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Abstract
Full Text

V. 1. PLYUSHCHEVA

ON THE INTEGRAL REPRESENTATION OF CONTIN-
UOUS HERMITIAN-INDEFINITE KERNELS
(Presented by Academician N. N. Bogolyubov, 5 III 1962)

Let x be some nonnegative integer (x < o). A continuous Hermitian kernel
K(z,y), z,y € (a,b) (—oo0 < a,b < +00), will be called Hermitian-indefinite

with x negative squares (h.i.) if, for any x4, ..., x, € (a,b), the form
n
Z K (zj,21)8&; (1)
7,k=1

has no more than x negative squares, and at least one such form has exactly x
negative squares.

In the case of kernels of the form K (z,y) = k(y—=) (—oo < & < 00), M. G. Krein
(1) obtained an integral representation of h.i. functions k(t) of Bochner-theorem
type. Below this result is generalized to the case of kernels that are expanded
in eigenfunctions of a differential operator. In the case of a difference operator,
a similar representation was obtained by the author in (?)* by developing the
method of M. G. Krein and 1. S. Iokhvidov (3) for h.i. sequences ¢;. The method
of proof in this note is a continual variant of the reasoning in (?); 1t also uses the
theory of representation of positive definite kernels developed by M. G. Krein
(%) and Yu. M. Berezanskii (°). We note that in this note, in particular, the
problem of extending h.i. functions from a finite interval to the whole axis is
solved without additional restrictions.

1. Let K(x,y) be h.i. We associate with it a space of type IT_ (®). To this end,
consider the manifold C§°(a,b) of finite infinitely dlfferentlable functions
on (a,b) with scalar product

(g, ) = //ny )ib(x) da dy. (2)

It follows from the definition of an h.. function that there exist x linearly
independent functions of the form

Z{ (x—x;) (m=1,..,x),

for which
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—1 when m =n,
0  when m # n.
(3)

Since every generalized function can be approximated by finite infinitely differ-
entiable functions, in C§°(a,b) there will be found—

b b _
[ ] KeewE@dedy =Y Ky a6 {
a “Ja Jk

* The requirement imposed in that article that, among det ||F]k|\? w1, for large n,
there occur values different from zero can be dropped. The results of that work
are also valid for the case of a differential expression with variable coefficients,
owing to the possibility of extending a Hermitian operator to a self-adjoint one
with passage to a broader space of type lI, with the same y. This fact was
communicated to the author by M. G. Krein.

there are » linearly independent negative functions eq,...,e,: (e,,,e,,) < 0.
Applying to them the usual orthogonalization process, we obtain a basis of a
negative »-dimensional subspace in C§°(a, b). It also follows from the definition
of an h.i. function that in C§°(a,b) there do not exist negative subspaces of
dimension greater than s. Identifying in C§°(a,b) functions ¢ and 1 such that
© — 1) is an element of an isotropic subspace, and using Theorem 1.4 (%), we
obtain that C§°(a,b) can be completed to a space of type II,.

2. Consider on (a,b) an ordinary differential expression

d*u
Llu] = Z ak(fﬂ)@ (4)

0<k<r

with complex-valued coefficients, each of which, for simplicity of exposition, we
shall assume to be infinitely differentiable. Suppose that there exists an h.i.
kernel K (x,y) for which

LK (2, y)] = £,[K(2,y)] ()

(the bar denotes passage to the complex-conjugate coefficients; the equality is
understood in the sense of Schwartz distributions).

Theorem 1. To every h.i. kernel for which (5) holds there corresponds at least
one polynomial P(\) of degree n such that the kernel, generalized in the sense
of Schwartz,

O(z,y) = P(£), P(£),[K(z,y)]
s positive definite.

We outline the proof. The operator L, defined on C§°(a,b) by means of the
differential expression £ (4 denotes passage to the expression formally adjoint
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to £), is Hermitian in IT, constructed from K(z,y). It is not difficult to see
that this definition of L is correct. The operator L, can be extended to a
self-adjoint operator L, generally speaking, with range in a wider space of type
II,, with the same ».* By a theorem of L. S. Pontryagin (%), for L there exist
an invariant nonnegative »-dimensional subspace T, in which all eigenvalues of
the operator L have nonnegative imaginary part, and J’, an invariant nonneg-
ative subspace of dimension %, in which all eigenvalues of L have nonpositive
imaginary part. Let P(\) and P()\) be the characteristic polynomials of L in
T and T, respectively. The operator P(L’), where L’ is the restriction of
Lto T + 7 + C§(a,b), annihilates T, and P(L’) annihilates 7’. Therefore
M = {P(£")}, ¢ € C5°(a,b), is orthogonal to T’. By Theorem 1.2 (°), M, as
orthogonal to a #-dimensional nonnegative subspace in II,, is itself nonnegative,
ie.

(P(£)p, (£7)p) 20 (¢ € C5°(a,b)),

and this means precisely that

O(z,y) = P(£)

y (L), [K(2,y)]

is positive definite.

3. Since

O(z,y) = P(£), P(£),[K(z,y)]
is a positive definite generalized kernel, using the works (°,°) (or the
method of directing functionals (11)), we obtain the representation, in
the weak sense,

Y

oo r—1

P(2), P(Z),[K (r,y)] = / S @GN, (6)

oo j7k:0

where x;(x,\) (j = 0,1,...,7 — 1) is a fundamental system of solutions of the
equation £L[v] = Av, satisfying initial data of the form

dk

wxj(%k)

(a is an arbitrary point),

* The possibility of such an extension was communicated to the author by M.
G. Krein and I. S. Tokhvidov.

|\dpj7k(/\)||;761:0 is a matrix distribution function. It remains to solve the differ-
ential equation (6) with respect to K(z,y).

Theorem 2. Let £ be an ordinary differential expression of the form (4), and
let K(x,y) be an H.-i. kernel for which (5) holds. Then K(z,y) admits the
integral representation

sovietrxiv.org/items/ru-196201.67446 Machine Translation


https://sovietrxiv.org/items/ru-196201.67446

r—1 )
37 (@ X, A) — S5 (2, M)

* jk=0
Ko = Tye+ [ oHRY

doj x(A); (7)

here |[do; (M) 4L, is a matrix distribution function,

S

QO(A) = H (>‘ - a‘n>pna

n=1

where aq, ..., a,, are all the real distinct zeros of the polynomial P()), and p,, are
their multiplicities; S,(,J ’k>(x, Y, A) are any corrections regularizing the integrals;
T,(x,y) =T,(y,x) is a suitably chosen Hermitian solution of the equation

P(L), u(x,y) =0.

As in (1), the function Séj’k)(m, Y, A) (p > 0) will be called a regularizing correc-
tion in the integrals (7) if S,(gj’k>(:r7y7)\) = 0 for |A| > p, while for |A| < p the
function S,()j’k) (z,y, ) is equal to the product QZ()\) by the sum of the principal
parts of the function x;(x, A)x,(y, A)/QF(A) with respect to all its poles.

4. Let us consider two examples.

Example 1. Let k(z) (—oo < & < 400) be a continuous function such that
the kernel K(z,y) = k(x + y) is H.-i. For simplicity we shall take x = 1. The
expression £[u] = du/dx satisfies (5). It is not difficult to write a representation
for K(z,y) = k(z +y). Then, replacing x + y by ¢, for k(t) we obtain: either

XM —entlt(a; + N) + 1]
(A—a,)?

k(t) = (At + B)em! + /

—00

dUo,oO‘)’

or

k(t) = Ce™t 4 DeMt 4 / eMdog o(N),
—00

where A, B,C, D are certain constants, and \; is a certain non-real number.

Example 2. Let k(z), —o0 < & < 400, be a continuous function such that
the kernel K(z,y) = k(y — ) is H.-i. Then Llu] = i du/dx satisfies (5), and for
k(z) we obtain the representation, given by M. G. Krein in (1):
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where h, (x) is a suitably chosen Hermitian solution of the equation

d\N—=/ .d

In the case of an H.-i. kernel on a one-dimensional interval (—a,a), as is clear
from the preceding, we obtain the same representation (8). The existence of
such a representation shows that every H.-i. function on a finite interval can be
extended to an H.-i. function on the whole axis.

5. The result stated above can be generalized to the case of kernels K (x,y)
defined for x,y € G, where G is a domain of n-dimensional space—

properties; in this case £ is a partial differential expression. Analogously to
the preceding, one can prove that the kernel ®(x,y) = P(£), P(£),[K(z,y)] is
positive definite and therefore admits an integral representation. In obtaining
a representation of the kernel K(z,y), difficulties arise on which we shall not
dwell here.

In conclusion, the author expresses his gratitude to Yu. M. Berezanskii for
valuable comments and for guidance in this work.
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