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Abstract
Full Text

Mathematics
Ya. L. Geronimus

On a Conjecture of V. A. Steklov
(Presented by Academician S. N. Bernstein on 18 IX 1961)

1. V. A. Steklov put forward the conjecture (1):
If polynomials are orthonormal on an interval of the real axis with respect to
some weight, then positivity of the weight is necessary and sufficient for the
boundedness of the entire orthonormal system.

The present note is a certain attempt to approach a proof of this conjecture; for
completeness we give all the results obtained by us in this direction in recent
times.

2. Let the polynomials {𝜑𝑛(𝑧)}∞
0 be orthonormal on the circle 𝑧 = 𝑒𝑖𝜃, 0 ≤

𝜃 ≤ 2𝜋, with respect to the distribution 𝑑𝜎(𝜃).
Theorem 1. If 𝜎′(𝜃0) exists, then, for the inequality 𝜎′(𝜃0) > 0 to hold, it is
sufficient that the following three conditions be satisfied simultaneously:

lim
𝑛→∞

|𝜑𝑛(𝑒𝑖𝜃0)| < ∞; (1)

∫
ℎ

0
|𝑑𝑡{𝜎(𝜃0 + 𝑡) − 𝜎(𝜃0 − 𝑡) − 2𝑡𝜎′(𝜃0)}| = 𝑜(ℎ); (2)

lim𝑛→∞|𝑎𝑛| < 1, (3)

where

√1 − |𝑎𝑛|2𝜑𝑛+1(𝑧) = 𝑧𝜑𝑛(𝑧) − 𝑎𝑛𝜑∗
𝑛(𝑧), 𝜑∗

𝑛(𝑧) = 𝑧𝑛𝜑𝑛 (1
𝑧 ),

|𝑎𝑛| < 1 (𝑛 = 0, 1, 2, …).

Let us note first of all that the theorem remains valid if one requires the existence
only of the generalized symmetric derivative 𝜎(1)(𝜃0). Further, condition (1) is
equivalent to the existence of a subsequence {𝜑𝑛𝑖

(𝑒𝑖𝜃)} for which
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|𝜑𝑛𝑖
(𝑒𝑖𝜃0)| ≤ 𝑀 (𝑖 = 1, 2, …); (1’)

in this case condition (2) may be replaced by the less restrictive condition

∫
ℎ

0
|𝑑𝑡{𝜎(𝜃0 + 𝑡) − 𝜎(𝜃0 − 𝑡) − 2𝑡𝜎′(𝜃0)}| ≤ 𝐶1ℎ, 𝐶1

√
𝑀 < ( 2

𝜋 + 𝜋
2 )

−1/2
.

(4)

If the function 𝜎(𝜃) is absolutely continuous on the interval [𝜃0 −𝜀, 𝜃0 +𝜀], 𝜀 > 0,
then condition (2) is replaced by the condition

∫
ℎ

0
|𝑝(𝜃0 + 𝑡) + 𝑝(𝜃0 − 𝑡) − 2𝑝(𝜃0)| 𝑑𝑡 = 𝑜(ℎ), 𝑝(𝜃) = 𝜎′(𝜃), (2’)

which is always satisfied if 𝜃0 is a Lebesgue point of the function

𝑝(𝜃); in exactly the same way condition (4) is replaced by the condition

∫
ℎ

0
|𝑝(𝜃0 + 𝑡) + 𝑝(𝜃0 − 𝑡) − 2𝑝(𝜃0)| 𝑑𝑡 ≤ 𝐶1ℎ, 𝐶1

√
𝑀 < ( 2

𝜋 + 𝜋
2 )

−1/2
. (4’)

Finally, condition (3) can be replaced by the more restrictive condition

∫
2𝜋

0
lg𝜎′(𝜃) 𝑑𝜃 > −∞, (3’)

which, however, has the advantage over (3) that it is imposed on the original
function 𝜎(𝜃), and not on the parameters {𝑎𝑛}.

3. Theorem 2. If the inequalities

|𝜑𝑛𝑖
(𝑒𝑖𝜃)| ≤ 𝑀, 𝛼 ≤ 𝜃 ≤ 𝛽, 0 ≤ 𝛼, 𝛽 ≤ 2𝜋 (𝑖 = 1, 2, …), (5)

hold, then for any two points of discontinuity 𝜃1, 𝜃2 of the function 𝜎(𝜃) the
inequalities

𝜎(𝜃2) − 𝜎(𝜃1) ≥ 𝑚(𝜃2 − 𝜃1), 𝑚 = 1
𝑀2 , 𝛼 ≤ 𝜃1 < 𝜃2 ≤ 𝛽 (6)

hold.

In proving the converse theorem, one has to distinguish two cases: [𝛼, 𝛽] ⊂ [0, 2𝜋]
and [𝛼, 𝛽] = [0, 2𝜋].
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Theorem 3. If [𝛼, 𝛽] ⊂ [0, 2𝜋], then condition (3) together with (6) is sufficient
for the inequalities

lim
𝑛→∞

|𝜑𝑛(𝑒𝑖𝜃)| < ∞, 𝛼 + 𝜀 ≤ 𝜃 ≤ 𝛽 − 𝜀, 𝜀 > 0; (7)

|𝜑𝑛(𝑒𝑖𝜃)| ≤ 𝑀, 𝜃 ∈ [𝛼′, 𝛽′] ⊂ [𝛼 + 𝜀, 𝛽 − 𝜀] (𝑛 = 0, 1, …). (8)

Theorem 4. If (6) is true for all 0 ≤ 𝜃1 < 𝜃2 ≤ 2𝜋, then inequality (7) is true
for all points of the interval [0, 2𝜋], and inequality (8) is true on some interior
interval [𝛼′, 𝛽′] ⊂ [0, 2𝜋].
In the case under consideration, (6) implies (3′), whence, as was said, (3) follows
—therefore in the formulation of Theorem 4 condition (3) may be omitted.

Remark. Theorems 2 and 4 prove the validity of V. A. Steklov’s conjecture for
the whole interval [0, 2𝜋]; however, we assert boundedness of the orthonormal
system at each point of the interval [0, 2𝜋], while uniform boundedness only on
some interior interval [𝛼′, 𝛽′] ⊂ [0, 2𝜋]. Theorems 2 and 3 prove the validity of
V. A. Steklov’s conjecture for the case of an interval [𝛼, 𝛽] ⊂ [0, 2𝜋]; however,
in Theorem 3 we had to introduce the additional restriction (3), without which
one could assert only the boundedness of the arithmetic means

{ 1
𝑛 + 1

𝑛
∑
𝑘=0

|𝜑𝑘(𝑒𝑖𝜃)|2} .

Finally, condition (3) in Theorem 1 may be omitted if in (1) one replaces lim
by lim*.

4. G. Szegő’s formula

𝑝𝑛(𝑥) = 𝜑2𝑛(𝑧) + 𝜑∗
2𝑛(𝑧)

2𝜋√1 − 𝑎2𝑛−1
𝑧−𝑛, 𝑥 = 1

2 (𝑧 + 1
𝑧 ) , (9)

allows one to express the polynomials {𝑝𝑛(𝑥)}, orthonormal on the interval

* It is possible that condition (6) implies the validity of (3), but we have not yet
been able to prove this.

[−1, +1] with respect to the weight 𝑑𝜓(𝑥), through the polynomials {𝜑𝑛(𝑧)}
considered above, under the condition

𝜎(𝜃) = {−𝜓(cos 𝜃), 0 ⩽ 𝜃 ⩽ 𝜋,
𝜓(cos 𝜃), 𝜋 ⩽ 𝜃 ⩽ 2𝜋. (10)
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For −1 ⩽ 𝑥 ⩽ 1 we have

|𝑝𝑛(𝑥)| ⩽ |𝜑2𝑛(𝑒𝑖𝜃)|
𝜋√1 − 𝑎2𝑛−1

(𝑛 = 1, 2, …); (11)

thus, under condition (3), the boundedness of |𝜑2𝑛(𝑒𝑖𝜃)| entails the boundedness
of |𝑝𝑛(𝑥)|.
Kharkov Aviation
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