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(Presented by Academician N. N. Bogolyubov on 14 VI 1962)

Among the interesting results of T. Regge (2), devoted to the study of the ana-
lytic properties of the scattering amplitude on a potential, there is the following

Theorem 1 (Regge). Let f(z) be a function regular on the interval [—1,1]
and such that its expansion in Legendre polynomials

F2) = auPa(2) W

converges inside some ellipse with foci at the points —1,1. Let there exist
a function (1), analytic and regular in the half-plane Rel > [, bounded as
[ = oo in any direction in the half-plane Rel > [, and let the relations

a, = ¢(n), n > .

be satisfied. Then the function f(z) is analytic and regular in the entire complex
z-plane, except for the cut z; < Rez < oo, where z is a point situated on the
ellipse of convergence of the expansion (1).

Regge proves the theorem formulated above by means of the Watson transform.

In the present note we shall show that, with the aid of one result of Faber (34),
the theorem stated above can be obtained as a consequence of the theorems of
Le Roy—Lindelof, proved at the beginning of this century. The results of the
authors mentioned and one theorem of Carlson ((%),p.56) also open the way
to certain generalizations of Regge’ s theorem, which may be of interest for
applications if one takes into account that the properties of the interpolating
function ¢(1) are dictated by the analytic properties of the potential (2).

Theorem 2 (Le Roy—Lindel6f). Let the analytic function ¢(1) of the variable
I = 7 + it satisfy the conditions: 1) ¢(l) is regular in some half-plane 7 > a; 2)
there exists a number 9 < 7 such that, for arbitrary € > 0 and sufficiently large
p > 0, the inequality
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o+ pet?)| < elPrele

holds for —7/2 < < 7/2.

Under these conditions the function F(x) of the variable = re?, defined by
the power series

F(z) = ¢(0) + p(1)z 4+ ¢(2)2* + - + p(n)z"™ 4 -, (2)

is holomorphic for all x lying inside the angle ¥ < 6 < 27 — ¢. In particular,
if 9 = 0, then F(z) is holomorphic in the whole plane, except for the segment
1 — oo of the real axis.

Regge’ s result is a consequence of the Le Roy—Lindel6f theorem, if one takes
into account Faber’ s theorem (see (®), p. 92), according to which

between the singular points « of the function F'(z) (2) and the singular points
B of the function f(z) (1), in view of the relations a,, = ¢(n), there is the
dependence

6:%<a+é). 3)

It is clear that the transformation (3) carries the positive half-plane of the z-
plane into the positive half-plane of the z-plane.

Faber’ s theorem also makes it easy to formulate a generalization of Regge’ s
theorem, imitating the above-mentioned Le Roy-Lindel6f theorem. We also
point to Carlson’ s theorem ((%, p. 56)), with the aid of which one can formulate
an analogous theorem for expansions in Legendre polynomials.

In connection with the application of Regge’ s theorem to relativistic theories
("8), the problem arose (%) of the uniqueness of the interpolating function ¢(1).
We note that, along with the Blaschke theorem used by V. I. Gribov, in a more
general formulation of the problem one may use Carlson’ s uniqueness theorem
((°, p. 64)). Theorems on the asymptotic behavior of the function (1) can also
be easily obtained from Lindeléf s theorems ((°, p. 113)).

In conclusion I express my gratitude to Acad. N. N. Bogolyubov for his interest
in this work.
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