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Abstract
Full Text

A. N. Andrianov
ON THE ANALYTIC ARITHMETIC OF QUADRATIC
FORMS WITH AN ODD NUMBER OF VARIABLES IN
CONNECTION WITH THE THEORY OF MODULAR
FORMS
(Presented by Academician I. M. Vinogradov on 23 II 1962)

Notation.
𝑓(𝑥1, … , 𝑥𝑚) = ∑

1≤𝑖≤𝑗≤𝑚
𝑎𝑖𝑗𝑥𝑖𝑥𝑗 is a positive definite quadratic form with integral

coefficients and an odd number of variables 𝑚 = 2𝑘 + 1; 𝐷 is the discriminant
of 𝑓 ; 𝑞 is the level of 𝑓 ; 𝑙 is a natural number not divisible by a square different
from 1; 𝑟𝑓(𝑛) is the number of integral representations of the number 𝑛 by
the form 𝑓 ; 𝑡0 is the least natural number such that 𝑟𝑓(𝑙𝑡2

0) > 0; 𝑞1 = 4𝑙𝑡2
0𝑞;

𝑞2 = 16𝑙3𝑡6
0𝑞; Γ(𝑁) (respectively Γ(𝑁, 𝑁0) for 𝑁 ≡ 0 (mod 𝑁0)) is the group of

integral unimodular matrices of order two (𝛼 𝛽
𝛾 𝛿) such that 𝛾 ≡ 0 (mod 𝑁)

(respectively 𝛾 ≡ 0 (mod 𝑁); 𝛽 ≡ 0 (mod 𝑁0)); (𝑃
𝑄) is the Jacobi symbol;

𝑔𝑙(𝑡) = ∑
𝑑∣𝑡

(𝑑,𝑡0)=1

𝑑𝑘−1 (2𝑙𝐷
𝑑 ) 𝑟𝑓 (𝑙𝑡2

𝑑2 ) ;

𝜏 is a complex variable.

In this note the following is proved.

Theorem. The function

𝐺𝑙(𝜏) =
∞

∑
𝑡=1

𝑔𝑙(𝑡) exp(2𝜋𝑖𝜏𝑡
𝑡0

) ,

regular in the upper half-plane Im 𝜏 > 0, is represented there in the form

𝐺𝑙(𝜏) = 𝐶𝑙 + 𝐹𝑙(𝜏) + 𝐹𝑙(𝜏),

where 𝐶𝑙 is a constant; 𝐹𝑙(𝜏), 𝐹𝑙(𝜏) are functions regular for Im 𝜏 > 0, and

𝐹𝑙 (𝛼𝜏 + 𝛽
𝛾𝜏 + 𝛿 ) = (𝛾𝜏 + 𝛿)2𝑘𝐹𝑙(𝜏) for (𝛼 𝛽

𝛾 𝛿) ∈ Γ(𝑞2, 𝑡0),
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𝐹𝑙 (𝛼𝜏 + 𝛽
𝛾𝜏 + 𝛿 ) = (2𝑙𝐷

𝛼 ) (𝛾𝜏 + 𝛿)𝑘𝐹𝑙(𝜏) for (𝛼 𝛽
𝛾 𝛿) ∈ Γ(𝑞1).

From this theorem, on the basis of the results of the work (1), there follows the
following

Corollary. Let 𝑓 be a positive definite ternary form; then there exists a number
𝑄 = 𝑄𝑙,𝑓 such that for all 𝑡 relatively prime to 𝑄, an asymptotic formula holds
for the number of integral representations of the number 𝑙𝑡2 by the ternary
form 𝑓 , or, what is the same, for the number of rational points on the ellipsoid
𝑓(𝑥1, 𝑥2, 𝑥3) = 𝑙 with denominator 𝑡:

𝑟𝑓(𝑙𝑡2) = 𝐶𝑙𝑓 ∑
𝑑∣𝑡

𝑑 ∏
𝑝∣𝑑

(1 − (2𝑙𝐷
𝑝 ) 1

𝑝) + 𝛼𝑙𝑓(𝑡), (*)

where

|𝛼𝑙𝑓(𝑡)| < 𝐶′
𝑙𝑓𝜏2(𝑡)

√
𝑡;

Here 𝐶𝑙𝑓 , 𝐶′
𝑙𝑓 are certain constants; 𝜏(𝑡) is the number of divisors of the number

𝑡; 𝑝 runs through the prime divisors 𝑑.
Formula (*) may be regarded as a generalization of Gauss’s formulas for the
number of integral representations of an integer as a sum of three squares.

Proof of the theorem.

1∘. Put

𝜑(𝑥2, … , 𝑥𝑚) = 4𝑎11 ∑ 𝑎𝑖𝑗𝑥𝑖𝑥𝑗 − (𝑎12𝑥2 + ⋯ + 𝑎1𝑚𝑥𝑚)2.

Denote by 𝐷𝜑 and 𝑞𝜑 the discriminant and the level of the form 𝜑. It is easy
to see that 𝐷𝜑 = 22𝑘−1𝑎2𝑘−1

11 𝐷 and that 𝑞𝜑 divides 𝑞1 = 4𝑎11𝑞. Let 𝑏 = 2𝑙𝑡2
0,

𝑐 = 2𝑙𝑡0, and let 𝐸 = (𝑒2, … , 𝑒𝑚) be a vector whose components are residue
classes modulo 𝑏; let 𝑟𝜑(𝑛) and 𝑟𝜑(𝑛, 𝐸) denote respectively the total number
of integral representations of 𝑛 by the form 𝜑, and the number of representations
𝑛 = 𝜑(𝑥2, … , 𝑥𝑚) such that 𝑥𝑖 ≡ 𝑒𝑖 (mod 𝑏), 𝑖 = 2, … , 𝑚. Then, since 𝑙𝑡2

0 is
representable by the form 𝑓 , we may assume that 𝑎11 = 𝑙𝑡2

0, and on the basis of
the obvious identity

4𝑎11𝑓(𝑥1, … , 𝑥𝑚) = (2𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑚𝑥𝑚)2 + 𝜑(𝑥2, … , 𝑥𝑚)

we obtain the following fundamental relation:

𝑟𝑓(𝑙𝑡2) = ∑
𝐸

𝑐𝑡
∑

𝑥=−𝑐𝑡
𝑥≡𝐸𝐻 (mod 𝑏)

𝑟𝜑((𝑐𝑡)2 − 𝑥2, 𝐸) = 𝜔𝑙(𝑡) + 𝜔̃(𝑡), (1)
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where the vector 𝐻 = (𝑎12, … , 𝑎1𝑚);

𝜔𝑙(𝑡) = ∑
𝐸≠0

𝑐𝑡
∑

𝑥=−𝑐𝑡
𝑥≡𝐸𝐻 (mod 𝑏)

𝑟𝜑((𝑐𝑡)2 − 𝑥2, 𝐸); 𝜔̃(𝑡) = 𝛿(𝑡′)
𝑡′

∑
𝑥=−𝑡′

𝑟𝜑((𝑡′)2 − 𝑥2);

𝑡′ = 𝑡/𝑡0; 𝛿(𝑡′) is equal to 1 if 𝑡′ is an integer, and is equal to 0 otherwise.

2∘. Let 𝔐 be some subspace of the space of modular forms for the group Γ(𝑁),
of dimension 𝑘 and character 𝜒, closed with respect to the Hecke operators
𝑇 (𝑚), 𝑚 = 1, 2, … (see (2)); let 𝑓1(𝜏), … , 𝑓𝑔(𝜏) be a basis of the space 𝔐, and
let the operator 𝑇 (𝑚) be given in this basis by the matrix 𝜆(𝑚). Then (2)

𝜆(𝑚)𝜆(𝑛) = ∑
𝑑∣𝑚,𝑛

𝜆(𝑚𝑛
𝑑2 ) 𝜒(𝑑)𝑑𝑘−1, (2)

where 𝜒 is the character conjugate to 𝜒, and 𝜒(𝑑) = 0 if (𝑑, 𝑁) > 1. Moreover,
if

𝑓𝑖(𝜏) =
∞

∑
𝑚=0

𝑎𝑖(𝑚) exp(2𝜋𝑖𝜏𝑚),

then (2) there exist 𝑔 constant matrices 𝐵1, … , 𝐵𝑔, forming a basis of the com-
mutative ring of Hecke operators on 𝔐, such that for 𝑚 = 1, 2, …

𝜆(𝑚) =
𝑔

∑
𝑖=1

𝑎𝑖(𝑚)𝐵𝑖. (3)

Let 𝛼𝑘
𝑖𝑗, 𝑖, 𝑗, 𝑘 = 1, 2, … , 𝑔, be the multiplication table for the matrices 𝐵𝑖, so

that

𝐵𝑖𝐵𝑗 =
𝑔

∑
𝑘=1

𝛼𝑘
𝑖𝑗𝐵𝑘;

then from formulas (2) and (3) the following relation is obtained without diffi-
culty:

𝑎𝑠(𝑚𝑛) = ∑
𝑑∣𝑚,𝑛

𝑔
∑
𝑖,𝑗=1

𝛼𝑠
𝑖𝑗𝑎𝑖(

𝑚
𝑑 ) 𝑎𝑗(

𝑛
𝑑 ) 𝜒(𝑑)𝑑𝑘−1𝜇(𝑑), (4)

where 𝑚, 𝑛 > 0, and 𝜇(𝑑) is the Möbius function.

3°. Let 𝐸 ≠ 0. Put 𝜗𝜑(𝜏 ∣ 𝐸) =
∞

∑
𝑛=0

𝑟𝜑(𝑛, 𝐸) exp(2𝜋𝑖𝜏𝑛) and denote by 𝔐(𝜒)

the space of all modular forms with respect to the group Γ′(𝑞2) of character
𝜒, of dimension −𝑘, with zero constant terms of the Fourier expansions in a
neighborhood of the point 𝑖∞. Then from the properties of 𝜗𝜑(𝜏 ∣ 𝐸) (see (3))
it follows that
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∑
𝑟 mod 𝑞2
(𝑟,𝑞2)=1

𝜗𝜑(𝜏 ∣ 𝑟𝐸) (𝐷𝜑
𝑟 ) 𝜒(𝑟) ∈ 𝔐(𝜒).

Thus, if 𝑓𝜒
1 (𝜏), … , 𝑓𝜒

𝑔𝜒(𝜏) is a basis of 𝔐(𝜒) and 𝛼𝑖(𝐸, 𝜒) are the coefficients in
the expansion of the last function with respect to the basis 𝑓𝜒

𝑖 (𝜏), then

𝜗𝜑(𝜏 ∣ 𝐸) = 1
𝜑(𝑞2) ∑

𝜒

𝑔𝜒

∑
𝑖=1

𝛼𝑖(𝐸𝜒) 𝑓𝜒
𝑖 (𝜏), (5)

where 𝜑(𝑞2) is Euler’s function. To the space 𝔐(𝜒), obviously, the results of the
preceding item are applicable; therefore, if we denote by 𝛼𝑠𝜒

𝑖𝑗 , 𝑖, 𝑗, 𝑠 = 1, 2, … , 𝑔𝜒,
the multiplication table for the basis of the Hecke operator ring on 𝔐(𝜒), then
from relations (4) and (5) it follows that

𝜔𝑙(𝑡) = 1
𝜑(𝑞2) ∑

𝜒

𝑔𝜒

∑
𝑖,𝑗,𝑠=1

𝛼𝑠𝜒
𝑖𝑗 ∑

𝑑∣2𝑐𝑡
𝑑𝑘−1𝜇(𝑑) (𝐷𝜑

𝑑 ) 𝑏𝜒
𝑙𝑗𝑠 (2𝑐𝑡

𝑑 ) , (6)

where

𝑏𝜒
𝑖𝑗𝑠(2𝑁) = ∑

𝑚+𝑛=2𝑁
𝑚,𝑛≥0

𝑎𝜒
𝑖 (𝑚)𝑎𝜒

𝑗 (𝑛) 𝛿𝜒
𝑠 (𝑛 − 𝑚

2 ) and 𝛿𝜒
𝑠 (𝑟) = ∑

𝐸𝐻≡𝑟 (mod 𝑏)
𝛼𝑠(𝐸, 𝜒),

in the formula for 𝛿𝜒
𝑠 (0) the summation is taken over all 𝐸, 𝐸𝐻 ≡ 0 (mod 𝑏),

𝐸 ≠ 0. From relation (6) we obtain:

∑
𝑑∣𝑡

𝑑𝑘−1 (𝐷𝜑
𝑑 ) 𝜔𝑙 ( 𝑡

𝑑 ) = 1
𝜑(𝑞2) ∑

𝜒

𝑔𝜒

∑
𝑖,𝑗,𝑠=1

𝛼𝑠𝜒
𝑖𝑗 𝑏𝜒

𝑙𝑗𝑠(2𝑐𝑡). (7)

Consider the functions

𝑓𝜒,𝑟
𝑖 (𝜏) = ∑

𝑛≡𝑟 (mod 2𝑏)
𝑎𝜒

𝑖 (𝑛) exp(2𝜋𝑖𝜏𝑛
2𝑏 ) ;

then, since 2𝑏 divides 𝑞2, it is easy to prove that for (𝛼 𝛽
𝛾 𝛿) ∈ Γ′(𝑞2)

𝑓𝜒,𝑟
𝑖 (𝛼𝜏 + 𝛽

𝛾𝜏 + 𝛿 ) = 𝜒(𝛼) exp(2𝜋𝑖𝑟𝛼𝛽
2𝑏 ) (𝛾𝜏 + 𝛿)𝑘𝑓𝜒,𝑟𝛼2

𝑖 (𝜏). (8)
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From formula (8) and from the obvious relation

𝐵𝜒
𝑖𝑗𝑠(𝜏) =

∞
∑
𝑡=0

𝑏𝜒
𝑖𝑗𝑠(2𝑐𝑡) exp(2𝜋𝑖𝜏𝑡

𝑡0
) = ∑

𝑟+𝑙≡0 (mod 2𝑐)
𝑓𝜒,𝑟

𝑖 (𝜏)𝑓𝜒,𝑙
𝑗 (𝜏)𝛿𝜒

𝑠 (𝑙 − 𝑟
2 )

it follows that for (𝛼 𝛽
𝛾 𝛿) ∈ Γ′(𝑞2, 𝑡0)

𝐵𝜒
𝑖𝑗𝑠 (𝛼𝜏 + 𝛽

𝛾𝜏 + 𝛿 ) = (𝛾𝜏 + 𝛿)2𝑘𝐵𝜒
𝑖𝑗𝑠(𝜏). (9)

4°. We now consider

𝜔̃(𝑡) = 𝛿(𝑡′)
𝑡′

∑
𝑥=−𝑡′

𝑟𝜑((𝑡′)2 − 𝑥2).

The series

𝜗𝜑(𝜏) =
∞

∑
𝑛=0

𝑟𝜑(𝑛) exp(2𝜋𝑖𝜏𝑛)

is a modular form of dimension −𝑘

of the character 𝜒0, where 𝜒0(𝑟) = (𝐷𝜑
𝑟 ), with respect to the group Γ′(𝑞1)

(recall that 𝑞𝜑 divides 𝑞1). Let 𝔐̃ be the space of all modular forms with respect
to Γ′(𝑞1), of dimension −𝑘, and of character 𝜒0. Let 𝑓1(𝜏), … , 𝑓𝑔(𝜏) be its basis,
with 𝑓1(𝜏) = 𝜗𝜑(𝜏), and let 𝑓2(𝜏), … , 𝑓𝑔(𝜏) have no constant terms in their
Fourier expansions (in a neighborhood of the point 𝑖∞). We apply to 𝔐̃ the
results of item 2∘. Let the multiplication table of the basis of the Hecke operator
ring on 𝔐̃ be ̃𝛼 𝑠

𝑖𝑗, 𝑖, 𝑗, 𝑠 = 1, 2, … , 𝑔; then, computing 𝜔̃(𝑡), we obtain:

𝜔̃(𝑡) = 𝛿(𝑡′)
⎛⎜⎜⎜
⎝

∑
𝑚+𝑛=2𝑡′

𝑚,𝑛>0

𝑟𝜑(𝑚𝑛) + 2
⎞⎟⎟⎟
⎠

= 𝛿(𝑡′) ⎛⎜
⎝

𝑔
∑
𝑖,𝑗=1

̃𝛼1
𝑖𝑗 ∑

𝑑∣2𝑡′
𝑑𝑘−1𝜇(𝑑) (𝐷𝜑

𝑑 ) 𝑏𝑖𝑗(
2𝑡′

𝑑 )

−2
𝑔

∑
𝑖=1

̃𝛼1
1𝑖 ∑

𝑑∣2𝑡′
𝑑𝑘−1𝜇(𝑑) (𝐷𝜑

𝑑 ) 𝑎𝑖(
2𝑡′

𝑑 ) + 2⎞⎟
⎠

, (10)

where
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𝑏𝑖𝑗(𝑛) = ∑
𝑘+𝑠=𝑛
𝑘,𝑠≥0

𝑎𝑖(𝑘)𝑎𝑗(𝑠).

From relation (10) we obtain

∑
𝑑∣𝑡

𝑑𝑘−1 (𝐷𝜑
𝑑 ) 𝜔̃( 𝑡

𝑑 ) =

= 𝛿(𝑡′) ⎛⎜
⎝

𝑔
∑
𝑖,𝑗=1

̃𝛼1
𝑖𝑗𝑏𝑖𝑗(2𝑡′) − 2

𝑔
∑
𝑖=1

̃𝛼1
1𝑖𝑎𝑖(2𝑡′) + 2 ∑

𝑑∣𝑡
𝑑𝑘−1 (𝐷𝜑

𝑑 )⎞⎟
⎠

. (11)

We note that the series

𝐵𝑖𝑗(𝜏) =
∞

∑
𝑡′=0

𝑏𝑖𝑗(2𝑡′) exp(2𝜋𝑖𝜏𝑡′)

is a modular form of dimension −2𝑘, of unit character with respect to the group
Γ′(𝑞1), and hence also with respect to Γ′(𝑞2, 𝑡0); as for the series

𝐴𝑖(𝜏) =
∞

∑
𝑡′=0

𝑎𝑖(2𝑡′) exp(2𝜋𝑖𝜏𝑡′)

and

𝐺(𝜏) = 𝑔0 +
∞

∑
𝑡′=1

⎛⎜
⎝

∑
𝑑∣𝑡′

𝑑𝑘−1 (𝐷𝜑
𝑑 )⎞⎟

⎠
exp(2𝜋𝑖𝜏𝑡′),

they are modular forms with respect to Γ′(𝑞1) of dimension −𝑘 and character

𝜒0(𝑟) = (𝐷𝜑
𝑟 ).

5∘. Since

𝑔𝑙(𝑡) = ∑
𝑑∣𝑡

(𝑑,𝑡0)=1

𝑑𝑘−1 (2𝑙𝐷
𝑑 ) 𝑟𝑓(𝑙𝑡2

𝑑2 ) = ∑
𝑡∣𝑑

𝑑𝑘−1 (𝐷𝜑
𝑑 ) 𝜔𝑙(

𝑡
𝑑 )+∑

𝑑∣𝑡
𝑑𝑘−1 (𝐷𝜑

𝑑 ) 𝜔̃( 𝑡
𝑑 ) ,

(12)

then, applying to formula (12) relations (7), (9), and (11), we obtain the asser-
tion of the theorem.
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Remark. On the basis of the computation of concrete examples one may con-
jecture that, at least for ternary forms, the series 𝐹𝑙(𝜏) entering into the for-
mulation of the theorem is identically zero, and 𝐺𝑙(𝜏), up to a constant, is a
modular form of dimension −2𝑘 with respect to Γ′(𝑞2, 𝑡0).
Leningrad Branch
of the V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
19 II 1962
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