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In the present paper we study expansion in eigenfunctions of a non-self-adjoint
system of differential equations of arbitrary even order on the half-axis [0, c0).

Consider a system of differential expressions of order 2n, which we write in the
form:

Uy) =y + Py(x)y®" =2 + Py(2)y®" =% + - + Ppy, (1)
where y(z) = (y,(z), ..., y,(z)) is a vector function; P,(x), v = 2,...,2n, are
complex-valued matrix functions of order k, summable on the interval [0, c0).

Denote by D the set of all vector functions y(z) € L?(0,00) such that: 1) the
derivatives y(”)(x), v=12,..,2n — 1, exist and are absolutely continuous on
every finite interval [0,b], b > 0; 2) I(y) € L%(0,00).

Denote by D, the set of all vector functions y(x) € D satistying the boundary
conditions

uu(y) = AV,2n71y<2n_1) (O) + AV,2n72y(2n_2)(0> T+t Au,Oy(O) =0,

v=12,..,n, (2)

where A, ; are complex matrices of order k. We define the operator L, as
follows: its domain of definition is D 4, and for y € D4

Lay = Uy)- (3)

The operator L%, adjoint to L4, is constructed in an analogous way for the
differential expression adjoint to (1),
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I"(2) = 2% + (P3(2)2) ") — (P35 (2)2)®"™%) 4 oo + P52 (4)

and for the boundary conditions adjoint to (2),

UV(Z) = BV,2nflz(2n_1)(O> + Bu,2n722<2n_2> (0) +oe BV,OZ(O) = 07

v=1,..,n. (5)

Put p?* = —\. Let wy,...,w,, be the roots of degree 2n of —1; divide the
complex p-plane into 2n equal sectors Sy, k = 0,1,...,2n — 1, defined by the
inequality

km (k+ D
W <argp < ——.

In each sector S, one can choose an ordering of the numbers wy, ..., w,,, such

that, for p € Sy,

n

Re(pw;) < Re(pw,) < - < Re(pw, ).

Denote by T}, and T},_; the boundaries of the sector S;. Let the matrix functions
P, (x) satisfy the additional condition

e |P, ()| < C,. (6)

Consider the matrix equation

Y@ 4 Py(2) Y2 . 4 P, (2)Y =AY (7)
It can be shown that equation (7) has linearly independent solutions Yj(ﬂc, p),J=

1,2,...,2n, holomorphic with respect to p for p € S; and having the asymptotics:

as T — 00 Yj<”>(x,p) = p"efi” (WY - 1+ o(1)] (8)

uniformly with respect to p € S,

J

1
asp— oo Y (x,p) = pleres® [w;’ 1+ O(;)} )

uniformly with respect to = € [0, 00).

Similarly, we construct solutions Z;(z, p), j = 1, ..., 2n, for the matrix equation
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ZP) + (ZPy(2))?"7) — (ZPy(2))P"™ 4 oo 4 Z Py, (x) = AZ, (10)

normalized in a definite manner.

Denote

—~ u (Y1) ruy(Yog) w(Yoq)
Alp) = . (11)
U, (Yl) Uy, (5/71—1) U, (KH—l)
We shall assume, for simplicity, that A(p) = 0, Z(p) # 0 for p € T}, and that
the eigenvalues of the operator L 4 are simple.

Theorem 1. The spectrum of the operator L, is continuous, for even n, on
the positive semiaxis (for odd n, respectively, on the negative semiaxis) and is
discrete in the entire complex A-plane. The eigenvalues form a finite set. For
values of A not belonging to the spectrum, the resolvent (L, — A1)~! of the
operator L4 is a bounded integral operator with kernel K (x,t, \) satisfying the
conditions

/ |K (x,t,\)|? dt < oo, / |K(z,t,\)]? dz < oco.
0 0
Consider the auxiliary boundary-value problem on the interval [0, b]:

I(y) = Ay; u,(y) =0, v=12..,n

wp(y) =y V(0) =0, p=12..n (12)
For sufficiently large b, to each eigenvalue A, ..., A, of the operator L 4 there cor-
responds exactly one eigenvalue A;(b), ..., A,.(b) of the boundary-value problem

(12), such that A (b) — A\, as b — co. All

the remaining eigenvalues of the auxiliary boundary-value problem as b — oo
satisfy the following asymptotic relations:

_ (0" G, —mm 1, o fmmi) 1

sovietrxiv.org/items/ru-196201.62909 Machine Translation


https://sovietrxiv.org/items/ru-196201.62909

i=1,2,... k, (13)

uniformly with respect to p in the domain [Re(pw,,)| < ey, €1 < &9, 0 < |p| < N,
fj(p) are the roots of the algebraic equation of order k with respect to &,

Ot +0p 1€ 4+ 0, =0, (14)
where
up (V7)) - ug (Y1) ug(Yy,) 1 1 1
0, = . . . . . ,
un(Yl) un(Yn—l) un(Yn) w:;q -1 w::;% -1 w2n7:1 -1
u(Yy) - ug(Y, ) Ul(Yn+1) 1 1
0, = . . . . . .
un(Y1> un(Ynfl) un(Yn+1) w??wtll -1 (“)2717;1 -1

Let y; (z) be an eigenfunction of the operator L 4 corresponding to the eigenvalue
Ajy 7=1,2,...,7; then

where ¢ is a k-dimensional vector and

( Ty, T17n71 )( uy(Y7) u1(Yn71) )
. . . . - 1.
Tnfl,l Tnfl,nfl Uy 1 (Y1) o w4 (Y, )

Let zj(t), j =1,2,...,r, be the eigenfunctions of the adjoint boundary-value
problem; then as b — oo

yj(zc,b)z;(t,w: y;(2)z;(t) +o(1) (16)

/0 (y;,2;) dx /Ooo(yj,zj)dx

uniformly with respect to z,t in the square 0 < z,t < ¢, ¢ > 0. The eigen-
functions of the boundary-value problem (12), corresponding to the eigenvalues
(13), have the following asymptotics as b — oo:
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) n—1 . .
Y (90705%)) = {— , Y; (x,p,(%)) Ty, [uk(Yn> —ag; (sz)) uk(Yn+1>] +

i,k=1
¥, () = ag; (p) Yorap (w0 ) b1 (ol ) +0(D, - (17)
where a # 0 is a constant depending only on w,,,w,, 1, .-, Wa,,; 7;(p) is a uniquely

determined k-dimensional vector.

The eigenfunctions of the boundary-value problem adjoint to problem (12) are
constructed with the aid of solutions of equation (10) and have the form

2 (. o) —{ S (2, 8)) Ty, [v(z5) = T wlz500)| +

i,k=1

+2, (2. 08)) =€ (p) 2y (2010 } v (o)) + 0(1), (18)

where T7,, f 7‘ are constructed in the same way as T}y, &;, r;.

Further,

1 /P A ,
p | o), <o g do = —al €0 75) +o(1) (19

as b — oo.

Let K(z,t,\) be the kernel of the resolvent of the auxiliary boundary-value
problem (12); then, as b — oo,

Ky(z,t,\) = K(z,t,\) + o(1) (20)

uniformly with respect to z,t in every finite square 0 < x,t < ¢, ¢ > 0.

Theorem 2. Suppose that conditions (6) and (11) are satisfied, and suppose
that the operator L, has only simple eigenvalues Ay = —p3™, ... N, = —p2"; let
Yps -, Y, be the corresponding eigenfunctions. Let K(x,t,\) be the kernel of
the resolvent of the operator L. Then, for any point A not belonging to the
spectrum of the operator L 4,

UGBS . (L
Kot =2 = | e e

Jj=1 . Ty, j=
(y;,2;) dz

sovietrxiv.org/items/ru-196201.62909 Machine Translation


https://sovietrxiv.org/items/ru-196201.62909

where

n—1
ﬂj(%l)) = {_ Z Y;(z,p) Ty, [uk(Yn) - a’gjuk(yn+1)] + Y, (z,p) —a 3Y (%P)} L)

n—1
gj(ta p) = T;‘* { Z [Uu(zn> - afg’v,u(szrl)]T;;,lzl(ta p) + Zn(t7 P) - ag;‘znﬂ (t7 P)} )

l,u=1
where the integral on the right converges absolutely and uniformly with respect
to x,t in the domain 0 < z,t < oo.

Denote by G 4 the totality of all vector-functions g(z) satisfying the following
conditions: 1) g(z), I(g) are summable on the interval [0,00); 2) g (z), v =
1,...,2n — 1, exist and are absolutely continuous on every finite interval [0, ];
3)u,(9) =0,v=1,2,....,n. Then, with the aid of formula (21), one can obtain
an expansion of the function g(x) in the eigenfunctions of the operator L, and
an analogue of Parseval’ s equality.

In conclusion the author expresses gratitude to M. A. Naimark for advice and
comments.

Moscow State University
named after M. V. Lomonosov

Received
27 X 1961

REFERENCES
1. M. A. Naimark, Tr. Mosk. matem. obshch., 3, 181 (1954).
2. M. A. Naimark, Linear Differential Operators, 1954.
3. V. M. Funtakov, DAN, 132, No. 4 (1960).

4. M. G. Gimadislamov, DAN, 140, No. 1 (1961).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.62909 Machine Translation


https://sovietrxiv.org/items/ru-196201.62909

	Abstract
	Full Text
	MATHEMATICS
	M. G. GIMADISLAMOV

	ON EXPANSION IN EIGENFUNCTIONS OF A NON-SELF-ADJOINT DIFFERENTIAL OPERATOR OF EVEN ORDER IN THE SPACE OF VECTOR FUNCTIONS
	REFERENCES


