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MATHEMATICS

V. G. MAZ YA

ON THE NEGATIVE SPECTRUM OF A
MULTIDIMENSIONAL SCHRODINGER OP-
ERATOR

(Presented by Academician V. I. Smirnov, January 20, 1962)

In the present note we formulate necessary and sufficient conditions for the
discreteness, finiteness, and infiniteness, for all h > 0, of the negative spectrum
of the operator

Myu=—hAu— P(z)u (P(z) > 0)
in Ly(R,,) (n > 3).* Here R,, is n-dimensional Euclidean space.

Let © be an open subset of R,. By C(Q) we denote the set of functions
continuously differentiable in €2 and equal to zero outside some ball and near

the boundary of 2. By the space Lél)(ﬂ) (W;l)(Q)) we shall mean the closure
of Co’(1>(Q) in the metric

/Q(gradu)2 dx (Z)(gmdu)2 dz + /Qu2 dm) .

We also introduce the space Ly (P(x); ) of functions for which

Il Py = /P(m)u2 dx < oo.
Q

Let E be an arbitrary bounded closed subset of Q with boundary I'E. By
¢(2\ E) we shall mean the capacity of the condenser Q \ E, i.e. the number

1

infi/ (grad u)? du,
(n—2w, N

where w,, is the surface area of the unit (n — 1)-dimensional sphere and the
infimum is taken over all functions u(z) € C(Q\ E) N CH(Q\ E) equal to one
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on I'E and to zero near I'QQ and outside some ball. By cap E we denote the
capacity of the set E, i.e. ¢(R, \ E).

In Theorem 1 conditions are given for the positivity of the operator Mj.

Theorem 1. For the validity of the inequality
/P(Jj)u2 dx < /(gradu)2 dz, (1)
Q Q

where u(x) € i(;)(Q), it s sufficient that for every bounded closed set E C §)
the inequality

/ P(z)dz < ”T_2 w, (N E). @)
E

hold. The inequality

/EP(;U) dr < (n—2)w,c(Q\ E) (3)

is necessary for the validity of (1).
* An exhaustive bibliography on the questions considered can be found in ().

Corollary. For Friedrichs’ inequality
/u2 dx < const /(grad u)? dw (u € L(Ql)(Q)) (4)
Q Q

to hold, it is necessary and sufficient that the condition

up S B (5)
Ecrf)z cap(Q \ E)
be satisfied.

In what follows we shall assume that the function P(z) is bounded in every ball
of the space R,,.

Theorem 2. For complete continuity of the embedding operator W(21> (R,,) into
L,(P(x); R,,), it is necessary and sufficient that the condition

/P(x) dz
lim sup £ ———

R—o0 ECCSg, capE
d(E)<1

=0, (6)
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be satisfied, where the sup is taken over closed sets E of diameter d(E) < 1,
situated outside the ball Sy of radius R with center at the origin.

Theorem 3. For complete continuity of the embedding operator L<21)(Rn) into
L,(P(x); R,,), it is necessary and sufficient that the condition

/P(x) dz
li £ =0 7
A s T Y @)

be satisfied, where the sup is taken over bounded closed sets F, situated outside
the ball Sp of radius R with center at the origin.

From the general theorem of M. Sh. Birman (1) it follows that Theorems 2 and
3 admit the following equivalent formulations.

Theorem 2’. In order that the negative spectrum of the operator M, be
discrete for all A > 0, it is necessary and sufficient that condition (6) be satisfied.

Theorem 3’. In order that the negative spectrum of the operator M, be finite
for all h > 0, it is necessary and sufficient that condition (7) be satisfied.

The following theorem gives a criterion for infinitude of the negative spectrum
of the operator M, for all A > 0.

Theorem 4. The condition

P(z)dx
E
sup HF———— =0 8
IE(:}I%)n cap B ( )

is necessary and sufficient for the infinitude of the negative spectrum of the
operator M, for all h > 0.

We note that some sufficient conditions for discreteness, finiteness, and infinitude
of the negative spectrum of the operator M, for all h > 0 were given by M. Sh.
Birman (1).

Related in subject to the present note is the paper of A. M. Molchanov (?), in
which a necessary and sufficient condition was found for discreteness of the spec-
trum of the Schrodinger operator —Au + Q(z)u with potential Q(x) bounded
below.
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