is smooth simply connected manifolds of dimen-
sion n > 5 with a fixed orientation. Two such manifolds are regarded as identical
if there exists a diffeomorphism of one onto the other having degree +1 in the
chosen orientations. In what follows, by the term “diffeomorphism” we shall
mean only a diffeomorphism of degree +1. Our aim is to describe all manifolds
{M]'} possessing the following properties:

1. m (M) =0.

2. M;" is homotopy equivalent to M}".

3. There exists a homotopy equivalence f : M — M 3 of degree +1 such
that f*Vy(M]') = Vy(M]"), where V(M) is the normal bundle of the

manifold M7, lying in Euclidean space EN*™ for N > n + 3.

It is known () that under these conditions there is a diffeomorphism

M} x EN ~ MP x EN.

It also follows from the works of Smale (®) and Hirsch that
M x SN~ My x SN

however, the manifolds M;* and M} themselves may fail to be diffeomorphic
(5). In the case when the manifolds M} are homotopy equivalent to the sphere
S™, their description has been completely carried out in the remarkable papers
(378). Other interesting examples of manifolds have been considered in papers
(911,

Choose from the class of manifolds {M[*}, possessing properties 1-3, some repre-
sentative M, and consider the Thom space (1°) of the normal bundle Vy (M)
in Euclidean space of dimension N + n, which we shall denote by T : the space
Ty is obtained from the bundle Vi (M®) of closed balls RY by contracting the
boundary 0V to a point. There exists a Thom isomorphism

oy Hi(Mg') — Hy(Ty)-

Denote by [M™] the fundamental cycle of the manifold M™ in the given orien-
tation. The following is obvious:
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Lemma 1. The cycle o ([M{]) € Hy,,,(Ty) is spherical.
Denote by A C my,,(Ty) the set of elements such that

H(a) = on([Mg]),

where a € my,,,(Ty) and H is the Hurewicz homomorphism. From the theory
of transversally regular mappings (1°) it easily follows:

Lemma 2. To every element a € A there corresponds a manifold
M™ C EN+n
a

and a mapping
fo: M} — MY,

having degree +1 and such that
JaVn(Mg) = Vi (Mg).
If two manifolds M a1 and M a2 and mappings
Jaq: Mgy — M, fap i Mgy — MY,
correspond to one and the same element a € A, then there exists a manifold
N+t BN+ % 1(0,1)

with boundary
ONTH = Mg U(=M7y),

where
M&CEN“LXO, M(ﬁQCEN*”xl,

and there exists a mapping
F: Nt MpP
such that

F*VN(M(?) = VN(Nn+1)» F|ngl = fa,1» F|M372 = Ja,2-

Define the subset A C A, consisting of elements a € A having as representatives
manifolds M € a that are homotopy equivalent to the manifold M.

Lemma 3. If a mapping g : M} — M} of oriented manifolds has degree +1,
then the mapping ¢* : H*(M¥ K) — H*(MF,K) is an isomorphism onto a
direct summand, where K is any field.

From Lemmas 2 and 3 it follows without difficulty:
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Lemma 4. If o € A and the manifold M7 € o is homotopy equivalent to the
manifold Mg, then the mapping f, : M} — M is a homotopy equivalence and
FoVa (M) = Vi (MZ). If two manifolds M7, € a € A, M, € a € A have
this property, then the film N™*! constructed in Lemma 3, retracts onto each
of its boundaries.

In order to understand what an element of the set A C Tnin(Ty) is, we shall
specify in the normal bundle Vi (M) of the manifold MJ C EN*™ a fixed struc-
ture of an SO(N)-bundle, which we shall call a normal framing of the manifold
M. This normal framing of the manifold M induces a normal framing on the
manifold M} € o € ;f, carried over by means of the mapping f, : M} — M}
from our initial framing on M. If two framed manifolds M7 ; € a, My, € v are
equivalent, then the film N ”*17 indicated in Lemma 2, is also normally framed,
and the framing on it induces the prescribed framings on the boundaries.

Lemma 5. Let a manifold M} € a € A and a mapping fo @ MJ — My
be given. Then the set of homotopy classes of normal framings induced by
the mapping f, from the given framing on the manifold My is in one-to-one
correspondence with the elements of the group 7(MZ, SO(N)).

The group 7(M™,SO(N)) is, obviously, a homotopy invariant of the manifold
M™, and therefore on the set A there naturally acts the group m(M{, SO(N)).

Lemma 6. The orbits of the group (M, SO(N)), acting on the set A, contain
the same number of elements (note that the set A is finite).

It can be shown that the action of the group m(M{,SO(N)) on the set Ac
Tnn(Ty) is expressed through the Whitehead homomorphism

J: m(SO(q) = mhy o (S9), qg>k+1,

whose structure has been studied in dimensions k = 4s—1 (see 12)); for k # 0, 1
(mod 8) the group 7,(SO(q)), k # 4s — 1, vanishes (see (1)),

The following two theorems are very important for the justification of our con-
structions.

Theorem 1. If n 7& 4k + 2, then the equality A=A holds; if n = 4k + 2, then

either A = A, or A contains half as many elements as A, and this depends only
on the dimension n and does not depend on the manlfold M.

Theorem 2. Suppose that the manifolds M} and M3 are such that: 1)
m (M7 = m (M&) = 0; 2) M7 is homotopy equivalent to M}, and there exists
a homotopy equivalence f : MJ* — MY such that f*Vy(MZ}) = Vy(M]), where
N >n+ 3, Vy(M™) is the normal bundle in the Euclidean space ENt™ > M™;
3) there exists a manifold N"*! with boundary ON"*1 = MP U (—M2); 4)
there exists a mapping g : N — MJ such that g|M} = 1, g|M} = f.
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Under these assumptions there exists a Milnor sphere S* € gn (Om) such that
M7 = (My#5™).
The proof of these theorems is carried out by the method of killing homoto-

---of the homotopy groups by Morse modifications, applied by Milnor and Ker-
vaire to the case of m-manifolds.

a) To prove Theorem 1 it is necessary to kill a part of the homotopy groups
of the manifold M} € o € A. Namely, we have a mapping f, : M7 — Mg

such that f2Vy (M) = Vy(M?). Let z € Ker £, i < n/2, where f,, :
m, (M) — m;(M™), and let ¢ be such a number that Ker F9 =o, Jj<i.

It can be shown that a sphere S* C M, realizing the element 2z € Ker féfﬁ, has
a trivial normal bundle in the manifold M. The Morse modification can be
carried out so that the normal bundle of the modified manifold in Euclidean
space will be “the same” as that of the original one (the expression is impre-
cise). The normal framing of the manifold M can likewise be transferred to
the modified manifold for i« < n/2. Analysis of the possibility of performing
the modification and of the possibility of transferring the normal framing to
the modified manifold for ¢ = [n/2] reduces this problem to the corresponding
problem for the case M} = S", after which we can apply unpublished results
of Milnor-Kervaire. Killing the groups Ker f(@ for i < n/2, we obtain what is
required, by applying Lemmas 3 and 4.

b) To prove Theorem 2 it is necessary to kill the groups Ker gffj, where gff) :
m (N — 7,(MZ}) in dimensions i < (n + 1)/2. Evidently, from the

properties of the film N™*! there follows the direct decomposition:

T (N = 7 (MP) + Kergl),  j=1,2
H(N"™1) = H(M}") +Kergl!,  j=1,2;

HY(N™1) = Hi(M}) + Coker gj;,  j=1,2.

Since H,(N™"1, M?) = H,(N""!, M3) = Ker ¢!, and from the Poincaré duality
law it follows that H,(N™"1 M) = H"H={(N™F1 MJ), an intersection matrix
B = (by), by =22y, Z, Z, € Kergffnﬂ)/z)7 is therefore defined when n is
odd. Tt is easy to show that this matrix is unimodular (and has even numbers
on the diagonal when n + 1 = 4k). For n = 4k — 1 we shall call the index
of the matrix B the “relative” index and denote it by 7(N"™"!, M, M3'). For
n = 4k — 3 only some invariant with values in Z, can arise. The groups Ker g,(f)
can be killed for ¢ < (n+ 1)/2 by Morse modifications. When killing the group

Ker giw for i = (n+ 1)/2, an obstruction may arise, which is easily reduced
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to Milnor’ s group 6™(97) (see (3,5,7)). If this obstruction vanishes, then the
manifolds M7{* and M3, evidently, are I-equivalent and, according to Smale’ s
theorem (®), diffeomorphic.

We shall construct a set A C Tnn(Ty), on which the group n(Mg, SO(N))

acts. The elements of the quotient set Z/w(Mé’,SO(N )) are not, generally
speaking, in one-to-one correspondence with the classes of diffeomorphic mod
¢"(0m) manifolds {M}'}, homotopy equivalent to the manifold Mg and having a
common normal bundle, since there may exist different homotopy equivalegces

fij + M} — Mg preserving the normal bundle. On the quotient set A=

Z/W(MSL, SO(N)) there also acts the group 7 (M{) of homotopy classes of maps
of the manifold M to itself that have degree +1 and preserve the normal bundle.
To describe the action of the latter group, note that to a map f : Mj — M}

preserving the normal bundle one can associate a map T f : Ty — Ty, leaving

the set A invariant and compatible with the action of the group 7(M{, SO(N)).
Denote--

denote by 7t (T ) the group of homotopy classes of homotopy equivalences of
the space Ty onto itself, leaving invariant the set A and the cohomology class
©(1); a mapping Ty is defined:

7 (M) = 7+ (Ty).

Lemma 7. The action of the group 7« (M) on the set A= Z/?T(M(;L, SO(N))
is described by the formula x(a) = TI*\}z(a), where © € 7t (M), a €
3/n(Mg, SO(N)).

From geometric considerations it is also easy to extract the following property

of the action of the group n*(M{'). Denote by D} € n(M{') the subgroup of
this group generated by diffeomorphisms of degree +1 of the manifold M} €

ac /T/W(M(?, SO(N)); then we have:

Lemma 8. If an element x € 7" (M) belongs to the subgroup D/, then
z(a) = a.

Remark. The group D/ depends essentially on the choice of the element

a € A//W(MSL, SO(N)); however, there is an isomorphism D} = D} if a = z(b);
z €mt(MJ).

We can now formulate our main assertion.

Theorem. Let aset { M} of simply connected manifolds of dimension n > 5 be
given, having a common normal bundle in Euclidean space EN*" of dimension
N +n > 2n+3. A mapping of this set {M}'} — (A/7(M{, SO(N)))/m* (M)

is defined onto the quotient set of a finite family of elements A C 7 Nan(Ty) by
the groups (M, SO(N)) and 7 (M{'), naturally acting in it. If two manifolds
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MZ and M[; go under this mapping into one and the same element, then there
exists a Milnor sphere S € 6" (Om) such that M = (M[;#g”) and conversely.

Example 1 (378). MJ = S™ n # 4k +2. 7y, ,(Ty) = Z + 7y, (SV);
y(ug) = ug + h, where y € my(SO(N)), h € ImJ; y7 = 1; A/m, (SO(N)) ~
Tnin(SY)/Im J. The group 7t (S™) = 1.

Example 2. M7} = S" x 8", n = 2k. 7wy, (Ty) = Z + Tpuon(SY) +
Tovan(SN) 4 Mg (SVF); - Afn(Mg,SO(N) = {1 + a}, where
@ € Tnion(SM)/ImJ + 7niop (SN /ImJ + Tpuo,(SVT™)/ImJ.  The
elements of the set X/W(MS,SO(N )) are determined by three invariants:
(o, B, 8" )—elements of the group my,,;(SY)/ImJ, where i = 2n or i = n.
It is also obvious that 77 (M{') = Z, + Z,. One can choose such elements
x,y € m (M) that z(a, 8, 8') = (o, =B, =), y(a, B, 8) = (a, 3", B).
Example 3. Let M be such that n = 8, m,(M§) = 0, i < 4, m(M§) = Z.
Then we have: 77 (M) = 1; 7(M§,SO(N)) = Zy; wns(TN) = Z + Zy + Zy;
A= {1+a},a € Zy+Z, = mn_ 5(SV). Thus the set AV/W(MS, SO(N)) contains
two elements {1 + aq }, {1 + ay}.

The author expresses deep gratitude to Professors J. Milnor, S. Smale, and F.
Hirzebruch for valuable advice and information.
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