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Abstract
Full Text

MATHEMATICAL PHYSICS
V. S. BUSLAEV

TRACE FORMULAS FOR THE SCHRÖDINGER
OPERATOR IN THREE-DIMENSIONAL
SPACE
(Presented by Academician V. I. Smirnov, December 15, 1961)

In the present work trace formulas are obtained for the Schrödinger operator
𝐻 in three-dimensional space. These formulas relate certain characteristics of
the scattering problem (expressed in terms of the scattering amplitude) to the
eigenvalues of the operator 𝐻. The method of deriving the formulas is analogous
to that used earlier in the consideration of a similar problem for the Schrödinger
operator on the half-line (1).

1. The self-adjoint operator 𝐻 is given by the differential expression

(𝐻𝑢)(𝑥) = −Δ𝑢(𝑥) + 𝑞(𝑥)𝑢(𝑥), 𝑥 = {𝑥𝑖, 𝑖 = 1, 2, 3; −∞ < 𝑥𝑖 < ∞}. (1)

We shall assume that 𝑞(𝑥) is an infinitely differentiable function and, for sim-
plicity, suppose that 𝑞(𝑥) and all its derivatives, as |𝑥| → ∞, decrease faster
than any power of |𝑥|−1.

The spectrum of the operator 𝐻 consists of a continuous spectrum on the half-
line [0, ∞] and a finite number of eigenvalues 𝜆𝑙 (𝜆𝑙 ≤ 0, 𝑙 = 1, 2, … , 𝑀), each
of finite multiplicity 𝑚𝑙. We shall additionally assume that all eigenvalues are
negative (𝜆𝑙 < 0, 𝑙 = 1, 2, … , 𝑀).
Let 𝑅𝜆 be the resolvent of 𝐻, and 𝑅0

𝜆 the resolvent of the operator (−Δ).
Outside the points of the spectrum of the operator 𝐻 there exists Sp(𝑅𝜆 − 𝑅0

𝜆),
which in the complex 𝜆-plane with a cut 𝜆 ≥ 0 is an analytic function; the
limiting values on the shores of the cut are continuous, and moreover

lim
𝜀↓0

Sp(𝑅𝜆+𝑖𝜀 − 𝑅0
𝜆+𝑖𝜀) = lim

𝜀↑0
Sp(𝑅𝜆+𝑖𝜀 − 𝑅0

𝜆+𝑖𝜀) (𝜆 ≥ 0);

at the points 𝜆𝑙 there are simple poles with residues (−𝑚𝑙).
The behavior of the function Sp(𝑅𝜆 −𝑅0

𝜆) as |𝜆| → ∞ can be obtained from the
following theorem, which is perhaps also of independent interest.
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Theorem 1. As |𝜆| → ∞, the kernel 𝑅𝜆(𝑥, 𝑥′) of the integral operator 𝑅𝜆 has
a uniform asymptotic expansion with respect to arg 𝜆

𝑅𝜆(𝑥, 𝑥′) ∼
𝜆→∞

𝑒𝑖
√

𝜆 |𝑥−𝑥′|

4𝜋|𝑥 − 𝑥′|
∞

∑
𝑛=0

(−1)𝑛 ( 1
2𝑖

√
𝜆

)
𝑛 𝑛

∑
𝑚=0

|𝑥 − 𝑥′|𝑚Ω(𝑚)
𝑛 (𝑥, 𝑥′). (2)

The coefficients Ω(𝑚)
𝑛 (𝑥, 𝑥′) can be found from the recurrence formulas

Ω(𝑚+1)
𝑛+1 (𝑥, 𝑥′) = 2(𝑚 + 1)Ω(𝑚+2)

𝑛 (𝑥, 𝑥′) + 1
2 ∫

1

−1
𝑑𝜂 (1

2(−𝜂))
𝑚

×

× {Δ𝑦Ω(𝑚)
𝑛 (𝑦, 𝑥′) − 𝑞(𝑦)Ω(𝑚)

𝑛 (𝑦, 𝑥′) − 𝑚(𝑚 + 1)Ω(𝑚+2)
𝑛 (𝑦, 𝑥′)} , (3)

where

𝑦 = 1
2(1 − 𝜂)𝑥 + 1

2(1 + 𝜂)𝑥′ (𝑛 = 0, 1, … ; 𝑚 = 0, 1, … , 𝑛),

Ω(0)
0 = 1 and, in addition, Ω(0)

𝑛+1 = 0 (𝑛 = 0, 1, …).

From the recurrence formulas (3) it follows that

Ω2𝑡+1
2𝑠 (𝑥, 𝑥′) = Ω2𝑡

2𝑠−1(𝑥, 𝑥′) = 0 (𝑠 = 1, 2, … ; 𝑡 = 0, 1, …).

From Theorem 1 one can derive the following asymptotics (needed for obtaining
the trace formulas)

Sp (𝑅𝜆 − 𝑅0
𝜆) ∼

|𝜆|→∞

∞
∑
𝑛=1

(−1)𝑛 ( 1
2𝑖

√
𝜆

)
𝑛 1

4𝜋 ∫ 𝑑𝑥 Ω(1)
𝑛 (𝑥, 𝑥). (4)

2. In paper (1), for the case of a half-line, a connection was established
between Sp(𝑅𝜆 − 𝑅0

𝜆) and the limiting phase (of scattering). The corre-
sponding result in the three-dimensional case is given by:

Theorem 2. Let 𝑆𝜆(𝛼, 𝛽) (𝛼, 𝛽 are points on the unit sphere in three-
dimensional space) be the kernel of the unitary scattering operator

𝑆𝜆(𝛼, 𝛽) = 𝛿(𝛼 − 𝛽) + 𝑖
√

𝜆
2𝜋 𝑓𝜆(𝛼, 𝛽), 𝜆 ⩾ 0 (5)

(𝑓𝜆(𝛼, 𝛽) is the scattering amplitude, see (10)); then
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Im lim
𝜀↓0

Sp (𝑅𝜆+𝑖𝜀 − 𝑅0
𝜆+𝑖𝜀) = − 𝑖

2 ∫ 𝑑𝛽 ∫ 𝑑𝛼 𝑆𝜆(𝛽, 𝛼) 𝜕
𝜕𝜆𝑆𝜆(𝛽, 𝛼). (6)

The result of the theorem can be formally rewritten as follows:

Im lim
𝜀↓0

Sp (𝑅𝜆+𝑖𝜀 − 𝑅0
𝜆+𝑖𝜀) = − 𝑖

2
𝑑

𝑑𝜆 Sp ln 𝑆𝜆 = − 𝑖
2

𝑑
𝑑𝜆 ln det 𝑆𝜆; (7)

hence we obtain (in the absence of a discrete spectrum)

ln det ′(𝐸 + 𝑞𝐾𝜆) = 1
𝜋 ∫

∞

0

𝑑𝑧
𝑧 − 𝜆

𝑖
2 [ln det 𝑆𝑧 +

√𝑧
2𝜋𝑖 ∫ 𝑑𝑥 𝑞(𝑥)] . (8)

The symbol ln det ′(𝐸 + 𝑞𝑅𝜆) means that the divergent determinant is regular-
ized by subtracting from its logarithm a certain infinite term.

Formula (8) was communicated to the author by L. D. Faddeev, who had ob-
tained it earlier by another method (see also (2)).
For the proof of the theorem the following representation is used (3)

Im lim
𝜀↓0

𝑅𝜆+𝑖𝜀(𝑥, 𝑥) = ( 1
2𝜋 )

3 𝜋
√

𝜆
2 ∫ 𝑑𝛼 |𝜓𝛼(𝑥, 𝜆)|2. (9)

In this formula 𝜓𝛼(𝑥, 𝜆) are the eigenfunctions of the operator 𝐻—solutions of
the scattering problem determined by the asymptotic behavior

𝜓𝛼(𝑥, 𝜆) ∼
|𝑥|→∞

𝑒𝑖
√

𝜆𝑥𝛼 + 𝑒𝑖
√

𝜆|𝑥|

|𝑥| 𝑓𝜆 (𝛼, 𝑥
|𝑥|) . (10)

Representation (9) reduces the proof to the computation of the integral

∫ 𝑑𝑥 ∫ 𝑑𝛼 (|𝜓𝛼(𝑥, 𝜆)|2 − 1),

which should be transformed by means of the formula

∫
|𝑥|<𝑅

𝑑𝑥 |𝜓𝛼(𝑥, 𝜆)|2 = ∫
|𝑥|=𝑅

𝑑𝑆𝑥 { 𝜕
𝜕𝜆𝜓𝛼(𝑥, 𝜆) 𝜕

𝜕|𝑥|𝜓𝛼(𝑥, 𝜆) − 𝜓𝛼(𝑥, 𝜆) 𝜕2

𝜕𝜆 𝜕|𝑥|𝜓𝛼(𝑥, 𝜆)} .

(11)

3. To derive the trace formulas it now suffices to use the simple auxiliary
proposition:
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Lemma. Let the function 𝑓(𝜆) of the complex variable 𝜆 have the following
properties: 1) 𝑓(𝜆) is analytic in the 𝜆-plane with a cut 𝜆 ⩾ 0 and with simple
poles 𝜆̃𝑙 (𝜆̃𝑙 < 0, 𝑙 = 1, 2, … , 𝑀); 2) on the banks of the cut 𝑓(𝜆) uniformly
assumes continuous and bounded (for 𝜆 > 0) limiting values; 3) 𝑓(𝜆 + 𝑖0) =
𝑓(𝜆 − 𝑖0), 𝜆 ⩾ 0; 4) Res 𝑓(𝜆)∣𝜆=𝜆̃𝑙 = −𝑚̃𝑙; 5) as 𝜆 ∼ 0, 𝑓(𝜆) may tend to infinity
no faster than 𝜆−1/2; 6) as |𝜆| → ∞ the uniform asymptotic formula holds

𝑓(𝜆) ∼
|𝜆|→∞

∞
∑
𝑙=1

(−1)𝑙 (−𝑙/2)
𝜆 ( 1

2𝑖
√

𝜆
)

𝑙
𝑄𝑙, (12)

(𝑄𝑙 are real). Denote

𝜂(𝜆) ≡ ∫
∞

0
𝑑𝜆 Im 𝑓(𝜆 + 𝑖0) (𝜆 ⩾ 0). (13)

Then:

a)

𝑀
∑
𝑙=1

𝑚̃𝑙 = − 1
𝜋 𝜂(+0); (14)

b) for 𝜇 = 1, 2, 3, …

𝑀
∑
𝑙=1

𝑚̃𝑙𝜆̃𝜇
𝑙 + 𝜇

𝜋 ∫
∞

0
𝑑𝜆 𝜆𝜇−1 [𝜂(𝜆) −

𝜇−1
∑
𝑙=0

(−1)𝑙+1𝑄2𝑙+1
(2

√
𝜆)2𝑙+1 ] = (−1)𝜇 𝜇𝑄2𝜇

22𝜇 . (15)

4. We now obtain the trace formulas if, in the conditions of the lemma, we
put

𝑓(𝜆) = Sp(𝑅𝜆 − 𝑅0
𝜆) − 1

2𝑖
√

𝜆
1

4𝜋 ∫ 𝑑𝑥 𝑞(𝑥), (16)

𝜆̃𝑙 = 𝜆𝑙, 𝑀 = 𝑀, 𝑚̃𝑙 = 𝑚𝑙;

in this case

𝜂(𝜆) = 1
2𝑖 ∫

∞

𝜆
𝑑𝜆 {∬ 𝑑𝛽 𝑑𝛼 𝑆𝜆(𝛽, 𝛼) 𝜕

𝜕𝜆𝑆𝜆(𝛽, 𝛼) − 1
2𝑖

√
𝜆

1
2𝜋 ∫ 𝑑𝑥 𝑞(𝑥)} ;

(17)
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𝑄2𝜇 = 0, 𝑄2𝜇−1 = − 1
2(2𝜇 − 1)

1
4𝜋 ∫ 𝑑𝑥 Ω(1)

2𝜇+1(𝑥, 𝑥). (18)

𝑄2𝜇−1 can be computed with the aid of Theorem 1.

Formulas (14) and (15), for 𝜇 = 1, for example, then give

𝑀
∑
𝑙=1

𝑚𝑙 = − 1
2𝜋𝑖 ∫

∞

0
𝑑𝜆 {∬ 𝑑𝛽 𝑑𝛼 𝑆𝜆(𝛽, 𝛼) 𝜕

𝜕𝜆𝑆𝜆(𝛽, 𝛼) − 1
2𝑖

√
𝜆

1
2𝜋 ∫ 𝑑𝑥 𝑞(𝑥)} ;

(19)

𝑀
∑
𝑙=1

𝑚𝑙𝜆𝑙+
1
𝜋 ∫

∞

0
𝑑𝜆 { 1

2𝑖 ∫
∞

𝜆
𝑑𝑡 [∬ 𝑑𝛽 𝑑𝛼 𝑆𝑡(𝛽, 𝛼) 𝜕

𝜕𝑡𝑆𝑡(𝛽, 𝛼) − 1
2𝑖

√
𝑡

1
2𝜋 ∫ 𝑑𝑥 𝑞(𝑥)] + 1

2
√

𝜆
1

8𝜋 ∫ 𝑑𝑥 𝑞2(𝑥)} = 0.

(20)

5. Formula (6) makes it possible to establish the connection between the
scattering amplitude and M. G. Krein’s function 𝜉(𝑡), defined by the
representation (4,5)

Sp(𝑅𝜆 − 𝑅0
𝜆) = − ∫

∞

−∞
𝜉(𝑡) 𝑑 1

𝑡 − 𝜆 (21)

and also arising in the theory of perturbation determinants (5). In our case the
function 𝜉(𝑡) can be written as follows:

𝜉(𝑡) =

⎧{{
⎨{{⎩

− ∫
𝑡

−∞
∑

𝑙
𝑚𝑙𝛿(𝑧 − 𝜆𝑙) 𝑑𝑧, 𝑡 < 0,

1
𝜋 𝜂(𝑡) +

√
𝑡

(2𝜋)2 ∫ 𝑑𝑥 𝑞(𝑥), 𝑡 > 0.
(22)

The author expresses deep gratitude to M. Sh. Birman and L. D. Faddeev for
a number of valuable suggestions.
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Received
22 XI 1961

sovietrxiv.org/items/ru-196201.69169 Machine Translation

https://sovietrxiv.org/items/ru-196201.69169


CITED LITERATURE
1 V. S. Buslaev, L. D. Faddeev, DAN, 132, No. 1, 13 (1960).
2 L. D. Faddeev, DAN, 115, No. 5, 878 (1957).
3 A. Ya. Povzner, DAN, 104, 360 (1955).
4 I. M. Lifshits, UMN, 7, 1, 171 (1952).
5 M. G. Krein, Matem. sborn., 33, 75), 3, 957 (1953).
6 M. G. Krein, Plenary report at the IV All-Union Mathematical Congress in
Leningrad, 1961.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.69169 Machine Translation

https://sovietrxiv.org/items/ru-196201.69169

	Abstract
	Full Text
	MATHEMATICAL PHYSICS
	V. S. BUSLAEV

	TRACE FORMULAS FOR THE SCHRÖDINGER OPERATOR IN THREE-DIMENSIONAL SPACE
	CITED LITERATURE


