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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1962. Volume 147, No. 5

PHYSICS
N. M. PLAKIDA

ON THE CALCULATION OF THE ELECTRICAL-
CONDUCTIVITY TENSOR
(Presented by Academician N. N. Bogolyubov, 3 VII 1962)

As is known, the kinetic coefficients for weakly nonequilibrium processes are
simply expressed in terms of time correlation functions of the equilibrium state.
However, the calculation of such quantities in the case of a temperature different
from zero presents difficulties. We shall consider two-time temperature Green
functions (retarded and advanced) (1,2), since the equations for them have a
simple form, and the kinetic coefficients are expressed directly in terms of the
Fourier component of the retarded Green function. The discussion will be car-
ried out using as an example the calculation of the electrical-conductivity tensor
for a system of electrons scattered by lattice phonons or by impurities. This
problem has been considered by a number of authors by other methods (3−5).
Let us introduce retarded and advanced Green functions of the type (1,2)

𝐺𝑟
𝜇,𝜈(𝑡 − 𝑡′) ≡ ⟨⟨𝑗𝜇(𝑡), 𝑗𝜈(𝑡′)⟩⟩𝑟 = −𝑖𝜃(𝑡 − 𝑡′)⟨[𝑗𝜇(𝑡), 𝑗𝜈(𝑡′)]+⟩,

𝐺𝑎
𝜇,𝜈(𝑡 − 𝑡′) ≡ ⟨⟨𝑗𝜇(𝑡), 𝑗𝜈(𝑡′)⟩⟩𝑎 = 𝑖𝜃(𝑡′ − 𝑡)⟨[𝑗𝜇(𝑡), 𝑗𝜈(𝑡′)]+⟩, (1)

where [𝑗𝜇(𝑡), 𝑗𝜈(𝑡′)]+ is the anticommutator of the current operators 𝑗𝜇(𝑡) in
the Heisenberg representation, and ⟨⋯⟩ denotes averaging over the grand Gibbs
ensemble. In what follows we shall omit the indices 𝑟, 𝑎, since the Fourier
components of the Green functions (1)

𝐺𝑟,𝑎
𝜇,𝜈(𝐸) = 1

2𝜋 ∫
∞

−∞
𝐺𝑟,𝑎

𝜇,𝜈(𝑡)𝑒𝑖𝐸𝑡 𝑑𝑡 (2)

can be analytically continued into the region of complex 𝐸 and regarded as a
single analytic function with a cut along the real axis (1,2).
As is easy to show (2), the dissipative part of the electrical-conductivity tensor of
the system in the absence of a magnetic field is related to the Fourier component
of the Green function (1) in the following way:
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Re 𝜎𝜇𝜈(𝜔) = 1
2𝜔 th 𝛽𝜔

2 2𝜋𝑖 lim
𝜀→+0

{𝐺𝜇𝜈(𝜔 + 𝑖𝜀) − 𝐺𝜇𝜈(𝜔 − 𝑖𝜀)}, 𝛽 = 1
𝑘𝑇 . (3)

Introducing the mass operator ℳ𝜇𝜈(𝐸) for the Green function (1) according to
the definition

2𝜋𝐺𝜇𝜈(𝐸) = ⟨[𝑗𝜇, 𝑗𝜈]⟩/[𝐸 − ℳ𝜇𝜈(𝐸)], (4)

we represent formula (3) in the form

Re 𝜎𝜇𝜈(𝜔) = 1
2𝜔 th 𝛽𝜔

2 ⟨[𝑗𝜇, 𝑗𝜈]+⟩ 2𝛾𝜇𝜈(𝜔)
[𝜔 + 𝑀𝜇𝜈(𝜔)]2 + 𝛾2𝜇𝜈(𝜔) , (5)

where the real and imaginary parts of the mass operator have been introduced:

lim
𝜀→+0

ℳ𝜇𝜈(𝜔 ± 𝑖𝜀) = 𝑀𝜇𝜈(𝜔) ∓ 𝑖𝛾𝜇𝜈(𝜔). (6)

In the case of static conductivity the frequency of the external electric field is
𝜔 = 0, and the conductivity is

𝜎𝜇𝜈 = 𝛽
2

⟨[𝑗𝜇, 𝑗𝜈]+⟩
𝛾𝜇𝜈(0) . (7)

Thus, the dissipative part of the electrical-conductivity tensor is determined by
the imaginary part of the Green’s function of the currents. However, the direct
calculation of the Green’s function (1), or of the corresponding time correlation
functions, encounters certain difficulties (5). Therefore we shall consider the
equation for the two-particle Green’s function

𝐺𝑘𝑘′(𝑡 − 𝑡′) = ⟨⟨𝑎+
𝑘 (𝑡)𝑎𝑘(𝑡); 𝑎+

𝑘′(𝑡′)𝑎𝑘′(𝑡′)⟩⟩, (8)

from which we shall then determine the Green’s function (1), related to (8) by
the relation

𝐺𝜇𝜈(𝑡 − 𝑡′) = 𝑒2 ∑
𝑘,𝑘′

𝑣𝜇(𝑘)𝑣𝜈(𝑘′)𝐺𝑘,𝑘′(𝑡 − 𝑡′), (9)

where 𝑎+
𝑘 (𝑡) and 𝑎𝑘(𝑡) are the creation and annihilation operators of an electron

with momentum 𝑘, 𝑒 is the electron charge, and 𝑣𝜇(𝑘) = 𝜕𝜀𝑘/𝜕𝑘𝜇 is the 𝜇-th
component of the velocity of an electron with energy 𝜀𝑘.
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For definiteness, let us consider a system of metal electrons scattered by lattice
phonons, which is described by the Fröhlich Hamiltonian:

ℋ = ℋ0 + ℋ1 = ∑
𝑘

𝜀𝑘𝑎+
𝑘 𝑎𝑘 + ∑

𝑞
𝜔𝑞𝑏+

𝑞 𝑏𝑞 + ∑
𝑘,𝑞

𝐴𝑞𝑎+
𝑘+𝑞𝑎𝑘(𝑏𝑞 + 𝑏+

−𝑞), (10)

where 𝜔𝑞 is the energy of a phonon with wave number 𝑞, 𝐴𝑞 = 𝛾𝑞𝜔−1/2
𝑞 , and 𝛾

is the interaction constant.

For the Green’s function (8) it is easy to obtain a chain of equations by succes-
sively differentiating them with respect to the time 𝑡:

𝑖 𝑑
𝑑𝑡𝐺𝑘,𝑘′(𝑡 − 𝑡′) = 𝛿(𝑡 − 𝑡′)⟨[𝑎+

𝑘 𝑎𝑘, 𝑎+
𝑘′𝑎𝑘′ ]+⟩ + ⟨⟨[𝑎+

𝑘 𝑎𝑘, ℋ1]; 𝑎+
𝑘′(𝑡′)𝑎𝑘′(𝑡′)⟩⟩, (11)

𝑖 𝑑
𝑑𝑡⟨⟨[𝑎+

𝑘 𝑎𝑘, ℋ1]; 𝑎+
𝑘′(𝑡′)𝑎𝑘′(𝑡′)⟩⟩ = 𝛿(𝑡−𝑡′)⟨[[𝑎+

𝑘 𝑎𝑘, ℋ1], 𝑎+
𝑘′𝑎𝑘′ ]+⟩+⟨⟨[[𝑎+

𝑘 𝑎𝑘, ℋ1], ℋ]; 𝑎+
𝑘′(𝑡′)𝑎𝑘′(𝑡′)⟩⟩.

(12)

Applying perturbation theory for the mass operator of the two-particle Green’s
function (6), we represent the higher-order Green’s functions on the right-hand
side of equation (12) in terms of the original one. To do this we perform a
pairing of operators referring to one instant of time:

⟨⟨𝑎+
𝑘+𝑞𝑎+

𝑝−𝑞𝑎𝑝𝑎𝑘; 𝑎+
𝑘′𝑎𝑘′⟩⟩ = −𝑛𝑘+𝑞𝐺𝑘,𝑘′𝛿𝑝,𝑘+𝑞 − 𝑛𝑘𝐺𝑘+𝑞,𝑘′ 𝛿𝑝−𝑞,𝑘,

⟨⟨𝑎+
𝑘+𝑞+𝑞′(𝑏𝑞′ + 𝑏+

−𝑞′)𝑏𝑞𝑎𝑘; 𝑎+
𝑘′𝑎𝑘′⟩⟩ = 𝑁𝑞𝐺𝑘,𝑘′ 𝛿−𝑞′,𝑞,

where 𝑛𝑘 and 𝑁𝑞 are the mean occupation numbers of electrons and phonons.
The inhomogeneous terms in (11) and (12) are calculated in the lowest order, i.e.,
averaged with the Hamiltonian ℋ0, for example: ⟨[𝑎+

𝑘 𝑎𝑘, 𝑎+
𝑘′𝑎𝑘′ ]+⟩ = 2𝑛𝑘(1 −

𝑛𝑘)𝛿𝑘,𝑘′ . Passing in equations (11), (12) to the Fourier representation and using
the approximations made, we obtain a closed equation for the Green’s function
𝐺𝑘,𝑘′(𝐸):

𝐸𝐺𝑘,𝑘′(𝐸) = 1
2𝜋 2𝑛𝑘(1 − 𝑛𝑘)𝛿𝑘,𝑘′+

+ ∑
𝑞

(𝐺𝑘,𝑘′(𝐸)𝑤𝑘+𝑞,𝑘(𝐸) − 𝑤𝑘,𝑘+𝑞(𝐸)𝐺𝑘+𝑞,𝑘′(𝐸)) , (13)
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where

𝑤𝑘+𝑞,𝑘(𝐸) = 𝐴2
𝑞 ( −2𝐸(1 + 𝑁𝑞 − 𝑛𝑘+𝑞)

(𝜀𝑘+𝑞 − 𝜀𝑘 + 𝜔𝑞)2 − 𝐸2 + −2𝐸(𝑁𝑞 + 𝑛𝑘+𝑞)
(𝜀𝑘+𝑞 − 𝜀𝑘 − 𝜔𝑞)2 − 𝐸2 ) .

As is evident, this integral equation is similar to the kinetic equation.

for the nonequilibrium distribution function. In particular, the sum on the
right-hand side of (13) is the “collision term”in the approximation linear in
the external field; moreover, 𝑤𝑘+𝑞,𝑘(𝐸) for 𝐸 = 𝑖𝜀 → 0 is the probability of
transition of an electron from the state with momentum k to the state with
momentum k + q.

As is known, solving such an equation presents difficulties, but to compute the
electrical-conductivity tensor it is necessary to find only the first moment of the
function 𝐺𝑘,𝑘′(𝐸)—the current Green’s function (1). From (13) we find the
equation for this function:

𝐸𝐺𝜇𝜈(𝐸) = 1
𝜋 ⟨𝑗𝜇𝑗𝜈⟩0 + 𝑒2 ∑

𝑘,𝑘′
𝑣𝜇(𝑘)𝑣𝜈(𝑘′) ℳ𝑘(𝐸)𝐺𝑘,𝑘′(𝐸), (14)

where

𝑣𝜇(𝑘)ℳ𝑘(𝐸) = ∑
𝑞

𝑤𝑘+𝑞,𝑘(𝑣𝜇(𝑘) − 𝑣𝜇(𝑘 + 𝑞)).

It is easy to verify that equation (14) is satisfied by the function

2𝜋𝐺𝑘,𝑘′(𝐸) = [2𝑛𝑘(1 − 𝑛𝑘)𝛿𝑘,𝑘′ + ℎ𝑘,𝑘′]/[𝐸 − ℳ𝑘(𝐸)], (15)

where ℎ𝑘,𝑘′ is the solution of the homogeneous equation

∑
𝑘,𝑘′

𝑣𝜇(𝑘)𝑣𝜈(𝑘′)ℎ𝑘,𝑘′ = 0.

Taking into account definition (4) for the mass operator, from (14) we obtain

𝐺𝜇𝜈(𝐸)ℳ𝜇𝜈(𝐸) = 𝑒2 ∑
𝑘,𝑘′

𝑣𝜇(𝑘)𝑣𝜈(𝑘′)ℳ𝑘(𝐸)𝐺𝑘,𝑘′(𝐸).

Substituting here the solution (15) and taking into account that the function
𝑛𝑘(1 − 𝑛𝑘) = − 1

𝛽
𝜕𝑛𝑘
𝜕𝜀𝑘

has a sharp maximum at |k| = 𝑘0, the Fermi momentum,
we can obtain the final expression for the mass operator
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ℳ𝜇𝜈(𝐸) = 𝑒2 ∑
𝑘

𝑣𝜇(𝑘)𝑣𝜈(𝑘)𝑛𝑘(1 − 𝑛𝑘)ℳ𝑘(𝐸)/⟨𝑗𝜇𝑗𝜈⟩0, (16)

where we have assumed that the condition

𝜕𝑛𝑘
𝜕𝜀𝑘

∣𝜕ℳ𝑘(𝐸)
𝜕𝑘 ∣

𝑘=𝑘0

|𝑘 − 𝑘0| ≪ ∣ℳ𝑘(𝐸)𝜕𝑛𝑘
𝜕𝜀𝑘

∣
𝑘=𝑘0

is satisfied.

As is evident, the solution ℎ𝑘,𝑘′ of the homogeneous equation does not enter
into the final expression (16).

In the case of static conductivity, the imaginary part of the mass operator (16),
after simple transformations, takes the form

𝛾𝜇𝜈(0) = 2𝜋𝑒2 ∑
𝑘,𝑞

𝐴2
𝑞(𝑣𝜇(𝑘 + 𝑞) − 𝑣𝜇(𝑘))(𝑣𝜈(𝑘 + 𝑞) − 𝑣𝜈(𝑘))×

× 𝑁𝑞(1 + 𝑁𝑞)(𝑛𝑘 − 𝑛𝑘+𝑞)𝛿(𝜀𝑘+𝑞 − 𝜀𝑘 − 𝜔𝑞)/⟨𝑗𝜇𝑗𝜈⟩0. (17)

This expression leads to the well-known formula for the static conductivity (7):

𝜎𝜇𝜈 = 𝛿𝜇𝜈2𝑒2𝑘4
0𝑣2(𝑘0)𝑐6𝛽5/𝜋 ⋅ 3𝛾2𝐽5(𝜃/𝑇 ),

where 𝑐 is the speed of sound and 𝐽5(𝜃/𝑇 ) is a known function of the Debye
temperature 𝜃 (see, for example, (3)).
Let us now consider another example: scattering of electrons by impurity centers,
which can be described by the Hamiltonian (7)

ℋ = ℋ0 + ℋ1 = ∑
𝑘

𝜀𝑘𝑎+
𝑘 𝑎𝑘 + 1

𝑉 ∑
𝑘,𝑞

𝐼(𝑞)
𝑁

∑
𝑗=1

𝑒−𝑖𝑞𝑟𝑗𝑎+
𝑘+𝑞𝑎𝑘, (18)

where 𝑁 is the number of randomly distributed impurity centers in the volume
𝑉 , r𝑗 are their coordinates, and 𝐼(𝑞) is the Fourier component of the potential
of interaction of an electron with an impurity center; moreover, we shall assume
that 𝐼(0) = 0 (7).
The chain of equations for the Green’s function (8) has the same form as (11),
(12).

Thus, equation (12) for the Fourier component of the Green’s function takes
the form:
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(𝐸 + 𝜀𝑘 − 𝜀k+q)𝐺𝑘 k+q,k′(𝐸) = 1
𝑉

𝑁
∑
𝑗=1

𝑒−𝑖qr𝑗𝐼(q){𝐺𝑘,k′(𝐸) − 𝐺k+q,k′(𝐸)}+

+ 1
𝑉 ∑

𝑞′≠q
𝐼(q′)

𝑁
∑
𝑗=1

𝑒−𝑖q′r𝑗{𝐺𝑘 k+q−q′,k′(𝐸) − 𝐺k+q′,k+q,k′(𝐸)}, (19)

where the “off-diagonal”Green’s function has been introduced,

𝐺𝑘 k+q,k′(𝑡 − 𝑡′) = ⟨⟨𝑎+
𝑘 (𝑡)𝑎k+q(𝑡); 𝑎+

𝑘′(𝑡′)𝑎𝑘′(𝑡′)⟩⟩.

The usual procedure for decoupling the chain of equations for Green’s functions
will consist in neglecting the sum of off-diagonal Green’s functions on the right-
hand side of (19), since it gives a contribution of higher order of smallness in the
interaction ℋ1 in comparison with the first term (7). Closing in this way the
chain of equations (11), (12) and averaging over the positions of the impurity
centers, we obtain equation (13) for the two-particle Green’s function, where
now

𝑤k+q,k(𝐸) = 𝑁
𝑉 |𝐼(q)|2 ( 1

𝜀𝑘 − 𝜀k+q + 𝐸 − 1
𝜀𝑘 − 𝜀k+q − 𝐸 ) . (20)

Repeating the reasoning following formula (13), we arrive at the same expression
(16) for the mass operator with the function 𝑤k+q,k(𝐸) (20).

For the static conductivity we obtain the usual formula

𝜎𝜇𝜈 = 𝛿𝜇𝜈𝑛𝑒2𝜏/𝑚, (21)

where 𝜏 is the “transport time”:

1
𝜏 = 𝑁

𝑉
1

2𝜋
𝑘3

0
𝑚𝑣2(𝑘0) ∫ 𝑑(cos 𝜃)(1 − cos 𝜃) |𝐼(𝑘0, cos 𝜃)|2. (22)

For impurity conductivity it is easy to obtain higher approximations in the
interaction by solving equation (19) iteratively. This leads to the replacement
of expression (20) by a more exact one, which can be represented in the form
(7)

𝑤k+q,k(𝐸) = 𝑁
𝑉 |𝑡(q)|2 ( 1

̃𝜀𝑘 − ̃𝜀k+q + 𝑖𝛾𝑘 + 𝑖𝛾k+q + 𝐸 − 1
̃𝜀𝑘 − ̃𝜀k+q − 𝑖𝛾𝑘 − 𝑖𝛾k+q − 𝐸 ) ,

(23)
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where 𝑡(q) is the exact scattering amplitude, and ̃𝜀𝑘 is the renormalized electron
energy, with 𝑖𝛾𝑘 describing the finiteness of the interaction time of the electron
with the impurity center. For 𝛾𝑘 + 𝛾k+q ≪ ̃𝜀𝑘 + ̃𝜀k+q we obtain the previous
formula (21), where 𝜏 will be determined through the exact scattering amplitude,
and not in the first Born approximation, as in (22).

A similar procedure can also be carried out for the scattering of electrons by
phonons, which will give qualitatively the same results.

Thus, the method of retarded and advanced Green’s functions makes it possible
to calculate kinetic coefficients simply and, moreover, easily to obtain corrections
to formulas derived from the solution of ordinary kinetic equations. Let us note
that this approach may prove useful in cases where kinetic equations become
inapplicable.

In conclusion I express my gratitude to D. N. Zubarev for valuable advice and
comments in carrying out this work.

Moscow State University
named after M. V. Lomonosov

Received
23 VI 1962
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