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Abstract
Full Text
MATHEMATICS
E. G. D’yakonov

ON ONE METHOD FOR SOLVING THE POIS-
SON EQUATION
(Presented by Academician S. L. Sobolev, 27 X 1961)

To find the solution of the equation

𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 = 𝐹(𝑥, 𝑦),

satisfying the boundary condition

𝑢∣𝑆 = 𝜑(𝑠),

we consider the usual 5-point difference approximation

Δ2
𝑥𝑥𝑣𝑖𝑗 + Δ2

𝑦𝑦𝑣𝑖𝑗 = 𝐹𝑖𝑗 for (𝑖, 𝑗) ∈ Ωℎ; (1)

𝑣𝑖𝑗 = 𝜑𝑖𝑗 for (𝑖, 𝑗) ∈ 𝑆ℎ; (2)

Δ2
𝑥𝑥𝑣𝑖𝑗 = 𝑣𝑖+1,𝑗 − 2𝑣𝑖𝑗 + 𝑣𝑖−1,𝑗

ℎ2 , Δ2
𝑦𝑦𝑣𝑖𝑗 = 𝑣𝑖,𝑗+1 − 2𝑣𝑖𝑗 + 𝑣𝑖,𝑗−1

ℎ2 .

There exist numerous iterative methods for solving (1), (2), among which the
methods of (1, 2), in the case of rectangular domains, have the greatest rate of
convergence.

In the present note an iterative method is proposed for solving (1), (2), which
for rectangular domains has the same rate of convergence as the methods of
(1, 2), i.e., finding the solution of (1), (2) with accuracy 𝜀 requires ≻ ln ℎ ln 𝜀

ℎ2
arithmetic operations. For domains composed of a finite number of rectangles
with sides parallel to the coordinate axes, one can find the solution of (1), (2)

with accuracy 𝜀, expending ≻ ln2 ℎ | ln 𝜀|
ℎ2 arithmetic operations, if the methods

of (1, 2) or the proposed method are combined with the difference analogue of
Schwarz’s method.
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1. Let Ω̄ be a rectangle: 0 ≤ 𝑥 ≤ 𝑎, 0 ≤ 𝑦 ≤ 𝑏; ℎ is the mesh step; 𝑢(𝑖ℎ, 𝑗ℎ) =
𝑢𝑖𝑗;

Ωℎ{(𝑖, 𝑗) ∶ 𝑖 = 1, 2, … , 𝑁1 − 1; 𝑗 = 1, 2, … , 𝑁2 − 1};

𝑆ℎ{(𝑖, 𝑗) ∶ 𝑖 = 0, 𝑁1 or 𝑗 = 0, 𝑁2}; ‖𝑢‖𝐿2
= (ℎ2 ∑

𝑖𝑗
𝑢2

𝑖𝑗)
1/2

.

Expending ≻ 1
ℎ2 arithmetic operations, problem (1), (2) is easily reduced to

the problem

Δ2
𝑥𝑥𝑢𝑖𝑗 + Δ2

𝑦𝑦𝑢𝑖𝑗 = 𝑓𝑖𝑗 for (𝑖, 𝑗) ∈ Ωℎ; (3)

𝑢𝑖𝑗 = 0 for (𝑖, 𝑗) ∈ 𝑆ℎ. (4)

The following iterative method is proposed for solving problem (3), (4). Suppose
𝑢(𝑛)

𝑖𝑗 is given—the 𝑛-th approximation for 𝑢𝑖𝑗. Then 𝑢(𝑛+1)
𝑖𝑗 will be determined

from the system

(𝐸 − 𝜏𝑛Δ2
𝑥𝑥) 𝑢(𝑛+1/2)

𝑖𝑗 = (𝐸 + 𝜏𝑛Δ2
𝑥𝑥) 𝑢(𝑛)

𝑖𝑗 ; (5)

(𝐸 − 𝜏𝑛Δ2
𝑦𝑦) 𝑢(𝑛+1)

𝑖𝑗 = (𝐸 + 𝜏𝑛Δ2
𝑦𝑦) 𝑢(𝑛+1/2)

𝑖𝑗 + 𝜏𝑛 ̃𝑓 (𝑛)
𝑖𝑗 , (5’)

(𝑖, 𝑗) ∈ Ωℎ,

where 𝑢(𝑛)
𝑖𝑗 , 𝑢(𝑛+1/2)

𝑖𝑗 , 𝑢(𝑛+1)
𝑖𝑗 satisfy (4); 𝜏𝑛 > 0 is an iteration parameter; 𝐸 is

the identity operator:

̃𝑓 (𝑛)
𝑖𝑗 = {0, for (𝑖, 𝑗) ∈ 𝑆ℎ,

(𝐸 − 𝜏𝑛Δ2
𝑥𝑥)−1𝑓𝑖𝑗, for (𝑖, 𝑗) ∈ Ωℎ. (6)

It is not difficult to verify that the transition by this method from 𝑢(𝑛) to 𝑢(𝑛+1)

requires ≍ 1
ℎ2 operations.

By virtue of (4), (6), eliminating 𝑢(𝑛+1/2), we obtain

(𝐸 − 𝜏𝑛Δ2
𝑥𝑥)(𝐸 − 𝜏𝑛Δ2

𝑦𝑦)𝑢(𝑛+1)
𝑖𝑗 = (𝐸 + 𝜏𝑛Δ2

𝑥𝑥)(𝐸 + 𝜏𝑛Δ2
𝑦𝑦)𝑢(𝑛)

𝑖𝑗 + 𝑓𝑖𝑗.
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Therefore, for the error 𝑒(𝑛)
𝑖𝑗 = 𝑢𝑖𝑗 − 𝑢(𝑛)

𝑖𝑗 , we have

(𝐸 − 𝜏𝑛Δ2
𝑥𝑥)(𝐸 − 𝜏𝑛Δ2

𝑦𝑦)𝑒(𝑛+1)
𝑖𝑗 = (𝐸 + 𝜏𝑛Δ2

𝑥𝑥)(𝐸 + 𝜏𝑛Δ2
𝑦𝑦)𝑒(𝑛)

𝑖𝑗 . (7)

Let

𝑣𝑘𝑙(𝑖, 𝑗) = sin 𝑘𝜋𝑖ℎ
𝑁1

sin 𝑙𝜋𝑗ℎ
𝑁2

; Δ𝑥𝑥𝑣𝑘𝑙 = −𝜆2
𝑘𝑣𝑘𝑙; Δ𝑦𝑦𝑣𝑘𝑙 = −𝜇2

𝑙 𝑣𝑘𝑙.

Considering the expansions 𝑒(𝑛+1) = ∑𝑘,𝑙 𝑎(𝑛+1)
𝑘𝑙 𝑣𝑘𝑙, it is not difficult to obtain

𝑎(𝑛+1)
𝑘𝑙 = 𝜌(𝑛+1)(𝑘, 𝑙)𝑎(0)

𝑘𝑙 , where

𝜌(𝑛+1)(𝑘, 𝑙) =

𝑛
∏
𝑠=0

(1 − 𝜏𝑠𝜆2
𝑘)(1 − 𝜏𝑠𝜇2

𝑙 )
𝑛

∏
𝑠=0

(1 + 𝜏𝑠𝜆2
𝑘)(1 + 𝜏𝑠𝜇2

𝑙 )
.

Obviously, 𝑚 ≤ 𝜆2
𝑘 ≤ 4/ℎ2, 𝑚 ≤ 𝜇2

𝑙 ≤ 4/ℎ2, where 𝑚 > 0 and does not depend
on ℎ. Take any 𝑟 > 1 and form the following set of 𝜏𝑛:

𝜏0 = 𝑟
𝑚, 𝜏𝑛+1 = 𝜏𝑛

𝑟 (𝑛 = 0, 1, … , 𝑀 − 1), (8)

where 𝑀 is the smallest integer for which 𝜏𝑀
4
ℎ2 ≤ 1

𝑟 . It is easy to verify that
𝑀 ≍ | ln ℎ|.
Lemma 1. If 𝑀 + 1 iterations have been performed by method (5), (5′) with
the set of parameters (8), then for all 𝑘, 𝑙 the inequality

|𝜌𝑀(𝑘, 𝑙)| < (𝑟 − 1
𝑟 + 1

𝑀
∏
𝑘=1

(𝑟𝑘 − 1
𝑟𝑘 + 1))

2

.

holds.

We note that method (1) also leads to relation (7); therefore Lemma 1 is a
certain strengthening of the estimates from (1).
With the aid of this lemma the following theorem is proved:

Theorem 1. To find the solution of (3), (4) with accuracy 𝜀 in the sense of
the norm in 𝐿2, it is sufficient to repeat a cycle of 𝑀 + 1 iterations with param-
eters (8) ≍ | ln 𝜀| times; in this case the total number of arithmetic operations
performed will be
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≍ ln 𝜀 ln ℎ
ℎ2 .

If one considers method (5), (5′) with constant 𝜏𝑛, equal to 𝜏 , then the following
theorem can be established:

Theorem 2. To find the solution of (3), (4) with accuracy 𝜀, it is sufficient

to perform ≍ | ln 𝜀|
ℎ iterations by method (5), (5′) with 𝜏 ≍ ℎ; the number of

arithmetic operations performed in such a method will be ≍ | ln 𝜀|
ℎ3 .

We note that the same asymptotics for the number of arithmetic operations is
obtained also for methods (1, 2) with one iteration parameter.

2. Let us now consider the case when Ω = ⋃𝑝
𝑘=1 𝐷𝑘, where 𝐷𝑘 is a rectangle

with boundary 𝑆𝑘, composed of line segments parallel to the coordinate
axes. For simplicity of exposition we restrict ourselves to the case 𝑝 =
2. Denote by 𝐷ℎ

𝑘 the set of grid points belonging to 𝐷𝑘, and denote
the boundary points of 𝐷ℎ

𝑘 by 𝑆ℎ
𝑘 . Introduce also the following notation:

𝐷ℎ
𝑘 = 𝐷ℎ

𝑘 ∖ 𝑆ℎ
𝑘 , Ωℎ = 𝐷ℎ

1 ∪ 𝐷ℎ
2 ; Ωℎ = 𝐷ℎ

1 ∪ 𝐷ℎ
2 ; 𝛼𝑘 = 𝑆ℎ

𝑘 ∩ 𝐷ℎ
𝑙 (𝑙 ≠ 𝑘);

𝛼′
𝑘 = 𝑆ℎ

𝑘 ∖ 𝛼𝑘.

There is the following lemma, which is a difference analogue of a particular case
of Schwarz’s lemma (3):
Lemma 2. If the function 𝜔(𝑘) satisfies the difference Laplace equation

Δℎ𝜔(𝑘)
𝑖𝑗 = (Δ2

𝑥𝑥 + Δ2
𝑦𝑦)𝜔(𝑘)

𝑖𝑗 = 0

for (𝑖, 𝑗) ∈ 𝐷ℎ
𝑘 and the boundary condition

𝜔(𝑘)
𝑖𝑗 = {0 for (𝑖, 𝑗) ∈ 𝛼𝑘,

1 for (𝑖, 𝑗) ∈ 𝛼′
𝑘,

then 0 ≤ 𝜔(𝑘)
𝑖𝑗 ≤ 𝑞 < 1, for (𝑖, 𝑗) ∈ 𝛼𝑙, where the constant 𝑞 does not depend on

ℎ; 𝑘 = 1, 2; 𝑙 = 2, 1.

Since problem (1), (2), with an expenditure of arithmetic operations ≍ 1
ℎ2 , is

reduced to the problem

Δℎ𝜔𝑖𝑗 = 0 for (𝑖, 𝑗) ∈ Ωℎ; (9)

𝜔𝑖𝑗 = 𝜑𝑖𝑗 for (𝑖, 𝑗) ∈ 𝑆ℎ, (10)

instead of solving (1), (2) we shall solve (9), (10).

Consider the following iterative process, combining the difference analogue of
Schwarz’s method and any one of the methods (1,2 ), (5), (5′). Suppose that
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in 𝐷ℎ
1 and 𝐷ℎ

2 functions 𝑢(0), 𝑣(0) are given, satisfying (10) and coinciding on
𝐷ℎ

1 ∩ 𝐷ℎ
2 .

We seek the function 𝑢(1) from the conditions

Δℎ𝑢(1)
𝑖𝑗 = 0 for (𝑖, 𝑗) ∈ 𝐷ℎ

1 ;

𝑢(1)
𝑖𝑗 = {𝜑𝑖𝑗 for (𝑖, 𝑗) ∈ 𝛼1,

𝑣(0)
𝑖𝑗 for (𝑖, 𝑗) ∈ 𝛼′

1.

For this purpose, as the zeroth approximation for 𝑢(1) we take the function

𝑢̃(1) = {𝑢(0)
𝑖𝑗 for (𝑖, 𝑗) ∈ 𝐷ℎ

1 ∖ 𝛼′
1,

𝑣(0)
𝑖𝑗 for (𝑖, 𝑗) ∈ 𝛼′

1,

and perform 𝐿 cycles of iteration by one of the methods (1,2 ), (5), (5′). As a
result we obtain 𝑢(1).

We seek 𝑣(1) from the conditions:

Δℎ𝑣(1)
𝑖𝑗 = 0 for (𝑖, 𝑗) ∈ 𝐷ℎ

2 ;

𝑣(1)
𝑖𝑗 = {𝜑𝑖𝑗 for (𝑖, 𝑗) ∈ 𝛼2,

𝑢(1)
𝑖𝑗 for (𝑖, 𝑗) ∈ 𝛼′

2.

As the zeroth approximation for 𝑣(1) we take

̃𝑣(1) = {𝑣(0)
𝑖𝑗 for (𝑖, 𝑗) ∈ 𝐷ℎ

2 ∖ 𝛼2,
𝑢(1)

𝑖𝑗 for (𝑖, 𝑗) ∈ 𝛼′
2,

and then 𝐿 cycles of iteration are performed. We obtain 𝑣(1). From 𝑣(1) we
construct 𝑢(2), and so on.

Theorem 3. If 𝐿 ≍ | ln ℎ|, then as 𝑛 → ∞ the functions 𝑢(𝑛), 𝑣(𝑛) tend to 𝜔,
and, to obtain the estimate,

max{‖𝜔 − 𝑢(𝑛)‖𝑐, ‖𝜔 − 𝑣(𝑛)‖𝑐} < 𝜀 max{‖𝜔 − 𝑢(0)‖𝑐, ‖𝜔 − 𝑣(0)‖𝑐}

it suffices to take ≍ | ln 𝜀|. The number of arithmetic operations performed in
this case will be

≍ | ln 𝜀| ln2 ℎ
ℎ2 .

The proof of this theorem is carried out in approximately the same way as the
proof of Theorem 3 in paper (4).
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Remark 1. The methods (1,2 ), (5), (5′) carry over to the case of the first
boundary-value problem in a rectangle for the equation ℒ𝑢 = 𝑓 , where ℒ is
a positive-definite self-adjoint elliptic operator of order 2𝑚 with separable vari-
ables.

Remark 2. In the case of 𝑠 variables, where 𝑠 ⩾ 3, the method (5), (5′), as
well as the method (1), does not carry over; therefore Theorem 3 remains valid
only for the method (2).
Remark 3. A certain generalization of the method (5), (5′) is possible. Namely,
instead of (5), (5′) one considers the system of equations

(𝐸 − 𝜎1𝜏𝑛Δ2
𝑥𝑥) 𝑢(𝑛+1/2)

𝑖𝑗 = (𝐸 + (1 − 𝜎1)𝜏𝑛Δ2
𝑥𝑥) 𝑢(𝑛)

𝑖𝑗 ,
(𝐸 − 𝜎2𝜏𝑛Δ2

𝑦𝑦) 𝑢(𝑛+1)
𝑖𝑗 = (𝐸 + (1 − 𝜎2)𝜏𝑛Δ2

𝑦𝑦) 𝑢(𝑛+1/2)
𝑖𝑗 + ̃𝑓 (𝑛)

𝑖𝑗 ,
̃𝑓 (𝑛)

𝑖𝑗 = (𝐸 − 𝜎1𝜏𝑛Δ2
𝑥𝑥)−1 𝑓𝑖𝑗.

If 1/2 ⩽ 𝜎𝑖 ⩽ 1 (𝑖 = 1, 2), then Theorems 1, 2, 3 are also valid for this general-
ization (5), (5′).
Moscow State University
named after M. V. Lomonosov

Received
7 X 1961
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