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Abstract
Full Text

MATHEMATICS
G. E. Mints

AN ANALOGUE OF HERBRAND’S THE-
OREM FOR THE CONSTRUCTIVE PREDI-
CATE CALCULUS
(Presented by Academician P. S. Novikov on 19 VI 1962)

1. The paper considers a sequent variant of the pure constructive (intuitionistic)
predicate calculus, denoted below by 𝐺. In constructing formulas of the calculus,
free variables (𝑥1, 𝑥2, …) and bound variables (𝑦1, 𝑦2, …) are used. The notion of
a formula is defined in the same way as in (1), with the addition of the following
clause: if 𝐴1, 𝐴2, … , 𝐴𝑛 are formulas, then (𝐴1 ∨ 𝐴2 ∨ ⋯ ∨ 𝐴𝑛) is a formula.
All the rules of the intuitionistic calculus 𝐺3, described in (2) (except the rule
(→ ∨)), with the changes caused by the use of free and bound variables and of
multiple disjunction, are rules of the calculus 𝐺. The rule (→ ∨) of the calculus
𝐺3 is replaced by the sequence of rules:

(→ ∨𝑛,𝑖)
Γ → 𝐴𝑖

Γ → (𝐴1 ∨ 𝐴2 ∨ ⋯ ∨ 𝐴𝑛) (𝑛 ≥ 2; 𝑖 ≤ 𝑛).

All terms concerning the calculus 𝐺 and not explained specially are understood
in the same way as the corresponding terms concerning the calculus 𝐺3 are un-
derstood in (2). Each time derivation and derivability are mentioned, derivation
and derivability in the calculus 𝐺 will be meant. Speaking of a derivation, we
shall always assume that it is written in the form of a tree. The sign ≍ will
be used to denote graphical equality of words; the symbol 𝐹 𝛼

𝑎 [𝑅], where 𝛼 is a
bound variable and 𝑎 is a free variable, denotes the result of substituting the
variable 𝑎 in 𝑅 for all occurrences of 𝛼. The rules (∀ →) and (→ ∃) will be
called minus-rules, and the rules (→ ∀) and (∃ →) —plus-rules.

2. Let {𝑄1, 𝑄2, … , 𝑄𝑚} (𝑚 ≥ 0) be a list of quantifiers, with 𝑄𝑒1
, 𝑄𝑒2

, … , 𝑄𝑒𝑟
,

where 𝑟 ≥ 0 and 𝑒1 < 𝑒2 < ⋯ < 𝑒𝑟 ≤ 𝑚, being universal quantifiers, and all
the other members of this list being existential quantifiers. For each 𝑠 (𝑠 ≤ 𝑟),
the complete enumeration of the universal quantifiers preceding the quantifier
𝑄𝑒𝑠

in the list {𝑄1, … , 𝑄𝑚} and arranged in increasing order of indices will be
written in the form {𝑄𝑑1

, 𝑄𝑑2
, … , 𝑄𝑑𝑘𝑠

}.

Let {𝑃1, 𝑃2, … , 𝑃𝜇} (𝜇 ≥ 0) also be a list of quantifiers, with 𝑃𝜀1
, 𝑃𝜀2

, … , 𝑃𝜀𝜌
(𝜌 ≥ 0; 𝜀1 < 𝜀2 < ⋯ < 𝜀𝜌 ≤ 𝜇) being existential quantifiers, and all the
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other members of the list {𝑃1, … , 𝑃𝜇} being universal quantifiers. For each
𝜎 (𝜎 ≤ 𝜌), the complete enumeration of the universal quantifiers preceding
in the list under consideration the quantifier 𝑃𝜀𝜎

and arranged in increasing
order of indices will be written in the form {𝑃𝛿1

, 𝑃𝛿2
, … , 𝑃𝛿𝑘𝑟+𝜎

}. Under these
assumptions we introduce the following definition.

A system of Skolem functions for a prefix of the type

𝑃1𝑃2 … 𝑃𝜇 → 𝑄1𝑄2 … 𝑄𝑚

relative to a list of natural numbers {𝑙1, 𝑙2, … , 𝑙𝑡} (𝑡 ≥ 0)
is called any list of arithmetic functions {𝑓1, 𝑓2, … , 𝑓𝑟, 𝑓𝑟+1, … , 𝑓𝑟+𝜌} with num-
bers of arguments respectively 𝑘1, 𝑘2, … , 𝑘𝑟, 𝑘𝑟+1, … , 𝑘𝑟+𝜌, satisfying the follow-
ing conditions.

I. Whatever the numbers 𝑖 and 𝑗 (𝑖, 𝑗 ≤ 𝑟 + 𝜌) and the collections of numbers
𝑛1, 𝑛2, … , 𝑛𝑘𝑖

and 𝜈1, 𝜈2, … , 𝜈𝑘𝑗
may be, the following assertions are true: a)

𝑓𝑖(𝑛1, 𝑛2, … , 𝑛𝑘𝑖
) ≠ 𝑙𝜏 for all 𝜏 (𝜏 ≤ 𝑡); b) 𝑓𝑖(𝑛1, … , 𝑛𝑘𝑖

) ≠ 1; c) 𝑓𝑖(𝑛1, … , 𝑛𝑘𝑖
) ≠

𝑛𝜒 for all 𝜒 (𝜒 ≤ 𝑘𝑖); d) if 𝑖 ≠ 𝑗, then 𝑓𝑖(𝑛1, … , 𝑛𝑘𝑖
) ≠ 𝑓𝑗(𝜈1, … , 𝜈𝑘𝑗

); e) if
𝑓𝑖(𝑛1, … , 𝑛𝑘𝑖

) = 𝑓𝑖(𝜈1, … , 𝜈𝑘𝑖
), then 𝑛𝜒 = 𝜈𝜒 for all 𝜒 (𝜒 ≤ 𝑘𝑖).

II. Whatever the lists of natural numbers 𝑛11, 𝑛21, … , 𝑛𝑖11; 𝑛12, 𝑛22, … , 𝑛𝑖22; … ; 𝑛1𝑢, 𝑛2𝑢, … , 𝑛𝑖𝑢𝑢
and functions 𝜑1, 𝜑2, … , 𝜑𝑢 from the list {𝑓1, … , 𝑓𝑟+𝜌} may be, there
exists a 𝑣 (𝑣 ≤ 𝑢) such that 𝜑𝑣(𝑛1𝑣, … , 𝑛𝑖𝑣𝑣) is different from all 𝑛𝑞𝑗
(𝑗 ≤ 𝑢; 𝑞 ≤ 𝑖𝑗).

For natural numbers define the relation of subordination:
a) if 𝑝 = 𝑓𝑖(𝑛1, … , 𝑛𝑘𝑖

), then for every 𝜒 (𝜒 ≤ 𝑘𝑖) the number 𝑛𝜒 is subordinated
to 𝑝;
b) if 𝑝 = 𝑓𝑖(𝑛1, … , 𝑛𝑘𝑖

) and for some 𝜒 (𝜒 ≤ 𝑘𝑖) the number 𝑝′ is subordinated
to 𝑛𝜒, then 𝑝′ is subordinated to 𝑝.

Let 𝐴 and 𝐵 be formulas, 𝛼1, 𝛼2, … , 𝛼𝑚, 𝛽1, … , 𝛽𝜇 bound variables,
𝐵 ⊃ 𝑃1𝛽1𝑃2𝛽2 … 𝑃𝜇𝛽𝜇𝐵0, 𝐴 ⊃ 𝑄1𝛼1 … 𝑄𝑚𝛼𝑚𝐴0, and suppose that nei-
ther 𝐴0 nor 𝐵0 contains quantifiers. Let {𝑙1, 𝑙2, … , 𝑙𝑡} (𝑡 ≥ 0) be the complete
list of those numbers 𝑖 such that the variable 𝑥𝑖 occurs in the sequent

𝐵 → 𝐴, (1)

and let {𝑓1, … , 𝑓𝑟, 𝑓𝑟+1, … , 𝑓𝑟+𝜌} be some Skolem system of functions for the
prefix of the type 𝑃1 … 𝑃𝜇 → 𝑄1 … 𝑄𝑚 with respect to the list {𝑙1, … , 𝑙𝑡}. Under
these assumptions we introduce, by a single inductive definition, the functions 𝐼
and 𝔖, the concept of a number belonging to the lexicon of the sequent
(1), and the concept of a regular list of natural numbers. The functions 𝐼
and 𝔖 will be defined for numbers from the lexicon of the sequent (1). Instead
of the expression “the number 𝑛 belongs to the lexicon of the sequent (1)”we
shall write 𝑛 ∈ 𝐿.
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Definition. a) If 𝑡 > 0, 𝜏 ≤ 𝑡, then 𝑙𝜏 ∈ 𝐿, 𝐼(𝑙𝜏) = 1, 𝔖(𝑙𝜏) = 0; b) if 𝑡 = 0, then
1 ∈ 𝐿, 𝐼(1) = 1, 𝔖(1) = 0; c) if 𝑛1 ∈ 𝐿, 𝑛2 ∈ 𝐿, … , 𝑛𝑞 ∈ 𝐿, and for any 𝑖, 𝑗, 𝑢, 𝑣
from the fact that 𝑖, 𝑗 ≤ 𝑞, 𝑢 ≠ 𝑣, 𝑢 is subordinated to 𝑛𝑖, 𝑣 is subordinated
to 𝑛𝑗, 𝑢 ∈ 𝐿, 𝑣 ∈ 𝐿, and 𝔖(𝑢) = 𝔖(𝑣) = −1, it follows that 𝐼(𝑢) ≠ 𝐼(𝑣), then
{𝑛1, … , 𝑛𝑞} is a regular list of numbers; d) if {𝑛1, 𝑛2, … , 𝑛𝑘𝑟+𝜎

} (0 ≤ 𝜎 ≤ 𝜌) is
a regular list of numbers, then 𝑓𝑟+𝜎(𝑛1, … , 𝑛𝑘𝑟+𝜎

) ∈ 𝐿, 𝐼(𝑓𝑟+𝜎(𝑛1, … , 𝑛𝑘𝑟+𝜎
)) =

max{𝐼(𝑛1), … , 𝐼(𝑛𝑘𝑟+𝜎
)}, 𝔖(𝑓𝑟+𝜎(𝑛1, … , 𝑛𝑘𝑟+𝜎

)) = 1; e) if {𝑛1, … , 𝑛𝑘𝑠
} (𝑠 ≤ 𝑟)

is a regular list of numbers, max{𝐼(𝑛1), … , 𝐼(𝑛𝑘𝑠
)} ≤ 𝑠, then 𝑓𝑠(𝑛1, … , 𝑛𝑘𝑠

) ∈ 𝐿,
𝐼(𝑓𝑠(𝑛1, … , 𝑛𝑘𝑠

)) = 𝑠, 𝔖(𝑓𝑠(𝑛1, … , 𝑛𝑘𝑠
)) = −1.

Let 𝑞 ≤ 𝑚, 𝑛1 ∈ 𝐿, 𝑛2 ∈ 𝐿, … , 𝑛𝑞 ∈ 𝐿, and whatever 𝑠 (𝑠 ≤ 𝑟) may be, if 𝑒𝑠 ≤ 𝑞,
then 𝑛𝑒𝑠

= 𝑓𝑠(𝑛𝑑1
, … , 𝑛𝑑𝑘𝑠

). Then the formula

F𝛼1𝛼2…𝛼𝑞
𝑥𝑛1 𝑥𝑛2 …𝑥𝑛𝑞

[ 𝑄𝑞+1𝛼𝑞+1 … 𝑄𝑚𝛼𝑚𝐴0 ] (2)

is called a succedent 𝑞-example of the formula 𝐴 with respect to the sequent
(1). Analogously, for any 𝜉 not exceeding 𝜇, the concept of an antecedent 𝜉-
example of the formula 𝐵 with respect to the sequent (1) is introduced. In what
follows we shall omit, in the terms introduced here, the words “with respect
to the sequent (1).”If 𝑞 = 𝑚, then a succedent 𝑞-example of the formula 𝐴 is
called a succedent lexical example of the formula 𝐴. Analogous terminology
is introduced in the case 𝜉 = 𝜇.

Every sequent of the form

𝐵1, 𝐵2, … , 𝐵𝜆 → (𝐴1 ∨ 𝐴2 ∨ ⋯ ∨ 𝐴𝑙) (𝑙 + 𝜆 > 0), (3)

where 𝐴1 is a succedent 𝑞1-example of the formula 𝐴; 𝐴2 is a succedent 𝑞2-
example of the formula 𝐴; … ; 𝐴𝑙 is a succedent 𝑞𝑙-example of the formula 𝐴;
𝐵1 is an antecedent-

antecedent 𝜉1-example of the formula 𝐵; 𝐵2 an antecedent 𝜉2-example of the
formula 𝐵; ⋯; 𝐵𝜆 an antecedent 𝜉𝜆-example of the formula 𝐵, will be called the
junction of partial examples of sequent (1). For each 𝑖 (𝑖 ≤ 𝑙) denote by 𝑤𝑖 the
greatest of the numbers 𝑤 satisfying the conditions 𝑤 ≤ 𝑟 and 𝑒𝑤 ≤ 𝑞𝑖.

Junction (3) is called regular if the following conditions are fulfilled: a) 𝑤𝑖 = 𝑤𝑗,
if 𝑖, 𝑗 ≤ 𝑙; b) 𝐴𝑖 ≢ 𝐴𝑗, if 𝑖, 𝑗 ≤ 𝑙, 𝑖 ≠ 𝑗; c) 𝐵𝜂 ≢ 𝐵𝜃, if 𝜂, 𝜃 ≤ 𝜆, 𝜂 ≠ 𝜃; d) if the
variable 𝑥𝑝 occurs in junction (3) and the number 𝑢 is subordinate to 𝑝, then
𝑥𝑢 occurs in junction (3).

3. An application of a minus-rule of the calculus 𝐺 is called normal if one of
the following conditions is fulfilled: a) the (free) variable corresponding to
the given application (see (2)) occurs in the conclusion; b) no free variable
occurs in the conclusion of the application under consideration, and the
variable corresponding to this application is 𝑥1. A derivation is called
normal if all applications of minus-rules in it are normal.
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Let 𝔇 be a derivation whose last sequent is a junction of partial examples of
sequent (1). An application of the rule (→ ∀) in 𝔇 is called 𝐿-normal if

𝐹 𝛼1…𝛼𝑞
𝑥𝑛1 …𝑥𝑛𝑞

[ 𝑄𝑞+1𝛼𝑞+1 … 𝑄𝑚𝛼𝑚𝐴0 ]

is the principal formula of this application, 𝑥𝑝 is the variable corresponding to
this application, 𝑞 + 1 = 𝑒𝑠 for some 𝑠 not exceeding 𝑟, and

𝑝 = 𝑓𝑠(𝑛𝑑1
, 𝑛𝑑2

, … , 𝑛𝑑𝑘𝑠
).

Applications of the rule (∃ →) in the derivation 𝔇 are defined analogously. The
derivation 𝔇 is called lexical if it is normal and all applications of plus-rules in
it are 𝐿-normal.

Theorem 1. For every derivation one can construct a normal derivation with
the same last sequent.

Theorem 2. For every derivation whose last sequent is sequent (1), one can
construct a lexical derivation with the same last sequent.

4. In this section 𝔇 denotes a derivation whose last sequent is junction (3).

An application of the rule (→ ∨ 𝑙, 𝑖) in the derivation 𝔇 is called a 𝑑-application
if the following conditions are fulfilled: a) the succedent of the conclusion of
this application is (𝐴1 ∨ 𝐴2 ∨ … ∨ 𝐴𝑙); b) every occurrence of a sequent in the
derivation 𝔇 lying below the premise of the rule application under consideration
(with the exception of the last sequent of the given derivation) is either the right
premise of an application of the rule (⊃→), or a premise (one of the premises)
of an application of an antecedent rule different from (⊃→) and from (¬ →).
An occurrence of a sequent in the derivation 𝔇 is called a 𝑑-occurrence if it is a
premise of some 𝑑-application. The derivation 𝔇 is called correct if below any
𝑑-application there are no applications of quantifier rules.

Let 𝑠 ≤ 𝑟, and let 𝜋 be an application of a non-quantifier rule in the derivation
𝔇. 𝜋 is called an 𝑠-singular application of a rule if above 𝜋 there is at least one
𝑑-application, the principal formula of 𝜋 is an antecedent lexical example of the
formula 𝐵, and this lexical example contains a variable 𝑥𝑝 such that 𝐼(𝑝) ≥ 𝑠.

Let 𝑠 ≤ 𝑟. The derivation 𝔇 is called 𝑠-regular if, whatever an 𝑠-singular
application of a rule and a 𝑑-occurrence 𝐻1 of the sequent

Γ → 𝐹 𝛼1…𝛼𝑞
𝑥𝑛1 …𝑥𝑛𝑞

[ 𝑄𝑞+1𝛼𝑞+1 … 𝑄𝑚𝛼𝑚𝐴0 ]

and a 𝑑-occurrence 𝐻2 of the sequent

Σ → 𝐹 𝛼1…𝛼𝑝
𝑥𝜈1 …𝑥𝜈𝑝

[ 𝑄𝑝+1𝛼𝑝+1 … 𝑄𝑚𝛼𝑚𝐴0 ] ,

the following assertion is valid: if 𝐻1 and 𝐻2 lie above the 𝑠-singular application
of the rule under consideration, 𝑒𝑠 ⩽ 𝑞 and 𝑒𝑠 ⩽ 𝑝, then 𝑛𝑒𝑠

= 𝑣𝑒𝑠
.

sovietrxiv.org/items/ru-196201.66843 Machine Translation

https://sovietrxiv.org/items/ru-196201.66843


Definition. A derivation 𝔇 is called regular if the following conditions are
satisfied: a) the junction (3) is regular; b) 𝔇 is regular and lexical; c) whatever
𝑠 may be (𝑠 ⩽ 𝑟), 𝔇 is 𝑠-regular; d) if 𝑙 > 1, then in 𝔇 there is at least one
𝑑-application of a rule.

Theorem 3. For every derivation of the sequent (1) one can construct a regular
derivation whose last sequent is some junction of lexical examples of the sequent
(1).

Theorem 4. For every regular derivation of some junction of partial examples
of the sequent (1), one can construct a derivation of the sequent (1).

From Theorems 3 and 4 the following assertion is easily obtained.

Theorem 5. The sequent (1) is derivable if and only if it is possible to specify
some regularly derivable junction of its lexical examples.

It is natural to regard Theorem 5 as an analogue of Herbrand’s theorem (see
(3)) for the constructive predicate calculus.

Remark 1. One can construct an algorithm which determines, for any junction
of lexical examples of a sequent of type (1), whether this junction is regularly
derivable. For those sequents of type (1) for which 𝑘𝑟+1 = 𝑘𝑟+2 = ⋯ = 𝑘𝑟+𝜌 = 0,
there can be only a finite number of junctions of lexical examples. Therefore for
such sequents it is easy to construct a decision algorithm.

Remark 2. By modifying in the corresponding way the notion of a lexical
example and the definition of regular derivability, one can formulate and prove
an analogue of Theorem 5 for sequents of the form

B1, B2, … , B𝑖 → (𝐴1 ∨ 𝐴2 ∨ ⋯ ∨ 𝐴𝑗) (𝑖 + 𝑗 > 0), (4)

where B1, B2, … , B𝑖, 𝐴1, 𝐴2, … , 𝐴𝑗 are prenex formulas, and also obtain a deci-
sion algorithm for those sequents of type (4) in which all formulas B1, B2, … , B𝑖
have prefixes of type ∃𝑚∀𝑛.

In conclusion the author expresses gratitude to N. A. Shanin for his attention
to the work and valuable advice.

Leningrad Branch
of the V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR
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