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Ya. A. Roitberg, Z. G. Sheftel

On Equations of Elliptic Type with Discontinuous
Coefficients

(Presented by Academician S. L. Sobolev on 21 'V 1962)

1. Recently, in a number of works (17%), boundary-value problems for second-
order equations of elliptic type with discontinuous coefficients have been
studied. In (1?) O. A. Oleinik obtained a solution of the first boundary-
value problem as the limit of solutions of the corresponding problems for
equations with smooth coefficients. In (*°) V. A. Ilyin, using methods of
potential theory and integral equations, proved the solvability of the first
and third boundary-value problems.

In the present note, boundary-value problems for equations with discontinuous
coefficients are studied by functional methods: on Sobolev classes of functions
satisfying certain boundary conditions, an inequality of Garding type is estab-
lished, ensuring the existence of a generalized solution. The smoothness of the
generalized solution up to the surfaces of discontinuity and the boundary is
proved by a method analogous to that used by Nirenberg in (°). The same
methods are used to study eigenvalue problems. The note considers the case of
second-order equations; however, the method can also be extended to equations
of higher order.

2. Let

m 6

Lu = Z D;(bjy(x)Dyu) + ij(x)Dju +b(z)u (Dj = . by = bkj>
J,k=1 J=1 J

(1)

be a second-order differential expression with complex coefficients, defined in a
domain G of n-dimensional Euclidean space E,, with boundary I'. The domain
G is divided into two* domains G and G, by an (n — 1)-dimensional surface
7, homeomorphic to a sphere and having no common points with I"'. We shall
assume that in G, b, = b;k, p; = pj-, b="b' and b;'-k,p;l € CYG,), b’ € C°(G,)
(i = 1,2); T is piecewise smooth, and ~ is continuously differentiable. In addi-
tion, we assume that Re £ is elliptic in each of the G,; £* is the formally adjoint
expression. Consider the direct sum of Sobolev spaces W (G,)+W3(G,) = W;

W1 is obtained by closing, in the norm
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the set of functions defined in G and smooth in each of the G;. Similarly, denote
W3 = W2(G,) + W(Gy). The symbols |- o, || [|1, || - |2 will denote the norms,
respectively, in the spaces Ly = Ly(G), Wi, W2; (| ) denotes the scalar product
in L,.

The boundary-value problem is considered in the following formulation. By
WZ(br) we denote the set of functions u € W3 for which

0
m—u—i—Tu—l—Qu

on =0; (2)

T

* The case of two domains is considered only for simplicity of formulation. All
results are valid for a decomposition into a finite number of domains.

o
“ 0,

ou

gyl -0 (3)

Y
~
Here T is a linear differential expression of the first order, defined on functions
from C''(T") and constituting a linear combination of tangential derivatives with
real coefficients from C1(T); Q is a linear bounded operator in L,(T'); m is a
constant, equal to zero when 7" =0, Q = 1, and equal to 1 in the remaining

— 0
cases; a,,a, are positive functions, a; € C*(G,); —— is differentiation in the

’8¢2

conormal direction,
0 o
J— 3 7 .
o, E bjkl/iju
v J.k

(v}, are the components of the normal to 7 exterior with respect to G,); [u], =
ul.,_o—u|,4q, the symbols v —0, v+ 0 mean that limiting values are taken from
different sides of 7. From the embedding theorems (7) it follows that W3(gr)
is a subspace of W3. In the case T # 0, twice continuous differentiability
is required on the boundary I'. We shall assume T and @ to be such that

u € W3(gr), considered only on T', form a dense set in L, (T).

Definition 1. A function v € W3(gr) for which Lu = f will be called a
smooth solution of the boundary-value problem

Lu = f, u € (gr). (4)
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In particular, by choosing different m, T, and @), we obtain the first, second, and
third boundary-value problems and the problem with an oblique derivative.

Denote by W2(gr)™ the set of those v € W3 for which (Lu,av) = (u, £ (av)),
u € W2(gr); here a = a; in G;. Applying Green’ s formula to the domains G,
and G, and taking into account (2), (3), we obtain that W3(gr)* consists of
those and only those v € W3 for which

magZ}) +T"(av) + Q*(av) — mﬂcw‘r =0; (5)
9(a,0)  9(ayv) -— _
8,&1 - 6”2 - (a’lﬁl - a252)v X - 07 [U]’y - 07 (6)

where

9 7 i
% = Z;bjkl/ij; B; = ijvj.
3, J

T+ is the expression formally adjoint to T; Q* is the operator adjoint to @ in
Ly(T); W2(gr)™ is also a subspace of W3, and W2 (gr)™ = W3(gr).
If w is a smooth solution of problem (4), then (u, <" (av)) = (f,av), v €

W3(gr)". With the aid of integration by parts we transfer one differentiation
on u to the left-hand side of this equality. We obtain

B(u,av) = — Z(bjiju, Dy (av)) + Z(ijju,av) + (bu, av)
" Z (7)
— m/ru(T*(av) + Q*(av)) dz = (f,av).

Denote by W5! the closure of W3(gr)* in the metric of Wi. The bilinear
functional B(u,av) may, by continuity, be extended to all of W4, The set
WL and likewise the set W41 of elements of the form av (v € W41), are
subspaces of W}, dense in L.

Definition 2. A function u € W5! will be called a generalized solution of
problem (4) if
B(u,av) = (f,av), ve WhHt. (8)

3. By means of integration by parts, using the ellipticity condition, one can
prove the following analogue of Garding’ s inequality.
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Lemma. Let the coefficients p;(x) be real. There exist constants K >0, C > 0,
independent of v € W3(gr)*, such that

Re (£ (av) + Kv,v) > C|v|?, ve Wi(gr)t. (9)

Thus, if Reb(z) is sufficiently positive, we obtain

|B(v, av)| > C|v|?, v e Wik (10)

On the positive space H" = W}! and the zero space H? = L,(G) we construct
the space with negative norm H~ = W, ™! (see (8,%)).

Theorem 1. Let p;(x) be real, and let Reb(z) be so positive that inequality
(10) holds. Then for every f € W4t there exists one and only one generalized
solution u € W4t of problem (/).

The proof follows directly from inequalities (10) and |B(u,av)| < Cy|lul,llv|;
(u,v € W5t) with the aid of the Vishik-Lax-Milgram lemma (see, for example,
©)).

Theorem 2. Suppose that all the assumptions of Theorem 1 hold. In addition,
assume the following: the boundaries I' and v are twice continuously differen-
tiable; b;k, p}, b € CY(G,), f € Ly(G); the coefficients of the expression T belong
to C*(T"), and Q is the operator of multiplication by o(x) € C*(T'). Then the
generalized solution u € W, of problem (4) belongs to W3 and, consequently,
18 a smooth solution of this problem.

The proof of the theorem is carried out by the method used by Nirenberg in (%).
It is enough to prove that for every point ¥, € G there exists a neighborhood
V = V(z,) such that in it u € WZ(VNG,)+W2Z(VNG,). We restrict ourselves
to the case when z, € «. In this case one may assume that y near z, is a piece of
an (n— 1)-dimensional plane (this can be achieved by means of a suitable twice
continuously differentiable homeomorphism E,,). Let U C G be a neighborhood
of x5 in E,, whose intersection with v lies on the flat piece . Construct an
auxiliary function £(x) € C*°(G) such that & = 0 outside U, £ = 1 in some
neighborhood V' of the point z, contained in U in E,, 0 < £ < 1. Let the
equation of the flat piece v under consideration be z,, =0. If z = (z,...,z,,) €

G, NU and h is sufficiently small, then the point xfl = (Xyy e, X + Ay oy x,,)
(k=1,...,n—1) lies in G, (i = 1,2). For any function g(z) denote

gr = %(g(xii) —g(x))

and regard g,’; as a function of . In the proof the inequality used is
[B((§u)i, av)| < [B(u,agvi™)[+ Cloly  (k=1,..,n—1),  (11)

where u € W1, and the constant C' is independent of v € WJ. Let u be a
generalized solution of problem (4), where f € L,(G). Then from equality (8)
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it follows that

|B(u,av)| < Clvly (v € W5).
Substituting in this inequality v instead of v* and using inequalities (11) and
(10), we obtain | (¢u)!|,; < C;. Since ¢ = 1 in some neighborhood V' of the point

Zy, in this neighborhood [uft||; < C;. Passing to the limit as h — 0, we see that
|Dull; <C; (k=1,...,n—1), ie.

D;pku € Ly(V) (j=1,..,n; k=1,...,n—1). (12)

* Tt is not hard to show that W4! consists of functions which near v belong to
W1 and are continuous.

It remains to prove that D?Llu € Ly(V). We obtain this by expressing Dilu
from the equation Lu = f in terms of f, u, the first derivatives of u, and the
second derivatives of the form (12).

4. The preceding considerations make it possible to establish the following
theorem.

Theorem 3. Let the assumptions of Theorem 2 be satisfied. Consider the
mapping A : uw — Lu (u € WE(T), Lu € Ly) as an operator acting in one of
the following pairs of spaces:

WQQ(F)—>L2, W21—>W2*17 L2—>W52,

where W{Q is the negative space constructed from the null space Ly and the
positive space W2 = {av; v € W2(D)*}. Then the closure N of this operator
is a homeomorphism between the spaces of the corresponding pairs (for the first
pair the homeomorphism is already A).

Remark. In the case of the second pair of spaces, the required smoothness of
the coefficients and of the boundary can be lowered.

5. Let us also consider the eigenvalue problem; we shall investigate the gen-
eralized and classical solvability of the problem

Lu— A u=f € L,, u € (), (13)

where ) is a complex parameter.

Theorem 4. Let all the assumptions of Theorem 1 be satisfied, except for the
requirement of sufficient positivity of Reb(x). Then normal solvability holds for
problem (13), i.e. it is Fredholm. The generalized eigenfunctions belong to W21
If the smoothness requirements of Theorem 2 are fulfilled, then the generalized
eigenfunctions are smooth, i.e. belong to VV22

In conclusion, the authors express their deep gratitude to Yu. M. Berezanskii
for posing the question and for making available to them the manuscript of
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his book on boundary-value problems and expansions in eigenfunctions, which
helped the authors in solving the problems considered.
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