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Let in Euclidean space E,, with points z = (x4, ...,x,,), there be given: an
n-dimensional domain w, a p-dimensional domain s, and a manifold of points k.

We shall denote: p(k,x) is the distance of the point x from k; ¢ is the vector
index (i17i2a "'ain>7 |Z| = Z.1 + i2 + o+ Zna Dl = aM/axll1 81’:7.”7 ‘5‘ is the
p-dimensional volume of s.

The set of complex functions f € L,(w) having a finite integral

[t 3 D pP 1)

li|=m

will be denoted by W, (w); v is a constant from [0, 2m). The closure of the set
of infinitely differentiable functions finite in w in the norm determined by the
integral (1) will be denoted by W} (w).

Let an operator be given

S
Il

D7 (a;;D") (2m > n) (2)

li,3l=m

with coefficients defined on all of E,,.

The form
/p"‘(k,x) Z a;;D'f Dgdz,
w [i],]4]=m

considered on functions from W} (w), will be denoted by a ,(f,g,w). For
o = 0 we shall write

ak,O(qu?“”) = a’(fagﬂ OJ).
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The problem of finding the eigenfunctions of the form a, ,(f,g,w), considered
on some subspace V'™ (w) (W,?‘a(w) C V™w) € W (w)), will be called the
problem {a, ., V"™ (w)}.

For the form a, ,(f,g,w), by A,(\), B,(A) we shall denote the number of

eigenvalues of the problem {ak,a,lela(w)}, respectively {a ., W, (w)}, not
exceeding .

In what follows we assume that the coefficients of the operator (2) are continuous
on the closure 2 of some bounded n-dimensional domain ) with sufficiently
smooth boundary S, and that the matrix |a;;| is uniformly positive definite on

Q, ie.

> ayla)m; >d Z Tl >0

la,]l=m

for all complex 7, and = € Q.

In the present paper the question of the asymptotics of the eigenvalues of the
problem {ag ,, V™ (€2)} is considered. In the case a = 0, the formulas obtained
are contained in the results of paper (°).

It follows from the papers (%3) that for any V™(Q) there exists a sequence
{u;} € V™(Q) of functions and a corresponding sequence of numbers 0 < A; <
Ay < -+ = 00 such that ay ,(u;, f,Q) = A\;(u,;, f) for all f € V™(Q), where
(u;, f) is the ordinary scalar product, and the u,; form a complete system in
Vm(Q).

We first carry out an estimate of the growth of the eigenvalues for domains of a
special form.

Let 0 be an (n — 1)-dimensional plane domain bounded by a finite number
of sufficiently smooth (n — 2)-dimensional manifolds and having no reentrant
angles. Moreover, the boundary of ¢ has no points at which more than n —1 of
the manifolds bounding it intersect.

Denote
b= Y Di(b;Di),
[i], li|=m

where b;; are constants and the matrix [|b;;| is positive definite; 2m > n;
wlb) = Cmy [,
b(&)<1

where

&) = D by,
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¢ is a point of E,(&,&,,...,E,), & = fil ;"" -~-§f{‘. Below, (), with different
subscripts, denotes a function tending to 0 as A — oc.

By the methods of (1), using asymptotic estimates of eigenvalues for nondegen-
erate elliptic operators (°), one obtains the following assertions.

Lemma 1. Let II be a cylinder with points « = (2, z,,); 2’ = (24, ..., 2,_;) € 0,
0 < z,, <. For the form b(f, g,II) the relations are valid:

A (A) > [ w(®)AY2 (142, (1)) (1 + & o(AP™)),

Br(N) < [T w(B)N27 (14 5(17) (1 + £5,(A2™).

Lemma 2. Let II be the cylinder 2’ € o, 0 < z,, <l = (y/A\)z==. For the
problem {b, ., W (II)}, for every v > 0 the estimate holds

o,
n | w1
Bu(N) < lo] K (y) A3 (14 2,071)),
where
K(y) = Koy 72,
and K is a constant.

These assertions make it possible, by the methods of R. Courant (1), with the
use of the techniques of (%), to obtain successively the following theorems.

Theorem 1. Let II be the cylinder 2’ € o, 0 < z,, < . For the form
(f,g,1I) the relations are valid:

ba,a

Ag(N), Bp(A) = M(Nw(b)|o| Azt zma (1 +e,(17Y)) + - for B> 1,

_ w(b) T . B
A (N), Bg(\) = ST ao’|)\| mInA(1+e5(171)) + for =1,
, D
Ap(N), Bp(\) = w(b)|o|Azm (1 +e6(17h)) i for § < 1.

0

Here and below, 8 = an/2m; the dots replace terms of lower order with respect
to A; M(A) is an unknown function of A, bounded below and above by positive
constants.

Theorem 2. For the eigenvalues of the form ag ,(f, g,(2) the following asymp-
totic formulas hold:

Aq(N), Bo(N) = M(A)AZa*2s /w(a) s + ... for 5> 1,
s
1. B
Ag(N), Bo(\) = 2m—a)\ m ln/\/sw(a) as+ .. for g =1,
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Ag(\), Bo(\) Aﬁn/ﬂpg‘(’é")@dﬁ... for § < 1.

Remark 1. The formulas of Theorem 2 remain valid without change also for
the more general form, taking real values,

as o (f.9: Q) + / ST nptu(S,2)Dif Digda,
Qi |31<m; Ji]+|5]<2m

where r;; are bounded functions measurable in €2; «;

the condition a;; > a — (2m — [i| — |]).

; are constants satisfying

Remark 2. The asymptotic estimates obtained are valid for the eigenvalues of
the problems {ag ,, V™ (Q)}.
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