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ON SOME SYSTEMS OF FUNCTIONS FORM-
ING QUASI-POWER BASES IN SPACES OF
ANALYTIC FUNCTIONS IN A DISC

(Presented by Academician V. I. Smirnov on 6 IV 1962)

In the present paper we derive criteria for quasi-power bases (! in the spaces
A(C,,) of analytic functions in the disc C, : |z| < r, 1 < r < R. For the
systems under consideration such criteria were formulated by Yu. A. Kaz' min
in () on the basis of the theory of infinite systems of linear equations. Using
the representation of 2((C,.) in the form of a projective limit of Banach spaces
B, = B(C,) ¥ and operators satisfying Fredholm theory, we obtain criteria

that reveal a broader class of bases than those obtained in @,

Consider the system of functions

fk(z> :Zk+zankzn = (E+A>Zk (k':O,l,), (1)
n=0

where A is a linear operator defined on the basis elements:

A =3 "a,,2" (k=0,1,..). (2)
n=0

Let S be some subset of the set of all possible pairs of indices {(n,k)} (n,k =
0,1,...), and

= max a,.. 3
I = kop, (nygs ™* 3)

Theorem 1. If the system (1) satisfies the conditions:
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then it forms a quasi-power basis in each space A(C,.) for 1 < r < R if and only
if it satisfies one of the conditions: a) {f}(2)} is complete in A(C,) for some 7,
1 <r < R;b) fi(2) are w-linearly independent over the coefficient space B(C,.)
for some r, 1 <r < R.

Proof. Let r be arbitrary, 1 < r < R. Choose ¢ so that r < R —§ < R. From
3) it follows that there exists such a p, that

1

LS
0

n—oo

whence

C
‘ank| <

— m (71 = 07 ]-7 cee 3 (Tl,k) ¢ S, k > Pos Cis COIlStaHt). (4)

By virtue of 2), for some p > 0 and k > ky,
Z |l TR < 1 —2p.
(hes
Choose k, ky > max(k;,p,), so that

o0

Cr—Fo Z[T‘(R -8 < p.

n=0

Represent the operator A in the form A = A, +A,, where A, = ||a£b2k) B afk) = a,
for k > kg; a,,;, = 0 for k < k. Then

HA2||%(C = SUP Z|ank|7"" ¥

/On

o0

o0
= sup Z |a"nkr|7nn7]C + Z |Clrzl’c|,r717’C

k>kq n=0 n=0
(n,k)esS (n,k)¢S
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By virtue of 1), A; is a bounded finite-dimensional operator in B(C,). The
operator E + A = A, + (E + A,) is the sum of a finite-dimensional and a
continuously invertible operator and therefore satisfies (*) the Fredholm theory.
Conditions a) and b) follow from the Fredholm theory and the mutual relation
between the spaces B(C,.) and 2(C,.) (3).

Remark. In conditions a) and b) one may replace f,(z) by
fi(z) =28 =) ane",

which means passing to the adjoint operator A’.

Theorem 2. If the system

fr(2) :Zk'i_f(k)’z (k=0,1,..), (5)
where -
(ORI (6)

satisfies the condition: for every r > 1 there exists a constant C(r) such that
la,| < C(r)r" (n=0,1,...), (7)

then it forms a quasipower basis in each A(C,), v > 1, if and only if it satisfies
one of conditions a), b) of Theorem 1.

Proof. In this case we have a,, = a,,,(n!)"'. Let S be the set of all pairs
{(n,k)} (n,k =0,1,...). Only condition 2) of Theorem 1 needs to be verified.
Fixing r, » > 1, and choosing p, 1 < p < r, we have

a o) C n+k
Dot = 3 ety < 5L O =
n! — n!
n n n=0

= C(p) (B)kf: (ro)* _ Clp) (g)ke”’ 50 (k= o).
n=0

T n!

The operator A is completely continuous in each space B(C,.), r > 1.

Remark. Condition (7) is satisfied, for example, by the sequences a,, = C%,
where s is any positive number, and a,, = ¢(n), where ¢(z) is an entire function
of exponential order of growth and of zero type. Indeed, in the second case we
have |o(n)| < C(a)e™ (a > 0, n > 0). Choosing o = logr, r > 1, we arrive at
inequality (7).
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Example. Let s be an arbitrary natural number. We shall show that the
system of functions (5), where

f(z) = =%, (8)
is a quasipower basis in each space 2A(C,.), r > 1.

In this case a, =n(n+1)-(n—s+1) (n=s,s+1,...) and a,, =0 for n < s.
Condition (7) is fulfilled; therefore it is enough to verify that in some space
B(C,), r > 1, the value —1 is not an eigenvalue of the operator A. Suppose
that p(z) =3, b, 2* satisfies the equation

Ap(z) = A Z b2k = Z by (25e*) ) = —p(2).
k k

Applying Leibniz’ formula and summing, we obtain
—p(2) = [Cop(1)2° + CF¢ (1)2° 1 + -+ C5 ) (1)2°7°]. (9)

Differentiating k times (k = 0,1, ..., s) and replacing z by 1, we obtain a homo-
geneous linear system of s 4+ 1 equations with unknowns (1), ¢’ (1), ..., (1).
The determinant of this system has the form [3;;e + §;;], where 3;; are natu-
ral numbers and ¢;; is the Kronecker symbol. On replacing e by =, it is not
identically equal to zero and therefore, taking into account the transcendence of
the number e, is nonzero. The system has only the trivial solution ¢*)(1) = 0
(k=0,1,...,s). On the basis of representation (9) we conclude that ¢(z) = 0.

Theorem 3. The system of functions

fk(z) = Zkf(k)(Ckz) (k =0,1, )7 (10)
where -
. an n
f(z) = 7;) HZ )

forms a quasi-power basis in every A(C,), 0 <r < R, if: 1)a, #0,n=0,1,...;
2) there exist a sequence {8, }5°, lim |8,,| = o0, lim 18,10, and a number
0,0<0<1/2, such that

n—o0 Nn—r00

Jm |Bray, — 1] =126, Jim [SRS ﬁln Cy— (11)
Proof. We have
G =0, n < k; pp =0, — 1, n=Fk; A = (ncﬁlk)'@?fk, n > k.
2
Let first 8, =1, n =0,1,.... There exist ky > 0 and 0 < 6 < 5 d such that

for k > kq we have |a,| <2—0, |a;, — 1] <1—0, and
1 2

<—-In{—-4¢].

Kk'—Rn(Q—e )
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Then, for k > kg and r < R,

o0
a
S ol = lag =11+ Y- bl e <
n =1

17071 2 "
<1-0+(2-0) —{—ln(i—é)] <
7;n! R 2—0

<1-0+4(2-0) {Qiaﬂsq] —1—(2—6)5<1.

By virtue of the triangular form of the system and condition 1), the system
{f1(2)} is w-linearly independent. The passage from a; to S,a, is carried out
by the continuously invertible operator BzF = 3,2* (k=0,1,...).

Theorem 4. Let
f(z)=> a,z" €ACp), R>1
n=0

In order that the system

i@ =+ [ [ [ r@ar =01 (12)
0 Jo 0

form a quasi-power basis in every A(C.), 1 < r < R, it is necessary and
sufficient that ag # —k (k=0,1,...).

The sufficiency of this condition is indicated in (?) (Theorem 5). In the present
case

1 o0
3 ol < o) =0, where fo(2) = 3 a2

The operator A is completely continuous in B(C,). If a, = —k!, then the

adjoint operator E + A’ has a nontrivial zero of the form Zf:o Q and the

i girl?
system is not a basis.

Theorem 5. Let f(2) = a,2" € A(C,). If @ = max, ||, @ < R, then the
system

fel2) = 2"+ G f Q) (k=0,1,..) (13)

R

is a quasi-power basis in every 2(C,.), 1 < r < —, provided one of the conditions
@

a), b) of Theorem 1 is satisfied.

Proof. In this case
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— n n— 1 R
Z|ank\7‘n k= Z|an| |G| R < aﬁch(o‘r) -0 (I<r< E>'

n

Theorem 6. The system

@) =2+ e eil2) (14)

is a quasi-power basis in every A(C,) for 1 < r < R, if:

1) ¢i(2) = Yy p a2k € A(Cr) (i=0,1,...),
2) Supz Zsﬁ%iﬁ)
L

Do+,
k

The operator A in this case is finite-dimensional and bounded in B(C,.), 1 <
r < R, and by condition 3) —1 is not its eigenvalue.

S

rm k< ooforallr, 1 <r<R;

3) det #0.

In conclusion, let us note that in some cases it is impossible to formulate
necessary and sufficient conditions for quasi-power bases in the spaces 2A(C,.),
1 < r < R, in terms only of conditions on the absolute values of the elements
of the matrix [la;;|. What has been said applies, for example, to a system of
the form f,(z) = 2%f((y2). Indeed, the system {zFe®*}2°  is a quasi-power
basis in every space A(C,.) for r > 0, whereas the system {zke(_maz}g’io is a
quasi-power basis in the space 2(C,.) for r < 7/4a and is not a basis in A(C,.)
for r > m/4a.

Let us also note that in cases where conditions a), b) of Theorem 1 are not
satisfied, for all the systems considered

0
fk(z) =7+ Zankzn
n=0

one can assert that the systems

(oo}
ZF 4+ A Z a,,z", A complex,
n=0

form quasi-power bases in 2(C,.) for all A except for a discrete set.
Chernivtsi State University
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