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Abstract
Full Text
E. K. FOGELS

ON THE DISTRIBUTION OF ANALOGUES
OF PRIME NUMBERS
(Presented by Academician I. M. Vinogradov on 4 IV 1962)

For a semigroup (with respect to multiplication) 𝐺 of real numbers 𝑎 ⩾ 1 with
the given asymptotic

∑
𝑎⩽𝑥

1 ∼ 𝛼𝑥 (𝑥 → ∞),

Beurling (1) proved an asymptotic distribution law for the basic numbers 𝑏 ∈ 𝐺.
Forman and Shapiro (2) divided 𝐺 into classes 𝐻𝑖 (1 ⩽ 𝑖 ⩽ ℎ), forming a group
Γ (for any 𝑎 ∈ 𝐻𝑖, 𝑎′ ∈ 𝐻𝑗 the product 𝑎𝑎′ belongs to the class 𝐻𝑘, whose
index depends only on 𝑖 and 𝑗, but not on 𝑎, 𝑎′), and moreover

∑
𝑎⩽𝑥, 𝑎∈𝐻𝑖

1 = 𝛼𝑖𝑥 + 𝑂 (𝑥1−𝜗) , (1)

where 𝛼𝑖 > 0, 𝜗 ∈ (0, 1] are constants. They proved that under such conditions
almost all basic numbers 𝑏 are distributed asymptotically uniformly among the
classes 𝐻 belonging to some subgroup Γ0 of the group Γ; in the remaining classes
the number of basic numbers 𝑏 ⩽ 𝑥 is a quantity of lower order. In the work of
Forman and Shapiro the number of classes is bounded (ℎ ⩽ 1).
The purpose of the present note is to set forth a proof scheme for a general
theorem on the existence of a basic number not exceeding a certain bound in
any class 𝐻. In this case it is necessary to assume that in (1) 𝛼𝑖 does not
depend on 𝑖, and to abandon the restriction ℎ ⩽ 1. Accordingly, an unbounded
parameter 𝐷 ⩾ 2 is introduced, it is assumed that the number of classes ℎ ⩽ 𝐷,
and (1) is replaced by the law

∑
𝑎⩽𝑥, 𝑎∈𝐻𝑖

1 = 𝛼𝑥 + 𝑂 (𝐷𝑐1𝑥1−𝜗) , 𝛼 = 𝐷𝑙, (2)

where 𝑙, 𝑐1, and 𝜗 do not depend on 𝑖 (0 ⩽ 𝑐1 ⩽ 1, 0 < 𝜗 ⩽ 1, 0 ⩾ 𝑙 ⩽ 1). If ℎ
is an even number, then, denoting by Γ𝑗 any subgroup of index 2 of the group
of classes 𝐻, by virtue of (2) we have
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∑
𝑎⩽𝑥, 𝑎∈Γ𝑗

1
𝑎 = 1

2𝛼ℎ log 𝑥 + 𝐴𝑗 + 𝑂 (ℎ𝐷𝑐1𝑥−𝜗) ,

∑
𝑎⩽𝑥, 𝑎∉Γ𝑗

1
𝑎 = 1

2𝛼ℎ log 𝑥 − 𝐵𝑗 + 𝑂 (ℎ𝐷𝑐1𝑥−𝜗) , (3)

where 𝐴𝑗 = 𝐴𝑗(𝐷), 𝐵𝑗 = 𝐵𝑗(𝐷) do not depend on 𝑥. Under these conditions
the following theorem holds:

Theorem. I. If 𝜗 > 1/2, then there exists a positive constant 𝑐 (depending
only on 𝑙, 𝑐1, 𝜗) such that for any class 𝐻𝑖 and for any 𝑥 ⩾ 1 there is a basic
number 𝑏 ∈ 𝐻𝑖 in the interval (𝑥, 𝑥𝐷𝑐). If ℎ is an odd number, then the same
conclusion is true also for 𝜗 ⩽ 1/2.

II. Let ℎ be an even number and 𝜗 ⩽ 1/2. If there exists a constant 𝑐2 such
that in (3), for all 𝑗,

𝐴𝑗 − 𝐵𝑗 > 𝐷−𝑐2 , (4)

then the conclusion of the first part of the theorem holds, but the constant
depends on 𝜗, 𝑙, 𝑐1, 𝑐2.

III. If ℎ is an even number, ℎ𝛼 = 𝐷𝑜(1) (𝐷 → ∞), and, independently of
𝜗 > 1/2 or 𝜗 ⩽ 1/2, (4) holds for any 𝑐2 > 0, then a basic number 𝑏 ∈ 𝐻𝑖
is already found in the interval (𝑥, 𝑥𝐷𝜀) for any positive 𝜀 ⩽ 𝑐,

𝐷 > 𝐷0(𝜀) and 𝑥 ≥ 𝐷𝑐′ log(𝑐/𝜀), where the constant 𝑐′ = 𝑐′(𝑙, 𝑐1, 𝜗) does not
depend on 𝜀. For odd ℎ the same conclusion is always valid.

The theorem is of interest only for 𝑥 < exp(𝐷𝑐). In application to an arithmetic
progression I (with 𝑥 = 1) gives the estimate min 𝑝 < 𝐷𝑐 of Yu. V. Linnik (3)
for the least prime number 𝑝 ≡ 𝑙 (mod 𝐷), and III reduces to the result proved
by me earlier (4).

The numbers 𝑎 represented by all inequivalent binary quadratic forms 𝜓1, … , 𝜓ℎ
of fixed discriminant 𝑑 form a semigroup and are distributed asymptotically
equally among the classes (if each 𝑎 is counted with the required number of
repetitions; cf. (5), Theorems 204, 208). By Landau’s method (6) one can
prove the estimate 𝜋𝐷−1/2𝑥 + 𝑂(𝐷3/2𝑥1/3) for the number of integral points of
the ellipse 𝜓(𝑢, 𝑣) ≤ 𝑥 with discriminant −𝐷, which permits the application
of I. By a deeper arithmetic (briefly described in (7,8)) one can show that for
quadratic forms 𝜓(𝑢, 𝑣) of any discriminant the conditions III hold.

For the sequence of norms of ideals distributed by classes mod 𝔣 in any algebraic
field of degree 𝑛 and discriminant Δ, by contour integration of the function
𝐷2𝑛𝑠Γ(𝑠)𝐿(𝑠, 𝜒)𝐿(𝑠, 𝜒0) (where 𝐷 = |Δ|𝑁𝔣 and 𝐿(𝑠, 𝜒), 𝐿(𝑠, 𝜒0) are Hecke 𝐿-
functions with a real, respectively principal, character mod 𝔣) one can prove (4)
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with the constant 𝑐2 = 2𝑛 (cf. (9), pp. 104–105), which permits the application
of II. The corresponding result has been proved by another method in (9).

The theorem of the present note shows that the known estimate of the least
prime number in arithmetic and other important progressions can be proved
without using the functional equation and the existence of the corresponding
𝐿-series in the half-plane 𝜎 < 1 − 𝜗 of the complex variable 𝑠 = 𝜎 + 𝑖𝑡.
Let, further, 𝑐3, 𝑐4, … denote positive constants depending only on 𝜗, 𝑙, 𝑐1, 𝑐2;
the constants in ≪ are of the same kind.

In consequence of (2), the function

𝜁(𝑠, 𝐻) = ∑
𝑎∈𝐻

𝑎−𝑠 (𝜎 > 1)

exists in 𝜎 > 1 − 𝜗 (with the exception of a simple pole 𝑠 = 1 with residue
𝛼) and satisfies the estimate 𝜁(𝑠, 𝐻) ≪ 𝐷𝑐3(|𝑠 − 1|−1 + |𝑡|). Let 𝜒(𝐻) denote
the characters of the classes 𝐻 and let 𝜒(𝑎) = 𝜒(𝐻) for all 𝑎 ∈ 𝐻. Then the
function

𝜁(𝑠, 𝜒) = ∑
𝐻

𝜒(𝐻)𝜁(𝑠, 𝐻) = ∑
𝑎

𝜒(𝑎)𝑎−𝑠 = ∏
𝑏

(1 − 𝜒(𝑏)𝑏−𝑠)−1 (𝜎 > 1) (5)

is regular in the half-plane 𝜎 > 1 − 𝜗, except for a simple pole 𝑠 = 1 (with
residue ℎ𝛼) for the function 𝜁(𝑠, 𝜒0) with the principal character 𝜒0. By known
methods (cf. (9), p. 95) it is proved that in 𝜎 > 1 − 1

4 𝜗 we have

𝜁′

𝜁 (𝑠, 𝜒) − ∑
|𝑠−𝜌|<𝜗/2

1
𝑠 − 𝜌 + 𝑒0

𝑠 − 1 ≪ log 𝐷(1 + |𝑡|), (6)

where 𝜌 runs over the zeros of 𝜁(𝑠, 𝜒), 𝑒0 = 1 for the principal character and
𝑒0 = 0 for the remaining 𝜒. Let 𝜈 = 𝜈(𝑟; 𝜒, 𝑡) denote the number of zeros of
𝜁(𝑠, 𝜒) in |𝑤 − 1 − 𝑖𝑡| ≤ 𝑟. Then, for 𝑒1/ log 𝐷(1 + |𝑡|) ≤ 𝑟 ≤ 1

4 𝜗 (where 𝑒1 is
any positive constant ≤ 1), we have

𝜈 ≤ 𝑐4𝑟 log 𝐷(1 + |𝑡|), 𝑐4 = 𝑐4(𝑒1). (7)

By means of these estimates the following is proved.

Lemma 1. For a suitable 𝑐5 > 0, in the region 𝐸(𝜎 ≥ 1 − 𝑐5/ log 𝐷(1 + |𝑡|))
the function 𝜁(𝑠, 𝜒) with complex 𝜒 has no zeros. For no more than one real
character 𝜒 = 𝜒′ is a simple real zero 𝜌′ ≤ 1 possible in 𝐸.
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If 𝜗 > 1/2, then, by contour integration of the function 𝐷𝑐6Γ(𝑠)𝜁(𝑠, 𝜒′)𝜁(𝑠, 𝜒0)
(in the case 𝜒′ ≠ 𝜒0), it is proved that 1 − 𝜌′ > 𝐷−𝑐7 . For 𝜗 ⩽ 1/2 the same
estimate follows from (4).

By Turán’s method (10) the following fundamental result is proved.

Lemma 2. Let 𝑘, 𝐴, 𝐷, 𝜆, 𝜏0 denote unrestricted parameters, with 𝑘 an integer
⩾ 2, 𝐴 > 0, 𝐷 ⩾ 2, 0 ⩽ 𝑐0 ⩽ 𝜆 ⩽ 𝜗0 log 𝐷 (0 < 𝜗0 ⩽ 1), −𝐷 ⩽ 𝜏0 ⩽ 𝐷. Let, in
the half-plane 𝜎 > 1 − 𝜗0, 𝐹(𝑠) be a meromorphic function with simple poles 𝜌
to the left of (or on) the line 𝜎 = 1, and, denoting by 𝑚𝜌 the residue of 𝐹(𝑠) at
the point 𝑠 = 𝜌, suppose that for all 𝑡 we have

∑
|𝜌−1−𝑖𝑡|⩽𝑟

|𝑚𝜌| ⩽ 𝐶0𝑟 log 𝐷(1 + |𝑡|) (𝑐0/ log 𝐷(1 + |𝑡|) ⩽ 𝑟 ⩽ 𝜗0),

where 𝐶0 (and below 𝐶1 > 1) depends only on 𝑐0, 𝜗0. Further suppose that, for
all 𝜌 in (𝜎 > 1 − 𝜗0, |𝑡 − 𝜏0| < 1), the 𝑚𝜌 are positive integers. Let, for real 𝜏 ,

𝐼(𝜏, 𝑘, 𝐴) = − 1
2𝜋𝑖 ∫

2+𝑖∞

2−𝑖∞
(𝑒3𝐴𝑠 − 𝑒𝐴𝑠

2𝐴𝑠 )
𝑘

𝐹(1 + 𝑠 + 𝑖𝜏) 𝑑𝑠. (8)

If under these conditions in the square 𝑄 (1 − 𝜆/ log 𝐷 ⩽ 𝜎 ⩽ 1, |𝑡 − 𝜏0| ⩽
𝜆/2 log 𝐷) there is at least one point 𝜌, then for suitable 𝐶1 and for any 𝐶 ⩾ 𝐶1
there exists 𝑘 ⩾ max(2, 𝐶𝜆), 𝑘 < (𝐶 + 𝐶1)𝜆, such that at all points of the
interval |𝜏 − 𝜏0| ⩽ 𝜆/2 log 𝐷 we have

|𝐼(𝜏, 𝑘, 𝜆−1 log 𝐷)| > exp(−𝐶2𝜆), 𝐶2 = 𝐶2(𝐶0, 𝐶). (9)

It should be noted that if 𝐹(𝑠) = ∑𝑎 𝑐𝑎𝑎−𝑠 (𝜎 > 1), then (cf. (10), Lemma I)

𝐼(𝜏, 𝑘, 𝐴) = ∑
𝑎

𝑐𝑎𝑅(𝑎)𝑎−1−𝑖𝜏 , where 𝑅(𝑎) {< 3/𝐴
√

𝑘 for 𝑎 ∈ (𝑒𝑘𝐴, 𝑒3𝑘𝐴),
= 0 for the remaining 𝑎.

(10)

By Selberg’s method (11) it is proved that, as a consequence of (2),

∑
𝑏𝑛⩽𝑥, 𝑏𝑛∈𝐻𝑖, 𝑛⩾1

log 𝑏 ≪ 𝑥/ℎ, if 𝑥 > 𝐷𝑐8 . (11)

Let 𝐼𝜒(𝜏, 𝑘, 𝐴) denote the transform (8) of the function 𝐹(𝑠) = 𝜁′/𝜁(𝑠, 𝜒). Using
(11), one proves the estimate

∑
𝜒

|𝐼𝜒(𝜏0, 𝑘, 𝐴)|2 < 𝑐9 (for 𝑘𝐴 > 𝑐8)
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(cf. (10), Lemma II), from which, together with (9) (with 𝜏 = 𝜏0), it follows that
the number of functions 𝜁(𝑠, 𝜒), each of which has at least one zero 𝜌 ∈ 𝑄, does
not exceed exp(𝑐10𝜆). Hence from (7) it follows:

Lemma 3. The number of zeros of the function ∏𝜒 𝜁(𝑠, 𝜒) belonging to the
rectangle

(1 − 𝜆/ log 𝐷 ⩽ 𝜎 ⩽ 1, |𝑡| ⩽ 𝑒𝜆/ log 𝐷) (𝑐5 ⩽ 𝜆 ⩽ 1
4 𝜗 log 𝐷)

does not exceed exp(𝑐11𝜆).
Next we assume that there exists an exceptional zero 𝜌′ = 1 − 𝛿 of the function
𝜁(𝑠, 𝜒′) with real character 𝜒′, and that 𝜌 = 1 − 𝜆/ log 𝐷 + 𝑖𝛾 (|𝛾| ⩽ 𝐷, 𝑐5 ⩽
𝜆 ⩽ 1

4 𝜗 log 𝐷) is a zero ≠ 𝜌′ of some function 𝜁(𝑠, 𝜒). If 𝜒 ≠ 𝜒0 ≠ 𝜒′, then,
denoting by 𝐼𝜒 the transform (8) of the function

𝐹(𝑠) = 𝜁′/𝜁(𝑠, 𝜒)+𝜁′/𝜁(𝑠+𝛿, 𝜒𝜒′) = − ∑
𝑏, 𝑛⩾1

𝑏−𝑛𝑠𝜒(𝑏𝑛)(1+𝜒′(𝑏𝑛)𝑏−𝑛𝛿) log 𝑏 (𝜎 > 1),

as a consequence of (9), (10) we have

∑
𝐷𝐵<𝑏<𝐷3𝐵

log 𝑏
𝑏 (1 + 𝜒′(𝑏)𝑏−𝛿) > exp(−𝑐12𝜆) log 𝐷

(𝑐8 < 𝐵 ⩽ 1).
One may assume that 1 − 𝑏−𝛿 < exp(−2𝑐12𝜆) for all

𝑏 ≪ 𝐷3𝐵 (cf. (12), p. 347). Then we obtain the inequality

∑
𝐷𝐵<𝑏<𝐷3𝐵

𝜒′(𝑏)=1

1
𝑏 > exp(−𝑐13𝜆). (12)

Denoting

𝜁(𝑠, 𝜒′) 𝜁(𝑠, 𝜒0) = ∑
𝑎

𝑔(𝑎)𝑎−𝑠 (𝜎 > 1), 𝜇 = 𝜁(1, 𝜒′) Res
𝑠=1

𝜁(𝑠, 𝜒0),

we have

∑
𝑎<𝐷𝐵

𝑔(𝑎)
𝑎 ∑

𝐷𝐵<𝑏<𝐷3𝐵

1
𝑏 ≪ ∑

𝐷𝐵<𝑎<𝐷4𝐵

𝑔(𝑎)
𝑎 <
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< 8 ∑
𝑎>𝐷𝐵

𝑔(𝑎)
𝑎 {exp(−𝐷−4𝐵𝑎) − exp(−𝐷−𝐵𝑎)} < 32𝐵𝜇 log 𝐷.

The last inequality is proved by contour integration of the function 𝐷𝛼(𝑠−1)Γ(𝑠−
1)𝜁(𝑠, 𝜒′)𝜁(𝑠, 𝜒0) with 𝛼 = 4𝐵 and 𝛼 = 𝐵 (cf. (9), pp. 105, 139–140); here it is
assumed that 𝐵 is sufficiently large, and if 𝜗 ≪ 1/2, then (4) is applied. Hence
from (12)

𝜇 > exp(−𝑐14𝜆)
log 𝐷 ∑

𝑎<𝐷𝐵

𝑔(𝑎)
𝑎 .

By contour integration of the function 𝐷 1
2 𝐶(𝑠−𝜌′)Γ(𝑠 − 𝜌′)𝜁(𝑠, 𝜒′)𝜁(𝑠, 𝜒0) one

proves the inequality

𝑐15 > exp(−𝑐14𝜆)/𝛿 log 𝐷 (13)

(cf. (12), p. 350). In a similar way the same inequality is proved in the cases
𝜒 = 𝜒0 ≠ 𝜒′, 𝜒 ≠ 𝜒0 = 𝜒′, 𝜒 = 𝜒0 = 𝜒′ (cf. (9), pp. 136–146). A simple
consequence of (13) is (cf. (9), pp. 146–147)

Lemma 4. For a suitable 𝑐16 > 0 and

𝜆0 = 𝑐16 log 𝑒𝑐16

𝛿0 log 𝐷, where 𝛿0 = {𝛿 = 1 − 𝜌′, if 𝛿 ≪ 𝑐16/ log 𝐷,
𝑐16/ log 𝐷 otherwise,

the rectangle (1 − 𝜆0/ log 𝐷 ≪ 𝜎 ≪ 1, |𝑡| ≪ 𝐷) contains no zeros 𝜌 ≠ 𝜌′ of the
function

∏
𝜒

𝜁(𝑠, 𝜒).

On the basis of Lemmas 1, 3 and 4 the theorem is proved by a variant of
Rodosskii’s method ((12), Ch. III; (9), pp. 260–263 and (4)), which begins
with contour integration of the function 𝑥𝑠−𝜎1 exp{𝑦(𝑠 − 𝜎1)2}𝜁′/𝜁(𝑠, 𝜒) (where
𝜎1 = 1 − 1

8 𝜗, 𝑦 > 1), the contour being shifted from 𝜎 = 2 to a broken line
(differing little from 𝜎 = 𝜎1), from which the zeros of 𝜁(𝑠, 𝜒) are at a known
distance (cf. (9), pp. 267–268).

Although all the mentioned corollaries of the theorem were proved by a variant
of Rodosskii’s method, which depends essentially on the distribution of small
prime numbers (cf. (9), pp. 133 and 238, where the sum ∑𝑝<𝑍 𝑝−1 log 𝑝 must
not be too large and at the same time 𝑍 must not be too small), the theorem
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itself cannot be proved by this method (i.e. without applying Lemma 2), since
(2) gives almost no information about the distribution of small 𝑎.

Latvian State University
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