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1. Consider the Schrodinger equation
Pu | [p(p—1)

———+

= R 2q(z)| u— Au =0, (1)

u(0) =0, 0 <2 < oo, > 1.

Many problems of physics lead to equations of this kind. In particular, for
q(x) = A/x (A > 0) one obtains the equation for the radial part of the wave
function of the hydrogen atom (1).

We shall be interested in the behavior of the smallest eigenvalue () of equation
(1), as well as in the behavior of the corresponding eigenfunction wu(z, u).

In doing so we shall assume that ¢(x) is a function continuous for z > 0 and,
moreover,

+ 0(1), 0<z <z,

where A; > 0.

As is known (?), the continuous spectrum of the problem under consideration
fills the positive half-axis. On the negative half-axis only a discrete spectrum is
possible, bounded from below.

If, for a given p, there exist negative eigenvalues of equation (1), then the
function ¢(u) is defined and the inequality ()
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o< [ {yer+ M —ue| o @

holds, where y is an absolutely continuous function satisfying the conditions

/ v (z)dz = 1, y(0) = 0.
0

Equality in (3) holds only for the eigenfunction u(x, ) corresponding to the
eigenvalue o(u).

We shall set ¢(u) = 0 if, for the corresponding p, problem (1) has no negative
eigenvalues.

Then

oy =int [~ {7+ M7 )| (o) |

where the absolutely continuous function y satisfies the conditions:

/ v} (z)dx =1, y(0) = 0.
0

We shall call the function ¢(p) the minimum function of problem (1), and
the corresponding eigenfunction the minimizing eigenfunction.

If g(z) = A/x (A > 0), then, as is known,
Pl ==l = e R,
Theorem 1. The minimum function p(p) has the form
A2 4A,A% 1

=2 Mo (1)

From this theorem and from the monotone increase of the minimum function it
follows that

e(u) <0,

i.e., () is a point of the discrete spectrum, and there always corresponds to it
a minimizing eigenfunction w(xz, u) (by u(x, u) we shall denote the normalized
minimizing eigenfunction: |u| = 1).
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Thus, the existence of a discrete spectrum for problem (1) depends only on the
behavior of g(x) at infinity (A; > 0).

Theorem 2. The minimizing eigenfunction u(x, ) has the form:

u(x,u):x”{l—ﬁ—O(l)], 0 <z <z,
1

u(a,p) = aie # [1 +0 (%)] ;

where 0 <k <1, zop <z < ,u%, and, finally,

1
1+O<W>]?
uo2

whereO<k<%7 ,u% gmgfg—j[l—f—ﬁ] (1>0).

From Theorem 2 it is easy to obtain:

u(z, p) = ahe w®

Corollary. The inequality holds

pyp P2kt
/ o (z, 1) da / u?(z, p) dr < O(r?H),
0 0

wherem >0, 0 < p; <p < py < Aiﬁ %e"‘l(?’*pl) =r<l.

From this corollary, in particular, it follows that

2

P1H
[ #mdn<opm,
0

where 0 < p; <p < A%, %6‘41(?*”1) =r<1.

Theorem 2 describes the behavior of u(z, p) for large 1 only on a certain interval
of the positive half-axis.

Using the usual methods (?) for estimating the solution of a differential equation
for large values of x, it is easy to characterize the behavior of u(x, ) for x > p?.

The following two theorems describe the behavior of the minimizing eigenfunc-
tion on the entire half-axis.

Theorem 3. The minimizing normalized eigenfunction u(z, ) satisfies the
relation

sovietrxiv.org/items/ru-196201.64642 Machine Translation


https://sovietrxiv.org/items/ru-196201.64642

2

_ _A1, 1
[0 = ctne | <0 (5).

where

1+/2u—12—84 X L, 2
=" (“2) , cwnz[/ ﬁMeuﬁw4
0

Theorem 4. The minimizing normalized eigenfunction u(z, ) satisfies the

relation
2 1
< O (*) )
o

[N

A
1z

ju(, ) = e(uyare

where

=

c(p) = [/ ge W dm]
0

Let us note that Theorems 3 and 4 are obtained from Theorem 1 and the
following lemma:

Lemma. Let A be a self-adjoint operator such that the leftmost point of its
spectrum, A, is an isolated point of multiplicity 1. Then, for a function y
(ly] = 1) belonging to the domain of definition of A, the inequality

(Ay,y) — A
M—awﬂ<4—7;—47 lval =1,

holds, where y, is the normalized eigenfunction corresponding to the number
A1; m is the distance from the point A; to the remaining part of the spectrum;
ay = (y,y,) satisfies the inequalities

(Aya y) — >\1
7m .

12y >1-
The validity of this lemma is easily established if one uses the spectral decom-
position of the operator A.

Theorem 5. Let ¢, (1) and ¢, (1) be the minimum functions of two boundary-
value problems, and suppose that

A, 1
w@) - o =2+0(n). azm, me
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then the equality

holds.
Using Theorem 5, one can refine Theorem 1 in the following way:

Theorem 6. If the potential ¢(z) has the form:

A A, A, |
q(r) = +P+;+O<F>7 T Z X,

T

then the equality holds

A 4A,AT 4ATAT + 24,43 ( 1 )

plp) = _ﬁ - 1k 116 (11372

2. The following problem seems important to us:
to determine whether the minimum function ¢ () uniquely determines the
potential g(x), and to give a method for constructing ¢(x) from ¢(u).

Theorems 1-6 allow one to draw certain, although only preliminary, conclusions.

Theorem 7. Let the minimum functions ¢, (p) and o4(p) be such that

P1(p) = @a(p) + O (%) ;

where m = 1,2, ...
If the corresponding potentials q,(x) and g5(x) are analytic functions, reqular at
infinity, then

e1(1) = pa(p), 71(z) = ga(7).

Let us note that the theorem remains valid also in the case when the equality

1
SOI(IJ’)ZSOZ(IU’)—’—O(W)? m:1727"'7

holds only for some sequence of points fq, tio, fts,... = 00, and this sequence
may depend on m.

Thus, analytic potentials are determined uniquely by means of ¢(u).

From Theorem 6 it is clear how to find the first three coefficients (A4, A, A3)
of the expansion of ¢(x) at infinity, if the function ¢(u) is known.
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